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Abstract
Full Text
Mathematics
Wu Hsiao-hsin

On One New Class of Parabolic Systems of Equa-
tions
(Presented by Academician I. G. Petrovskii, 11 IV 1960)

It is known that, in investigating the question of the correct solvability of the
Cauchy problem for systems with coefficients continuously depending on the
time variable 𝑡, of the form

𝜕𝑢𝑗
𝜕𝑡 =

𝑁
∑
𝑘=1

∑
Σ𝑟𝑠≤𝑝𝑘

𝑎(𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡) 𝜕𝑟1+⋯+𝑟𝑛𝑢𝑘

𝜕𝑥𝑟1
1 ⋯ 𝜕𝑥𝑟𝑛𝑛

(𝑗 = 1, … , 𝑁), (1)

an essential role is played by the behavior of the normal fundamental matrix
𝑄(𝛼, 𝑡, 𝑡0) of solutions of the adjoint system

𝑑𝑣𝑗
𝑑𝑡 =

𝑁
∑
𝑘=1

∑
Σ𝑟𝑠≤𝑝𝑘

𝑎(𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡)(𝑖𝛼1)𝑟1 ⋯ (𝑖𝛼𝑛)𝑟𝑛𝑣𝑘 (2)

for large real values of the parameters 𝛼𝑠, since whether or not the known
condition (A) of I. G. Petrovskii is fulfilled depends on the behavior of this
matrix as 𝛼2

1 + ⋯ + 𝛼2
𝑛 → ∞. Among systems satisfying condition (A), I. G.

Petrovskii singled out two principal classes of systems, called hyperbolic and
parabolic. In the work (2), S. A. Galpern singled out one more class of systems
satisfying condition (A). For systems with constant coefficients, G. E. Shilov (3)
considered a number of very broad classes of systems for which condition (A) is
fulfilled.

In the present note a new class of systems of the form (1) is singled out, which
satisfy condition (A) of I. G. Petrovskii (even a stronger one; see (8) below).
The new class extends the class of parabolic systems in the sense of I. G. Petro-
vskii, and at the same time the basic properties inherent in the former class are
preserved in it.

In the further discussion it is more convenient to write the system in vector form

𝑑𝑉
𝑑𝑡 = 𝐴(𝛼, 𝑡)𝑉 , (3)
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where 𝑉 (𝛼, 𝑡) ≡ (𝑣1(𝛼, 𝑡), … , 𝑣𝑁(𝛼, 𝑡)),

𝐴(𝛼, 𝑡) ≡ ( ∑
Σ𝑟𝑠≤𝑝𝑘

𝑎(𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡)(𝑖𝛼1)𝑟1 ⋯ (𝑖𝛼𝑛)𝑟𝑛) . (4)

Without loss of generality one may assume that in the system (1) the weights
𝑝𝑗 (we shall call the number 𝑝𝑗—the highest order of derivatives with respect to
𝑥 of the function 𝑢𝑗 in (1)—the weight of the function 𝑢𝑗) are arranged so that

𝑝1 = 𝑝2 = ⋯ = 𝑝𝑁1
= ℎ1;

𝑝𝑁1+1 = 𝑝𝑁1+2 = ⋯ = 𝑝𝑁1+𝑁2
= ℎ2;

𝑝𝑁1+⋯+𝑁𝑙−1+1 = 𝑝𝑁1+⋯+𝑁𝑙−1+2 = ⋯ = 𝑝𝑁1+⋯+𝑁𝑙
(≡ 𝑝𝑁) = ℎ𝑙,

where ℎ1 > ℎ2 > ⋯ > ℎ𝑙. We shall call the terms

𝑎(𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡) 𝜕𝑟1+⋯+𝑟𝑛𝑢𝑘

𝜕𝑥𝑟1
1 ⋯ 𝜕𝑥𝑟𝑛𝑛

in system (1) (respectively, the terms 𝑎(𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡)(𝑖𝛼1)𝑟1 ⋯ (𝑖𝛼𝑛)𝑟𝑛 in matrix (4))

principal if for them ∑ 𝑟𝑠 = 𝑝𝑘.

