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Abstract
Full Text
Mathematics

O. V. SHALAEVSKII

SOME REMARKS ON THE OBSERVATION
EQUATION WITH UNKNOWN WEIGHTS
(Presented by Academician A. N. Kolmogorov, July 3, 1959)

In this note several steps are taken toward the confidence estimation of the values
of given linear functions of unknown, but quite definite, parameters 𝜉1, … , 𝜉𝑚,
connected with the measured quantity 𝜆 by the relation 𝜆 = 𝑎0 + 𝑎1𝜉1 + ⋯ +
𝑎𝑚𝜉𝑚 (where 𝑎0, 𝑎1, … , 𝑎𝑚 are prescribed a priori constants), under the classical
assumptions of the scheme of equations by elements; however, it is not required
that the accuracies of the measurements, or their ratios, be known quantities.
The exposition is given in matrix form, now generally accepted in analogous
mathematical works (see, for example, (1)).
Consider 𝑟 groups of values of 𝜆:

Λ(𝛼)
𝑛𝛼1 = ‖𝜆(𝛼)

𝑖 ‖, 𝑛𝛼 ≥ 𝑚, 𝛼 = 1, … , 𝑟,

fixing for group 𝛼 the matrix

𝐴(𝛼0) = 𝐴(𝛼0)
𝑛𝛼1 = ‖𝑎(𝛼)

𝑖0 ‖

and the matrix
𝐴(𝛼) = 𝐴(𝛼)

𝑛𝛼𝑚 = ‖𝑎(𝛼)
𝑖𝑗 ‖

of rank 𝑚. Put

Λ(𝛼) = 𝐴(𝛼0) + 𝐴(𝛼)Ξ, Λ = 𝐴(0) + 𝐴Ξ,

where

Λ = Λ𝑟1 = ‖Λ(𝛼)‖; 𝐴(0) = 𝐴(0)
𝑟1 = ‖𝐴(𝛼0)‖, 𝐴 = 𝐴𝑟1 = ‖𝐴(𝛼)‖, Ξ = Ξ𝑚1 = ‖𝜉𝑗‖.

The vector Λ is subjected to measurement.

Suppose that this measurement gives the vector of observations 𝐿, whose compo-
nents may be regarded as mutually independent; 𝑙(𝛼)

𝑖 is the result of measuring
𝜆(𝛼)

𝑖 , 𝑖 = 1, … , 𝑛𝛼, 𝛼 = 1, … , 𝑟, and has a normal distribution with mean 𝜆(𝛼)
𝑖

and standard deviation 𝜎𝛼. The vector of observations for Λ(𝛼) will be denoted
by

𝐿(𝛼) = 𝐿(𝛼)
𝑛𝛼1 = ‖𝑙(𝛼)

𝑖 ‖; 𝐿 = 𝐿𝑟1 = ‖𝐿(𝛼)‖.
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Introduce the matrix
𝐺 = 𝐺𝑘𝑚 = ‖𝑔𝑖𝑗‖

of rank 𝑘 ≤ 𝑚, and construct the vector

𝐻 = 𝐺Ξ

—the desired linear functions of the elements.

To carry out confidence estimation of the vector 𝐻 in the described situation
with unknown weights of the observations, it is convenient to combine the ap-
proach, due to A. Wald (1), to the solution of the Behrens—Fisher problem* with
the device, noted by Yu. V. Linnik (3), for constructing confidence ellipsoids.

