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Abstract
Full Text
PHYSICS

I. N. MININ

A POINT SOURCE OF LIGHT IN AN AB-
SORBING MEDIUM BETWEEN PARALLEL
PLANES
(Presented by Academician V. A. Ambartsumian, 14 III 1960)

In considering problems on the illumination of surfaces irradiated by light
sources, it is necessary to take into account the effect of multiple reflections,
which leads to self-illumination of the surfaces. Accounting for this effect
reduces to the solution of certain integral equations. One such problem was
solved in the work of V. V. Sobolev (1), who considered the case of a point
source of light located between parallel isotropically reflecting planes. It was
assumed there that the space between the planes is transparent.

The present note is devoted to a generalization of V. V. Sobolev’s work by
including a homogeneous absorbing medium between the planes. In solving the
problem we have used the method proposed by V. V. Sobolev in (1).
Let there be a point source of light of luminous intensity 𝐼 , independent of di-
rection, situated in a medium with absorption coefficient 𝛼, bounded by parallel
isotropically reflecting planes. We introduce the following notation: 𝐻 is the
distance between the planes; ℎ1 and ℎ2 are the distances of the light source
from the planes; 𝜌1 and 𝜌2 are the reflection coefficients of the planes; 𝑟 is the
distance from the perpendicular to the planes drawn through the light source;
𝐸1(𝑟) and 𝐸2(𝑟) are the illuminations of the planes. The quantities 𝐸1(𝑟) and
𝐸2(𝑟) are the unknowns.

Introducing rectangular coordinates on each of the planes, with origins at the
points of intersection of the planes with the aforementioned perpendicular, we
find

𝐸1(𝑟) = 𝜌2
𝜋 𝐻2 ∫

+∞

−∞
𝑑𝑥′ ∫

+∞

−∞

𝐸2(𝑟′) exp [−𝛼√𝐻2 + (𝑥′ − 𝑥)2 + (𝑦′ − 𝑦)2]
[𝐻2 + (𝑥′ − 𝑥)2 + (𝑦′ − 𝑦)2]2

𝑑𝑦′+

+
𝐼ℎ1 exp [−𝛼√ℎ2

1 + 𝑟2]
(ℎ2

1 + 𝑟2)3/2 (1)
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and an analogous expression for 𝐸2(𝑟). Introducing the optical thickness 𝜏0 =
𝛼𝐻 of the layer situated between the planes, and also putting 𝐼 = 1 and 𝐻 = 1,
which corresponds to expressing the illuminations in units of 𝐼/𝐻2, instead of
(1) we obtain

𝐸1(𝑟) = 𝜌2
𝜋 ∫

+∞

−∞
𝑑𝑥′ ∫

+∞

−∞

𝐸2(𝑟′) exp [−𝜏0√1 + (𝑥′ − 𝑥)2 + (𝑦′ − 𝑦)2]
[1 + (𝑥′ − 𝑥)2 + (𝑦′ − 𝑦)2]2

𝑑𝑦′+

+
ℎ1 exp [−𝜏0√ℎ2

1 + 𝑟2]
(ℎ2

1 + 𝑟2)3/2 . (2)

To solve the obtained system of integral equations, introduce, instead of 𝐸1(𝑟),
a new quantity 𝐺1(𝑥) by the relation

𝐺1(𝑥) = ∫
+∞

−∞
𝐸1(𝑟) 𝑑𝑦 = 2 ∫

∞

|𝑥|

𝐸1(𝑟)𝑟√
𝑟2 − 𝑥2 𝑑𝑟, (3)

which is Abel’s integral equation. Inverting (3), we find

𝐸1(𝑟) = − 1
𝜋 ∫

∞

𝑟

𝐺′
1(𝑥)√

𝑥2 − 𝑟2 𝑑𝑥. (4)

Integrating equation (2) with respect to 𝑦, we find

𝐺1(𝑥) = 𝜌2 ∫
+∞

−∞
𝐴(𝑥′ − 𝑥)𝐺2(𝑥′) 𝑑𝑥′ + 𝐵1(𝑥), (5)

where

𝐴(𝑧) = 2
𝜋 ∫

∞

0

exp [−𝜏0√1 + 𝑧2 + 𝑦2]
(1 + 𝑧2 + 𝑦2)2 𝑑𝑦. (6)