We impose on the matrix 𝐴(𝛼, 𝑡), and thereby on the coefficients of system (1),
the following restrictions:

I. The matrix

𝐴0(𝛼, 𝑡) ≡ ⎛⎜
⎝

∑
∑ 𝑟𝑠=𝑝𝑘

𝑎(𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡)(𝑖𝛼1)𝑟1 ⋯ (𝑖𝛼𝑛)𝑟𝑛⎞⎟

⎠
, (5)

formed only from the principal terms of the matrix 𝐴(𝛼, 𝑡), has the block-
diagonal form

𝐴0 =
⎛⎜⎜⎜
⎝

𝐴0
11

𝐴0
22

⋱
𝐴0

𝑙𝑙

⎞⎟⎟⎟
⎠

, (6)

where 𝐴0
𝑚𝑚 (𝑚 = 1, 2, … , 𝑙) is a square matrix of order 𝑁𝑚, such that
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𝐴0
𝑚𝑚 ≡ ⎛⎜

⎝
∑

∑ 𝑟𝑠=ℎ𝑚

𝑎(𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡)(𝑖𝛼1)𝑟1 ⋯ (𝑖𝛼𝑛)𝑟𝑛⎞⎟

⎠

(𝑁1 + ⋯ + 𝑁𝑚−1 + 1 ≤ 𝑗, 𝑘 ≤ 𝑁1 + ⋯ + 𝑁𝑚), (7)

and all elements not falling into any one of the squares 𝐴0
𝑚𝑚 (𝑚 = 1, 2, … , 𝑙)

are identically equal to zero. In particular, the case is possible when a single
block 𝐴0

11 fills the entire matrix 𝐴0.

II. All matrices 𝐴0
𝑚𝑚 (𝑚 = 1, 2, … , 𝑙) in (6) satisfy the condition (B) of I. G.

Petrovskii, i.e., for all real 𝛼1, … , 𝛼𝑛 for which ∑ 𝛼2
𝑠 = 1, and 0 ≤ 𝑡 ≤ 𝑇 ,

they have characteristic roots with negative real parts.

Theorem 1. If the coefficients of system (1) satisfy conditions I and II, then
the normal fundamental matrix of solutions of the dual system (2) admits the
estimate

‖𝑄(𝛼, 𝑡, 𝑡0)‖ ≤ 𝐶(1 + |𝛼|)(𝑁−1)(𝑝1−𝑝𝑁) exp[−𝑎|𝛼|𝑝𝑁 (𝑡 − 𝑡0)] (𝑎 > 0), (8)

so that, in particular, system (1) satisfies the condition (A) of I. G. Petrovskii.

The proof of Theorem 1 is obtained according to the following scheme. We
rewrite system (3) in the form

𝑑𝑉
𝑑𝑡 = 𝐴0𝑉 + (𝐴 − 𝐴0)𝑉 (9)

and denote by 𝑄∗ the normal fundamental matrix of solutions of the system

𝑑𝑉 ∗

𝑑𝑡 = 𝐴0𝑉 ∗, (10)

an estimate which is easily obtained by applying the result from (1). Further,
using the representation

𝑄(𝛼, 𝑡, 𝑡0) = 𝑄∗(𝛼, 𝑡, 𝑡0) + ∫
𝑡

𝑡0

𝑄∗(𝛼, 𝑡, 𝜏){𝐴(𝛼, 𝜏) − 𝐴0(𝛼, 𝜏)}𝑄(𝛼, 𝜏, 𝑡0) 𝑑𝜏 (11)

and the known estimate of the matrix 𝑄∗, we reduce the question of estimating
the matrix 𝑄 to the question of estimating the solutions of a system of linear
ordinary differential equations with constant coefficients.

From Theorem 1 and the known propositions from (1) there follows, in particu-
lar:
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Theorem 2. If the coefficients of system (1) satisfy conditions I and II, then for
any initial functions 𝜑(𝑥) = {𝜑𝑖(𝑥1, … , 𝑥𝑛)}, continuous and bounded together
with their partial derivatives up to some order 𝐿, in the strip Ω (0 ≤ 𝑡 ≤
𝑇 ; |𝑥𝑠| < +∞):

1. There exists one and only one solution of the Cauchy problem 𝑢(𝑥, 𝑡) =
{𝑢𝑖(𝑥1, … , 𝑥𝑛; 𝑡)}, belonging to the class of functions having continuous
and bounded partial derivatives with respect to 𝑥𝑠 up to order 𝑝1.

