Soviet-era science, translated into English

Mathematics

Corresponding Member of the Academy of Sciences of the USSR A.
D. Aleksandrov

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.45084

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.45084

Abstract
Full Text

Mathematics

Corresponding Member of the Academy of Sciences of the USSR A. D. Aleksan-
drov

SOME ESTIMATES CONCERNING THE
DIRICHLET PROBLEM

1. Consider, in a bounded domain G of variation of n variables z,, the quasi-
linear equation

Zaikuik =P (1)

It is assumed that the matrix ||a;;| has no negative eigenvalues (at least, only
such solutions u are considered for which this is so). Further, X denotes a point
of the domain G, and D a domain contained in G together with its closure.

The solutions u(X) under consideration are assumed to be continuous and to
satisfy one of the following conditions:

(I) w has generalized second derivatives in the sense of S. L. Sobolev,
summable with the n-th power in every D.

(IT) w is twice differentiable.

2. Let L be an m-dimensional plane passing through the origin of coordinates
O, and let T' be some (n—1)-dimensional plane not passing through O and
intersecting L. Rotating L about O so that the intersection LT sweeps
out T one-to-one, we obtain an (n—m)-dimensional set of planes L, which
we shall call a bundle. In the bundle there is naturally defined an (n—m)-
dimensional measure of the set of planes L.

Further, denote by a; the principal minor of the matrix |a;,| corresponding to
the indices 1, ..., m, if the axes x4, ..., z,, are placed in the plane L by a rotation
of all the axes.

In all subsequent theorems the following is understood:

If solutions of equation (1) with condition (I) are meant, then the relations
appearing in the theorem and depending on L are fulfilled for a set {L} having
positive measure in some bundle.

If, however, solutions with condition (II) are meant, then it is sufficient to regard
such relations as fulfilled for some one plane L.
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For each plane L the coordinate axes are rotated so that the axes z,,...,z,, are
parallel to L. The dimension m of the planes L is always arbitrary, 1 < m < n.
For m = n, L reduces to the whole space, and the qualifications concerning the
set {L} and the choice of axes drop out, while a; = Det ||a,]-

If U is the domain of variation of n variables y,, ..., y,,, then by

/ f(yla ey ym) dyl dym
U

we shall mean the integral over all values (yq, ... ,¥,,) that occur in U.

3. All further results are based on the following lemma. Let 4(X) be the
convex (concave) function “stretched over u(X) from below (from above),”
i.e. the greatest (least) of the convex (concave) functions v(X) < u(x)
(v>u), X € D. Let (D, u) be its normal image (for the definition see,
for example, (1)). Under conditions (I) or (II) imposed on w, (D, u),
up to a set of measure zero, is the set of points with coordinates u,(X),
XeD.

Lemma. Suppose that for the given solution u(X) of equation (1) the inequality

azl/”LSOSPL(x17“.7xm) QL(U1,~-~,un)7 (2)

where P;,Q); > 0, is satisfied. Then for every D and for almost all L for which
(2) holds,

/ Prdz, ...dz,, > mm/ Q7" (U, ey Uy, 0,...,0) duy ... duy,,  (3)
D P(Dsu)

where (D, u) is taken for the convex u stretched over u(X) from below. If,

however, azl/ Mo > —PpoL, then (3) is true for the concave u stretched over
u(X) from above.

Inequality (2) is understood to be satisfied up to a set of measure zero, so that
it is not excluded, for example, that a; vanishes somewhere. The integrals in
(3) may be infinite.

When the solution u(X) inside the domain departs far from the boundary values,
then (D, u) increases. Therefore (3) implicitly contains an estimate for the
deviations of u(X) from the boundary values.

4. Theorem 1. Suppose that for the given solution u(X) of equation (1), (2)
is satisfied, and P} is summable over every D, while Q(u,, ..., 4,,,0,...,0)

is not summable in the plane uq,...,u,, in any neighborhood of the ori-

gin. Then u(X) attains its exact lower bound on the boundary G; and if
azl/ " > —Pp oL under analogous conditions, then u(X) also attains its

upper bound on the boundary.
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From Theorem 1 one can derive conditions for uniqueness of the solution of the
Dirichlet problem. Thus, for example, the following holds.

Theorem 2. The Dirichlet problem for equation (1) has at most one solution
satisfying condition (I), if:

1) a = Det |la;| > const > 0 (which may be regarded as satisfied, if a > 0,
after merely dividing (1) by a'/™);

2) a;;, do not depend on u, and ¢ is nondecreasing in u;

3) in every domain D, for bounded w, uj,

@y + Augy;) — ag(uy, o) < M3 A2,

1/2
lo(u; + Aujyu, ;) — p(uj,u, ;)] < N(z [Z Aus ] )
where M is a constant, and N(z;) is summable with the n-th power (M and N,
generally speaking, depend on D and on the bounds for u,u;).