It is not difficult to form an expression equivalent to the initial statistic in the
Behrens—Fisher problem. Namely, applying the corresponding prescription of
least squares, we process the observations as if they were all of equal accuracy;
this leads to the point estimate for Ξ, and substituting it in the formula for 𝐻,
we obtain

𝐻̄ = ‖𝜂𝑖‖ = 𝐺(𝐴𝑇 𝐴)−1𝐴𝑇 (𝐿 − 𝐴(0))
(as in (1), the assignment of the superscript 𝑇 turns the given matrix into the
transposed one); let

[𝑣𝑣]𝛼 = min
Ξ

(𝐿(𝛼) − 𝐴(𝛼0) − 𝐴(𝛼)Ξ)𝑇 (𝐿(𝛼) − 𝐴(𝛼0) − 𝐴(𝛼)Ξ), 𝑠2
𝛼 = [𝑣𝑣]𝛼

𝑛𝛼 − 𝑚,

𝐶𝛼 = 𝐺(𝐴𝑇 𝐴)−1(𝐴(𝛼))𝑇 𝐴(𝛼)(𝐴𝑇 𝐴)−1𝐺𝑇 , 𝑀 = 𝐶1𝑠2
1𝑢1 + ⋯ + 𝐶𝑟𝑠𝑟2𝑢𝑟,

* This is the so-called problem of testing the hypothesis of equality of the means
of two normal populations when the ratio of their variances is unknown (4−6).
𝑢1, … , 𝑢𝑟 are real variables; moreover, looking a little ahead, set

𝑁 = 𝐷1𝑢1 + ⋯ + 𝐷𝑟𝑢𝑟, 𝐷𝛼 = 𝐶𝛼𝜎2
𝛼, 𝑇 𝑠𝑡

𝛼𝛽 = (
𝜕𝑠+𝑡|𝑀|/𝜕𝑢𝑠

𝛼𝜕𝑢𝑡
𝛽

|𝑀| )
0

;

the subscript zero everywhere below means that the corresponding functions are
evaluated at the point 𝑢1 = 𝑢2 = ⋯ = 𝑢𝑟 = 1; then the required expression will
be (𝐻̄ − ̄𝐻̄)𝑇 𝑀−1

0 (𝐻̄ − ̄𝐻̄).
In the limit, as min𝛼 𝑛𝛼 = 𝑛 → ∞, the quantity found has a 𝜒2-distribution
with 𝑘 degrees of freedom—the rate of convergence is of order 1/𝑛. But this
limiting assertion can be developed in the following way.

Theorem 1. For every natural 𝑞 there exists a function 𝑉𝑞(𝑐, 𝑠2
1, … , 𝑠2

𝑟), 𝑐 ≥ 0,
such that
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𝑃 [(𝐻̄ − ̄𝐻̄)𝑇 𝑀−1
0 (𝐻̄ − ̄𝐻̄) ≤ 𝑉𝑞(𝑐, 𝑠2

1, … , 𝑠2
𝑟)] = 𝑃(𝜒2

𝑘 ≤ 𝑐) + 𝑅𝑞,

where 𝜒2
𝑘 is a random variable having the 𝜒2-distribution with 𝑘 degrees of

freedom, |𝑅𝑞| < 𝐶/𝑛𝑞, and the constant 𝐶 = 𝐶(𝑟, 𝑚).
The proof of Theorem 1 is based on the joint independence of the quantities

̄𝜂1, … , ̄𝜂𝑘, 𝑠2
1, … , 𝑠2

𝑟 and on the possibility of generalizing and refining the ap-
proach of A. Wald mentioned above, as well as on the possibility of generalizing
the expansions of Wallace (7). The proof is accompanied by a method for suc-
cessively determining the functions 𝑉𝑞 in the form of finite series in powers of

1
𝑛𝛼−𝑚 , 𝛼 = 1, … , 𝑟. However, as 𝑞 increases, their computation very quickly
becomes complicated.

It should be especially emphasized that the constant 𝐶 is absolute with respect
to any data of the problem except 𝑟 and 𝑚, in particular with respect to the
accuracies 𝜎2

1, … , 𝜎2
𝑟 . We indicate considerations by means of which this fact

can be derived.