2. If the initial functions 𝜑(𝑥) and all their derivatives up to order 𝐿 are
sufficiently small, then the moduli of the functions 𝑢(𝑥, 𝑡) and of all their
derivatives entering into (1) will also be small.

When conditions I and II are fulfilled, the estimate (8) obtained by us makes it
possible to obtain for system (1) the results established by I. M. Gel′fand and
G. E. Shilov for systems parabolic in the sense of G. E. Shilov ((3), p. 133). In
particular, we can determine three characteristics: the reduced order 𝑝0, the
index of parabolicity ℎ, and the genus 𝜇 of the matrix (4). We note only that,
by virtue of estimate (8), for our systems the index of parabolicity is equal
to 𝑝𝑁 . According to the propositions of I. M. Gel′fand and G. E. Shilov ((3),
pp. 136 and 143), the class of correctness of the solution of the Cauchy problem
for system (1) is the class of functions satisfying the inequality

|𝑓(𝑥)| ≤ 𝐶 exp [𝑏|𝑥|
𝑝0

𝑝0−𝜇 ] , when 𝜇 > 0;

|𝑓(𝑥)| ≤ 𝐶𝜀 exp [𝜀|𝑥|
𝑝𝑁

𝑝𝑁 −𝜇 ] for any 𝜀 > 𝐶, when 𝜇 ≤ 0,

and all solutions of the Cauchy problem for system (1) can be written with the
aid of an integral of Poisson type in the form

𝑢(𝑥, 𝑡) = ∫ 𝐺(𝑥 − 𝜉, 𝑡, 𝑡0)𝜑(𝜉) 𝑑𝜉,

where 𝐺(𝑥, 𝑡, 𝑡0)—the Green matrix—is the inverse Fourier transform of the ma-
trix 𝑄(𝛼, 𝑡, 𝑡0). Moreover, proceeding from estimate (8) and taking into account
that 𝑝𝑁 is an even number, we have proved for system (1) the following theorem:

Theorem 3. If the coefficients of system (1) satisfy conditions I and II, then
all solutions of the Cauchy problem belonging to the class of correctness are
analytic in the variables 𝑥1, … , 𝑥𝑛 for 𝑡 > 0.
Remark 1. In the particular case when in system (1) all weights 𝑝𝑗 are equal to
one another, condition I is fulfilled automatically, while fulfillment of condition
II means that system (1) is parabolic in the sense of I. G. Petrovskii. Thus,
the class of all systems whose coefficients satisfy conditions I and II extends the
class of systems parabolic in the sense of I. G. Petrovskii. It is important to
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note that the class of systems of equations considered by us is such that the
membership of a system in this class is determined only by the highest-order
terms of the system (of course, by their own for each of the functions 𝑢𝑗). Such
a property is not preserved for the class of all systems for which estimate (8)
holds. We know that for every system parabolic in the sense of G. E. Shilov
estimate (8) is necessarily fulfilled; however (see (4)), a change of the coefficient
even of one lower-order term of such

* It is sufficient, in any case, to take 𝐿 = (2𝑛 + 1)[(𝑝1 − 𝑝𝑁)𝑁 + 𝑝𝑁 ].

of the system can destroy its membership in the class, and we may obtain a
system for which the Cauchy problem is posed incorrectly.

Remark 2. Systems of the form (1) include more general systems of the form

𝜕𝑛𝑗𝑢𝑗
𝜕𝑡𝑛𝑗

=
𝑁

∑
𝑘=1

∑
(𝑟𝑠)

𝑎(𝑟0𝑟1…𝑟𝑛)
𝑗𝑘 (𝑡) 𝜕𝑟0+𝑟1+…+𝑟𝑛𝑢𝑘

𝜕𝑡𝑟0𝜕𝑥𝑟1
1 … 𝜕𝑥𝑟𝑛𝑛

(𝑟0 < 𝑛𝑘; 𝑗 = 1, 2, … , 𝑁). (12)

The transition from system (12) to system (1) is carried out by introducing new
unknown functions in place of the derivatives 𝜕𝜈𝑢𝑗/𝜕𝑡𝜈 (𝜈 = 1, 2, … , 𝑛𝑗 − 1; 𝑗 =
1, 2, … , 𝑁).
In conclusion, the author takes the pleasant opportunity to express deep grati-
tude to S. A. Galpern for his guidance.

Moscow State University
named after M. V. Lomonosov

Received
7 IV 1960
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