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Abstract

Full Text
MATHEMATICS
T. D. VENTSEL

ON A CERTAIN FREE-BOUNDARY PROB-
LEM FOR THE HEAT EQUATION

(Presented by Academician I. G. Petrovskii on 16 XII 1959)

Consider the following boundary-value problem: to find functions u(z,t) and
s(t) such that the function s(¢) is defined and continuous for ¢ > 0; s(0) = 0;
s(t) > 0 for t > 0; the function u(z, t) in the domain D{0 < z < s(¢t), 0 <t < T}
satisfies the equation

0%u  Ou
o2t = o0 ®

is continuous together with du/dx in the closure D of the domain D, and satisfies
the conditions

ou

ul,_o=h®), ol = ), |, =0 (2)

Similar problems arise, for example, in the study of filtration with allowance for
the influence of bound water (1).

For problem (1), (2) the following existence and uniqueness theorems are valid.

Existence theorem. Let the functions f;, f,, g € C? and let the conditions
fi <0, f2 <0, 9>0, f1(0) = f5(0) =0, fo=fr >0 fort>0,

<0, f320; (3)

5 >0, (fo— f1) =0, g <O0. (4)

be satisfied. Then there exists a solution of problem (1), (2)—a pair of functions
u(z,t), s(t). The function u(z, t) is continuous in D together with the derivatives
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entering equation (1); the function s(¢) is differentiable, s(0) = 0, s(¢) > 0 for
t>0, ds/dt > 0.

Uniqueness theorem. The solution u(z,t), s(t) of problem (1), (2) is unique
if the following conditions are satisfied: the function u(z,t) is continuous in D
together with the derivatives entering equation (1); the function s(t) is differen-
tiable and satisfies the conditions s(0) = 0, s(¢) > 0 for ¢ > 0, ds/dt > 0; the
functions fy, fy, fi, f5, ¢’ are continuous and satisfy the relations (3).

Let us note that, by making the substitution v; = au + b, a,b = const, and
using the theorems formulated above, one can obtain existence and uniqueness
theorems also for other classes of boundary conditions.

We shall indicate the ideas of the proof of the formulated theorems.

The existence theorem is proved by means of the method of lines. Equation (1)
is replaced by the equation

Pu(z,nAt)  u(z,nAt) —u(z, (n —1)At)
dx? o At ’ (5)

and the boundary conditions (3) by the conditions
u(0,nAt) = f(nAt), u(s(nAt),nAt) = fy(nAt),

du(s(nAt), nAt)

" — g(nA). (6)

In what follows we shall use the notation u(x,nAt) = u,,; in general, the value
of a function at an argument equal to nAt will be denoted by the corresponding
letter with subscript n.

Let the function u,,_; be known on the interval 0 < 2 < s,,_;; in order that u,
on the interval 0 < z < s,, can be determined from equation (5), the function
u,_; is extrapolated as follows: w,,_; is continued by a parabola so that it is
continuous together with its first and second derivatives on the interval from
S,—1 to the vertex of this parabola. It can be shown that the vertex of the
parabola lies to the right of the point s, ;. Further, the function w,_; is
continued continuously by a constant. We note that u,_; has the form of a

parabola on the interval

where

go(w) = @ =t (®) o 0) = f(0).
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Next the existence of a solution of problem (5), (6) is proved. The general
solution of equation (5) has the form

Z‘

\/lf w1 (€) dE.

u, = Cysh—— + Cych

e e

By virtue of the conditions (6) we have

fln:C27
1 fros, —¢&
= Cysh S Gyt ff/ (€ dE, (D)
o C,
b= g -%/ (€ d

Put

L B L AN
q)n(8>_f2n0h\/E \/EgnSh\/E fln \/E/Q Shmunfl(g)df

From the last two equations (7) it follows that the required point s satisfies the
equation ®,,(s,,) = 0.