Let 𝑁−1𝐷𝛼 = 𝑄𝛼, 𝛼 = 1, … , 𝑟. Let us single out the class ℜ of matrices ad-
mitting the representation 𝑄𝛼1

⋯ 𝑄𝛼𝑠
𝑁−1

0 𝑄𝑇
𝛽1

⋯ 𝑄𝑇
𝛽𝑡
, where 𝛼1, … , 𝛼𝑠; 𝛽1, … , 𝛽𝑡

are some indices from the set (1, … , 𝑟).
Lemma 1. The derivative

𝜕ℎ

𝜕𝑢ℎ1
1 ⋯ 𝜕𝑢ℎ𝑟𝑟

{ 1
|𝑁|1/2 ∫

𝑌 𝑇 𝑁−1𝑌 ≤𝑐
Φ(𝑌 )𝑒− 1

2 𝑌 𝑇 𝑁−1
0 𝑌 𝑑𝑦1 ⋯ 𝑑𝑦𝑘} , ℎ ≥ 0,

is a finite sum composed of expressions of the form

1
|𝑁|1/2 ∫

𝑌 𝑇 𝑁−1𝑌 ≤𝑐
Ψ(𝑌 )𝑒− 1

2 𝑌 𝑇 𝑁−1
0 𝑌 𝑑𝑦1 ⋯ 𝑑𝑦𝑘,

multiplied by certain constant numbers.

Φ(𝑌 ) and Ψ(𝑌 ) are either products of a finite number of quadratic forms with
matrices from the class ℜ, or 1.
Take 𝑙 points (𝑢𝑖1, … , 𝑢𝑖𝑟) such that |𝑢𝑖𝛼 − 1| < 𝛿 < 1; 𝑖 = 1, … , 𝑙; 𝛼 = 1, … , 𝑟;
form 𝑙 matrices 𝑁𝑖 = ∑𝑟

𝛼=1 𝐷𝛼𝑢𝑖𝛼 and consider the form

𝐾(𝑥, 𝑥) = 𝑋𝑇 𝑁0𝑁−1
𝑙 𝐷𝛼𝑙

𝑁−1
𝑙−1𝐷𝛼𝑙−1

⋯ 𝑁−1
2 𝐷𝛼2

𝑁−1
1 𝑁0𝑋;

𝛼2, … , 𝛼𝑙 are some indices from the set (1, … , 𝑟).
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Lemma 2. The estimate |𝐾(𝑥, 𝑥)| < 𝑎 ⋅ 𝑋𝑇 𝑁0𝑋 holds, with the constant
𝑎 = 𝑎(𝑙, 𝑚, 𝛿).
Moreover, if the variables 𝑠2

1, … , 𝑠2
𝑟 of the coefficient functions at the powers

1
𝑛𝛼 − 𝑚 for 𝑉𝑞 are replaced by 𝜎2

𝛼𝑢𝛼, then the new functions of 𝑢1, … , 𝑢𝑟 are

everywhere bounded by an absolute constant (for given 𝑟 and 𝑚) multiplied by
some power of the number 𝑐. Their partial derivatives and the partial derivatives
of |𝑁|/|𝑁0| are likewise bounded in the neighborhood |𝑢𝛼 − 1| < 𝛿, 𝛼 = 1, … , 𝑟.
Theorem 1 proves useful for “approximate”confidence estimation of the vector
H.

To this end, note that the event

(H − H)𝑇 𝑀−1
0 (H − H) ⩽ 𝑉𝑞

is equivalent to covering by the ellipsoid

(𝑍 − H)𝑇 𝑀−1
0 (𝑍 − H) = 𝑉𝑞,

where 𝑍 = 𝑍𝑘1 = ‖𝑧𝑖‖ is the vector of current coordinates of the unknown point
𝑍 = H. We state two theorems that may have practical application.

Theorem 2. Let

𝜇 =
𝑟

∑
𝛼=1

𝜌𝛼
𝑛𝛼 − 𝑚 +

𝑟
∑

𝛼,𝛽=1

𝜏𝛼𝛽
(𝑛𝛼 − 𝑚)(𝑛𝛽 − 𝑚).

