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Abstract
Full Text

MATHEMATICS

P. I. LIZORKIN

THE DIRICHLET PRINCIPLE FOR THE BEL-
TRAMI EQUATION IN A HALF-SPACE

(Presented by Academician S. L. Sobolev, 17 V 1960)

1. The Beltrami equation
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922 =Au+—-—=0 (1)
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x,, 0z, x, Oz
has been the subject of numerous investigations (!). For —1 < u < 1 we shall

consider for this equation the Dirichlet problem in the following formulation
(due to L. D. Kudryavtsev):

I. Find a twice continuously differentiable function u(zy,...,...,x,) = u(x), sat-

isfying equation (1) for z, > 0, having as its trace* for z,, = 0 the function
o(xy, ..., x,_1) = @(x), and possessing the finite weighted integral

/ xh(grad u)? dX. (2)
E (xz,>0)

The main result that we prove is as follows:

Theorem 1. Problem I has a solution, and moreover a unique one, if and only
if
1 lbp
px) e Wy 2 (B, )

This solution can be obtained by minimizing the functional (2) in the class of
all functions from Wy ,(E}}) with trace ¢(x).

This theorem complements the corresponding result of L. D. Kudryavtsev.
Namely, in papers (%>2) the formulated variational principle was justified for
0 < p < 1 under more stringent requirements on the boundary function (see
also the footnote on p. 762). Our result has, in a certain sense, a final character,
by virtue of the simultaneous necessity and sufficiency of the conditions
imposed on ¢(x).

2. We shall give a scheme of the proof of Theorem 1, dwelling in more detail
on those points which are new in comparison with (%3).
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The set of functions u(X), locally summable in the “upper” half-space E.
(z,, > 0), possessing in E generalized derivatives du/dz; with finite weighted

integral
ou\’
b= [ AT ()
B i

whose traces u(X)|, _o = ¢(z) on the hyperplane E,,_; are summable with

* The function ¢(x) is called the trace of the function w(X) on the hy-
perplane E, ; (z,, = 0), if for almost all x € E,_; there exists the limit

lim, _ou(zy,..., 2, 1,7,), equal to p(z).

with a square-integrable square (¢(x) € Ly(FE,_;)), we shall denote by
Ws ,(E}). By introducing the norm

||U||gV721 = |el7, &, ) + D2pulu)

this set becomes a complete normed space.

From the results of our paper (*) it follows that, for any function u(X) €

Py _ 1+
VV217N(E;)7 the trace ¢(z) exists and is a function in VV21 42&<En71)ﬂ ie.

NE
a) p(x) € Ly(E, _1); / / 7 — |n 2+p ‘# dy < 0.

I )
Conversely, the membership ¢(x) C W21 2 (E,_1) (the presence in ¢(x) of
properties a), b)) makes it possible to construct a function u(X) € W ,(E;) for

which o(z) is the trace (4). Hence it follows that the class V/[721 u1»} of admissible
functions in the variational problem under consideration is nonempty.

The existence of a unique minimizing element U(X) for the functional (2), and
its membership in Wiu{(p}, are easily derived from the completeness of the

space and the properties of the functional (2) (23). The function U(X) is then
analytic (°) and is the unique solution of the differential problem I*. To prove
uniqueness we prove the following lemma.

Lemma. Let a twice continuously differentiable function U(X) belong to W21 u
and satisfy equation (1). Then D, ,(U,v) =

:/ xh(grad U grad ) dX
o
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vanishes for any function ¢(X) € I//I\/Ql . With zero trace on E,,_;.

First, by integration by parts we establish the formula

ds,

D, U, ¢; 1] /xﬁ(gradU grad¢)dX = /xﬁw ou
i

o G

where II is the “rectangular box” {—a < z; <a, i=1,...,n—1, 0<d <z, <
M}, and S is its boundary. It is obvious that

DQ,/L(Ua d}) = Hli)HEl+ DQ,M[U7 ZU; H]

The lemma will be proved if we establish the existence of a sequence of rectan-
gular boxes {II;} with boundaries S;, for which we have

S

Fix the “upper” and “lower” bases of the rectangular boxes IT (§ and M) and
consider the integral

L

EIM

extended over the layer of space ESM (§ < z,, < M). From Hélder’ s inequality
there follows the estimate

1/18—U‘dSHO, as [T, — E.
on

oU
Y or

2

X,

M2
dX <

ou
7/187%

max{M*#/2, §#/2} Dy *(U) Dy *(1).