5. Theorem 3. Suppose that for certain solutions u(X) of equation (1)
inequality (2) is satisfied with the same functions P;, @, for all of them,
and

/Pmdz1 Jdz,, <m/ / Q7" (ug, o U, 0,...,0) duy ... du,,

which is certainly true if the left-hand integral is finite and the right-hand
one is infinite. Then for all such solutions the quantity inf, u(X) — infp u(X)
is bounded below by one and the same number. Analogously, sup, u(X) —
supp u(X) is bounded above if azl/m

PLaQL'

6. Let us consider, in particular, the linear equation

Zamuk—i—Zbu +eu=f (4)

Introduce the notation: [Y bi]l/2 = b, and for any function g(z4, ..., z,,), under
the condition that the axes =, ..., z,, lie in the plane L, set

¢ > —PpoL under the same conditions on

9@y, s y) = sup gz, 2y,).
(ajmﬁrlv“vIn)

From Theorem 1 one easily obtains:
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Theorem 4. Suppose that in equation (4) ¢ <0 and a;'b7 is summable over
each domain D. Then, for f = 0, no solution can attain inside the domain a
negative (positive) minimum (mazimum) without attaining it on the boundary,
and the Dirichlet problem therefore cannot have more than one solution.

For m = n, Theorem 4 reduces to the assertion that, for ¢ < 0, uniqueness of
the solution of the Dirichlet problem is ensured by the summability of a=*/"b to
the n-th power, where a = Det |a,;|. At the same time, simple examples show
that this requirement can no longer be replaced by summability to any power
smaller than n. Moreover, as is shown by an example pointed out to me by
Yu. G. Reshetnyak, the summability of the generalized derivatives u,; to the
n-th power assumed by us also cannot be replaced by summability to a smaller
power. Finally, only a; enters the theorem (for m = n, respectively, Det ||a;.|),
which is essential when the boundedness of the coefficients a;;, is abandoned.
Thus, Theorem 4 gives, in a certain sense, minimal conditions for uniqueness of
the solution of the Dirichlet problem for ¢ < 0.

7. Introduce the notation: ¢, = ¢ for ¢ >0, and ¢, =0 for ¢ <0,

b o L
B, = / L dxl dmm’ C(L = / CJF*L dIl "'dxm’ Fr, = / & dxl
G G ¢

ar ar ar

Let H; also denote the convex hull of the projection of the domain G onto the
plane L.

Theorem 5. There exists a decreasing positive function ®(By; H;), such that
uniqueness of the solution of the Dirichlet problem for equation (4) is ensured
by the condition C;, < ®(Bp; Hp).

Since ® > 0, for C';, = 0 this condition is satisfied automatically, provided that
BY < co. (This last remark ensures uniqueness of the solution of the Dirichlet
problem for ¢ < 0, if a7 is summable over the whole domain G, which,
however, is stronger than the condition of Theorem 4.)

One can give an explicit expression for the function ®, but it is rather compli-
cated. For B; = 0, i.e. b = 0, the condition C; < ® can be put in the simple
form:

C’L < mm%gnvflv (5)

where 5, is the volume of the m-dimensional unit ball, and V} is the volume
of the m-dimensional ellipsoid containing H .

Theorem 5 in an obvious way includes a lower estimate for the first eigenvalue
of the equation L(u)+ Au = 0.

Theorems similar to Theorem 5 are well known for elliptic equations under more
restrictive assumptions on the coefficients and on the character of the solution.
Estimates depending on the volume of the domain are known (see, for example,
(2,2)). The estimate contained in Theorem 5 depends on the convex hull of the
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domain, and not on the volume of the domain itself; but for convex domains
the nature of the estimate is the same as in the known cases just mentioned.

* That is, in particular, if H; D H/, then ®(B;, H;) < ®(B, Hf).

8. Theorem 6. If, for a solution u(X) of equation (4), one sets

h:nl}fu(X)—lgfu(X), hF=1¥1fu(X),

then

where VU is an increasing function of all its arguments.
The same estimate is valid for h = sup u(X)—sup u(X) when hy = sup u(X).

In the simplest case, when b = ¢, = 0, the estimate can be represented in the
form

h™ < mTmw 2V, F,
where »,, and V; are the same as in (5).

9. Let us also note the following result.

Theorem 7. If equation (4) with b = f = 0 has a nontrivial, sign-constant
solution u(X) with boundary condition u|p = 0, then, putting sup |u| = h, we
have

—1

2m 2m
[ (Y eyt v [ [ 0] 0
6] G

ar,

This means that u(X) cannot have too pronounced a maximum (minimum). A
similar assertion is valid when b # 0, but then the estimate for the left-hand
side of (6) is more complicated and also includes By
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