The ellipsoid
(𝑍 − H)𝑇 𝑀−1

0 (𝑍 − H) = 𝑐(1 + 𝜇 + 𝜇2)
covers the point 𝑍 = H with probability

1 − 𝜀 = 𝑃(𝜒2𝑘 ⩽ 𝑐) + 𝑅3

and
|𝑅3| < 𝐶(𝑟, 𝑚)

𝑛3 .

In Theorem 2, 𝜀 is the confidence level and

𝜌𝛼 = 𝑏1
2 𝑇 2

𝛼 − 𝑏2𝑇𝛼;
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𝜏𝛼𝛽 = 𝑐 − 2 − 𝑘
4 𝜌𝛼𝜌𝛽 − 1

2(𝑏1 + 𝑏2 + 𝑏2𝑏3 + 2𝑏11 − 𝛿𝛼𝛽𝑏11)(𝑇𝛼𝑇𝛼𝛽2 + 𝑇𝛽𝑇𝛼2𝛽)
+ (3𝑏1 + 𝑏1𝑏3 − 𝑏10 + 3

4 𝛿𝛼𝛽𝑏10)𝑇𝛼𝑇𝛽𝑇𝛼𝛽 + (𝑏2 − 𝑏13 + 1
2 𝛿𝛼𝛽𝑏13)𝑇𝛼2𝛽2

− (𝑏1 + 𝑏12)𝑇 2
𝛼𝛽 + 1

8(3𝑏1 + 3𝑏2 + 𝑏2𝑏4 + 4𝑏2𝑏3

+ 𝑏1𝑏5 − 2𝑏10)(𝑇 2
𝛼𝑇𝛽2 + 𝑇 2

𝛽 𝑇𝛼2)

− 1
8 (15𝑏1 + 8𝑏1𝑏3 + 𝑏1𝑏4 + 𝑏9 − 1

2𝛿𝛼𝛽𝑏9) 𝑇 2
𝛼𝑇 2

𝛽

− 1
2 (𝑏2 + 𝑏2𝑏5 + 𝑏12 − 3

2𝛿𝛼𝛽𝑏12) 𝑇𝛼2𝑇𝛽2

+ 𝛿𝛼𝛽 {(3𝑏1 + 𝑏1𝑏3 − 𝑏6)𝑇 3
𝛼 − (2𝑏2𝑏3 + 4𝑏1 + 2𝑏2 + 𝑏7)𝑇𝛼𝑇𝛼2

+(4𝑏2 − 1
3 𝑏8)𝑇𝛼3 − 2𝜌𝛼} .

There is no compact formula for determining the 30 components of the column
vector 𝐵 = ‖𝑏𝑖‖, which is explained by the unwieldiness of the expansions used
in the proof. In any case,

𝐵 = ‖𝑓1, 𝑓2, 𝑓3, 𝑓4‖ ⋅ Γ,

where
𝑓𝑖 𝑘(𝑘 + 2) … (𝑘 + 2𝑖 − 2) = 𝑐 𝑖−1,

Γ =
∥
∥
∥
∥

1 1 𝑐 −2𝑐 0 1 −2 4 −15 3 −1 −1 1
3 1 0 3𝑐 𝑐 2 −4 4 −27 5 −2 −1 1
0 0 0 0 0 5 −6 4 −45 9 −2 −3 1
0 0 0 0 0 0 0 0 −105 15 −3 −3 1

∥
∥
∥
∥

.