𝐵1(𝑧) = 2ℎ1 ∫
∞

0

exp [−𝜏0√ℎ2
1 + 𝑧2 + 𝑦2]

(ℎ2
1 + 𝑧2 + 𝑦2)3/2 𝑑𝑦. (7)

Introduce the quantities

𝜑1(𝑡) = ∫
+∞

−∞
𝐺1(𝑥)𝑒−𝑖𝑡𝑥 𝑑𝑥,
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𝐴(𝑡) = ∫
+∞

−∞
𝐴(𝑥)𝑒−𝑖𝑡𝑥 𝑑𝑥, 𝐵1(𝑡) = ∫

+∞

−∞
𝐵1(𝑥)𝑒−𝑖𝑡𝑥 𝑑𝑥. (8)

Then from (5) and the analogous expression obtained from the relation for 𝐸2(𝑟)
by integration with respect to 𝑦, we obtain:

𝜑1(𝑡) = 𝜌2𝐴(𝑡)𝜑2(𝑡) + 𝐵1(𝑡),
𝜑2(𝑡) = 𝜌1𝐴(𝑡)𝜑1(𝑡) + 𝐵2(𝑡).

(9)

Note that 𝐵2(𝑧) is obtained from 𝐵1(𝑧) by replacing ℎ1 with ℎ2. Solving system
(9), we find

𝜑1(𝑡) = 𝐵1(𝑡) + 𝜌2𝐴(𝑡)𝐵2(𝑡)
1 − 𝜌1𝜌2𝐴2(𝑡)

. (10)

Inverting the Fourier integral and applying (4), and also using the known rela-
tion

∫
∞

𝑟

sin 𝑡𝑥√
𝑥2 − 𝑟2 𝑑𝑥 = 𝜋

2 𝐽0(𝑟𝑡), (11)

where 𝐽0(𝑥) is the Bessel function of order zero, we finally have

𝐸1(𝑟) = 1
2𝜋 ∫

∞

0

𝐵1(𝑡) + 𝜌2𝐴(𝑡)𝐵2(𝑡)
1 − 𝜌1𝜌2𝐴2(𝑡)

𝐽0(𝑟𝑡) 𝑡 𝑑𝑡. (12)

Formula (12) gives the exact analytical solution of the problem under consider-
ation.

For computations by formula (12) it is necessary to know the functions ̄𝐴(𝑡),
𝐵̄1(𝑡), and 𝐵̄2(𝑡). Using (6), (7), and (8), it is easy to find:

𝐵̄1(𝑡) = 4ℎ1𝜏0 ∫
∞

1

√𝑦2 − 1
𝑦 𝐾0 (ℎ1√𝜏2

0 𝑦2 + 𝑡2) 𝑑𝑦, (13)

̄𝐴(𝑡) = 4
𝜋 ∫

∞

1

√𝑦2 − 1
𝑦3 [√𝜏2

0 𝑦2 + 𝑡2 Ψ1 (√𝜏2
0 𝑦2 + 𝑡2) + Ψ2 (√𝜏2

0 𝑦2 + 𝑡2)] 𝑑𝑦,
(14)

where 𝐾0(𝑥) is the Macdonald function of order zero,
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Ψ𝑛(𝑥) = ∫
∞

1

𝑒−𝑡𝑥

𝑡𝑛
√

𝑡2 − 1
𝑑𝑡. (15)

We note that Ψ0(𝑥) = 𝐾0(𝑥) and

Ψ𝑛(𝑥) = ∫
∞

𝑥
𝑑𝑥 ∫

∞

𝑥
𝑑𝑥 ⋯ ∫

∞

𝑥
𝐾0(𝑥) 𝑑𝑥, (16)

where the integration is carried out 𝑛 times.

In the particular case where the space between the planes is transparent, 𝜏0 = 0.
From (13) and (14), for this case we find

𝐵̄1(𝑡) = 2𝜋𝑒−ℎ1𝑡, ̄𝐴(𝑡) = 𝑡2 ∫
∞

1
𝑒−𝑡𝑥√

𝑥2 − 1 𝑑𝑥 = 𝑡𝐾1(𝑡), (17)

where 𝐾1(𝑡) is the Macdonald function of the first order. Substituting (17) into
(12), we obtain the solution of V. V. Sobolev.
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