2,1

IéJV[ — / xu
—_— n
ESM

* In papers (#3) the indicated uniqueness is proved under additional require-
ments on the sought function at infinity.

therefore, necessarily, there must be a sequence z;; (¢ is the number of the axis,
k=0,1,...) for which

M oo
lim SM(x;,) = lim dwn/ /:1:‘7;
5|00 @5 |4=00 J§ 5o

otherwise the integral I°™ could not exist. Since the integral over the “lateral”
surface II is majorized by the sum of the integrals

dxy...dx,_; = 0;

ou
qp@i:z:i

L=k
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n

oM
2 s,
i=1

we obtain

ou
P

ou
Ox,, Vo,

‘DQ,H [U7¢a EJMH S / x% 3x

E.

dz, (3)

nlg, =M

dx + / xh
En 1

and it remains only to pass once more to the limit in § and M.

T, =0

Estimating each term on the right-hand side of (3) separately, we write

o\ 2 1/2 1/2
=4 E, 1 n/ x,=6 K

n— n—1

ou
Y

Oz, .

1/2
= F1/2(5) 51/ [/ ¢(xl,...,xn_1,5)w(zl,...,0)|2d9:] <
E

n—1

s 9 1/2
< cF/2512 V da:/ zh ((5;’) da:n] = F12(§)0(5'/?).
E,_1 0 n

In view of the finiteness of the integral D, ,(U), one may assert the existence
of a sequence d;, — 0 for which

2
ou c

F((S)E/ o | =— dr < —.
k B Ox,, — 0y

Therefore, in the passage to the limit along the sequence §;, the first term in
formula (3) vanishes; the second term is estimated analogously, proceeding from
the existence of a sequence M, — 0 for which

C
F(M,) < ——.
(M) < M, In M,

The lemma is proved.*

Theorem (uniqueness). The function «(X) is the unique solution of problem
Lin the class Wy ,{¢}.
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Let, besides the solution U(X), there exist another solution V(X) € W%M{go}
Then the difference U — V = (X)) will satisfy the conditions of the lemma just
proved, and we have

D, ,,(U) =D, ,[V+U-=V]=D, (V)+2D, ,(V,U=V)+Dy (U-V)=

= D2,M(V) + D2,M(U - V) > DQ,M(V)a

which contradicts the minimal property of U.

3. Let us emphasize once again the naturalness with which the classes W}@
are used in estimates relating to the solution of the Dirichlet problem in
the half-space E} (z, > 0) for equation (1) with p < 1; in particular,
these estimates are also valid for the solution of problem I.

Theorem. Suppose that the function

p()
(1+]X[?)%="

is summable in E,, ;. Then the function**

a D (55E) 1o, o(y) dy
U,(X)=mn"z T - 4
) (") [E (Jo—yl2+a2) W

* The device used in its proof belongs to S. M. Nikol’ skii (5).

—

** Formula (4) is given in the work (7).

is a solution of equation (1) and has trace function ¢(x). If, moreover, the
function ¢(z) belongs to W™ (E,

_1) and r is represented in the form

_ 14«
r=r— ,
p

where 7 > 1 is an integer, and —1 < o < p — 1, then the inequalities

a+pl
/ Z,
E,

(1) () — o) ()"

" (@) — " (y)

< E / dx/ | — i | dy, [=0,1,.., (5)
E, . |z —yl

P
dX <

P+
0 U,

Ozt ... Ozp

ay+ta,, =i+l
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where C) does not depend on ¢, and the sum on the right is taken over all
derivatives of order 7 — 1 of the function ¢.

The proof of the first part of the theorem is carried out in the same way as for
the ordinary Poisson integral, which is obtained in (4) for 4 = 0. We outline
the proof of the second part.

First let 7 = 1. We compute and estimate the derivatives U, /0x;, i # n:

n—p
Ox; v (o —yl2+a2)

With the help of Holder’ s inequality, for

In

—1
e<1+ n—2
p
we obtain
1/p
U, c o(x) — (y)|? dy
81'1' - n+p71 E )sp/2

n—1 (1—|— |90;72y\2

Now computing the weighted integral of U, /dx; by changing the order of
integration under the additional (noncontradictory) requirement

+n—«
Sprnma
p

e

)

we easily obtain

p
m

/ |,
x’ﬂ
B

O,

K2

dX<c/E dx/E (@) —pW)I" dy

el
The estimates involving dU,,/0z,, proceed analogously, and we obtain (5) for
7 =1, Il = 0. In estimating higher derivatives (I # 0), at each subsequent
differentiation we shall be forced to increase the exponent of the weight by p,
in order to cancel the singularity arising in the differentiation. For 7 > 1 the
argument proceeds according to the same scheme, if one first transfers part of
the differentiations under the integral sign from the kernel to the function .
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