Theorem 3. The ellipsoid

(𝑍 − H)𝑇 𝑀−1
0 (𝑍 − H) = 𝑐

⎧{
⎨{⎩

1 +
𝑟

∑
𝛼=1

𝜌𝛼
𝑛𝛼 − 𝑚 + [

𝑟
∑
𝛼=1

𝜌𝛼
𝑛𝛼 − 𝑚]

2⎫}
⎬}⎭

covers the point 𝑍 = H with probability

1 − 𝜀 = 𝑃(𝜒2
𝑘 ≤ 𝑐) + 𝑅2 and |𝑅2| < 𝐶(𝑟, 𝑚)

𝑛2 .

Confidence ellipsoids constructed by Yu. V. Linnik in the case of known obser-
vation weights (3) are based on Fisher’s 𝐹 -distribution. All our theorems can
also be based on this distribution. But in passing to Fisher’s 𝐹 -distribution the
amount of computation is not reduced; the question of comparing the approx-
imation by the 𝜒2-distribution with the approximation by the 𝐹 -distribution
remains unclear. Therefore we shall illustrate the possibility of applying the
𝐹 -distribution only in a special case.
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Theorem 4. Let 𝑛1 = 𝑛2 = ⋯ = 𝑛𝑟 = 𝑛 and

𝜌 =
𝑟

∑
𝛼=1

𝜌𝛼 − 𝑐 + 2 − 𝑘
2 = 𝑏2 ∑

𝛼≠𝛽
𝑇𝛼𝛽 − 𝑏1

2 ∑
𝛼≠𝛽

𝑇𝛼𝑇𝛽.

The ellipsoid

(𝑍 − H)𝑇 𝑀−1
0 (𝑍 − H) = 𝑐 [1 + 𝜌

𝑛 − 𝑚 + 𝜌2

(𝑛 − 𝑚)2 ]

covers the point 𝑍 = H with probability

1 − 𝜀 = 𝐹𝑘,𝑛−𝑚 ( 𝑐
𝑛 − 𝑚) + 𝑅2, |𝑅2| < 𝐶(𝑟, 𝑚)

𝑛2 .

Let us make some general remarks.

The proof of Theorem 1 requires only that the components of the given random
vector Ξ (𝐸Ξ = H) be in normal correlation with a matrix of second moments of
the form 𝐹1𝜎2

1 +⋯+𝐹𝑟𝜎2
𝑟 (𝐹1, … , 𝐹𝑟 are positive definite), where the parameters

𝜎2
𝛼 admit estimates 𝑠2

𝛼, distributed as 𝜎2
𝛼𝜒2(𝛼)

𝑘𝛼
/𝑘𝛼 (in our case the role of 𝑘𝛼 is

played by 𝑛𝛼 − 𝑚), the quantities 𝜉1, … , 𝜉𝑚, 𝑠2
1, … , 𝑠2

𝑟 being jointly independent.

If one introduces H = 𝐺Ξ and H = 𝐺Ξ (𝐶𝛼 = 𝐺𝐹𝛼𝐺𝑇 ), then the formulated
theorems remain valid under these more general assumptions.

Theorem 1 can be used to test any simple hypothesis concerning H, in partic-
ular the hypothesis that all (or some) of the elements 𝜉1, … , 𝜉𝑚 are equal to
a given number. Thus, what has been presented above may be regarded as a
generalization of the Behrens—Fisher problem and an approximate solution of
that problem.

Finally, it is natural to pose the problem of finding a function 𝑉 (𝑐, 𝑠2
1, … , 𝑠2

𝑟)
satisfying the condition

𝑃 [(H − H)𝑇 𝑀−1
0 (H − H) ≤ 𝑉 (𝑐, 𝑠2

1, … , 𝑠2
𝑟)] = 𝑃(𝜒2

𝑘 ≤ 𝑐).

The question of the existence of such a function is open. Even the existence
of an “exact”solution of the classical Behrens—Fisher problem has not been
proved (((7) gives a formal solution, (2) adds little).

I express my gratitude to A. N. Kolmogorov for a number of suggestions and
comments concerning the present note and further work on the subject touched
upon here.

Leningrad State University
named after A. A. Zhdanov
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