By virtue of the method of extrapolation of the function w,,_; and of the proper-
ties of the functions fi, f5, g, for s > s, _; we have ®'(s) < 0 and ®”(s) < 0. If
®,,(s,_1) > 0, then there exists a unique solution s,, of the equation ®,,(s,) =0
such that s, > s, ;.

We have

P, (s,1) = [(fon — f1n) = (fopn—1) = fipn—1)] — VAtsh E(gn — Gp1)t

1 n-1 3
W&/O sh—2=[(fan = fornn) = (a2 (§) = 1, 5(6))] d€.

The first two terms are nonnegative. Moreover, under conditions (3), (4) the
function

Up = an - fZ(n—l) - (un—l - un—Q) > 07

sovietrxiv.org/items/ru-196001.44903 Machine Translation


https://sovietrxiv.org/items/ru-196001.44903

it satisfies the equation

Up = Up—1

d2vn A2f2n
@ A - Map

and nonpositive boundary conditions.
The solutions w,,(x) of equation (5) have the following properties:
1) The function u,, < 0.

2) The functions
U T

Assertions 1) and 2) follow from the maximum principle: the functions satisfy
equation (5) and nonpositive boundary conditions.

3) The functions g,, are bounded.

This is proved by generalizing to the solutions of problem (5), (6) the fol-
lowing a priori estimate for the solutions of problem (1), (2). One can show
that the function ¢ = du/dt satisfies the equation §%q/0z® = 0q/0t and the
boundary conditions q|,_o = f{(t), ql,—s4) = f5(t) — g(t) ds/dt. Moreover, dif-
ferentiating the identity du(s(t),t)/dz = g(t), one can obtain dq/0x|,_,,) =
9 (t) = ql—sp) ds/dt = g'(t) — f5(t) ds/dt + g(t)(ds/dt)?. From this equality it is
clear that if ¢ assumes its minimum value at x = s(t), then the quantity ds/dt
at the point of minimum of ¢ is bounded, and therefore the function q itself is
bounded. From the boundedness of g, follows the boundedness of As,, /At.

4) The functions
- 9 — 9n—1
" At

are bounded.

The boundedness of r,, is proved in approximately the same way as the bound-
edness of ¢,,. From the boundedness of 7,, follows the boundedness of A%s,, /At.

From the indicated properties of the solutions of problem (5), (6) there follows
the existence of a solution of problem (1), (2), as well as the continuity in D
of the derivatives of the function w(x,t) entering into equation (1), and the
nonpositivity of ds/dt.

The uniqueness theorem is proved as follows. Let u(z,t),s(t) be a solution
of problem (1), (2) satisfying the conditions stated in the formulation of the
uniqueness theorem. It has the following properties: 1) u < 0; 2) ¢ = Ju /0t =
0%u/0x? < 0. This follows from the fact that the functions u and ¢ satisfy the
heat equation and nonpositive boundary conditions. From properties 1) and
2) it follows that du/0x > 0. Now let uy(z,%), s, (¢) and uy(z,1), s5(t) be two
such solutions of problem (1), (2). Put s(t) = min(s;(t), s5(t)); in the domain
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{0 < =z < s(t), 0 <t < T} both functions u; and u,, and their difference
v = Uy — Uy, are defined.

Denote by I; the set of points of the curve x = s(t) where s = s, and by [, the
set of points where s = s,.

On [; we have
V= —uy = fo—uy 20,

Oov  Ou; Ouy Ougy
_— = —— = = — —=2
Oor Ox or 97 xS 0, (8)

and on Iy
v=uy —uy =u; — fo <O,

Oov  Ou; Ouy Ouy
_—— — —= = —— — >
Or Oz Or 9z 17 0, ©)

where the equalities f, = u; and f; = u, hold only on [; N,.

It follows from inequalities (8) and (9) that on the curve x = s(t), [v| cannot
have a maximum, since for x = 0, v = 0; we have v =0 in D and s; = s,.

Analogous problems were discussed at the seminar of Prof. O. A. Oleinik at the
Faculty of Mechanics and Mathematics of Moscow State University named after
M. V. Lomonosov.
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