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1. The line of intersection of the tangent planes of the first two Laplace
transforms (A;) and (A,) of a conjugate net (A4,) is called the first axis,
and the line A; A,, joining these transforms, is called the second axis of the
net (Ag). The properties of hyperbolic congruences of axes of a conjugate
net were first studied by Slotnik (), and subsequently many other authors
returned to them. Nets with parabolic congruences of axes were studied
only by Mihailescu (?).

In the present paper the study of nets of this kind is continued.

2. To each point of the conjugate net we attach a projective frame formed by
four analytic points A;: the point of the net A, the corresponding points
A; and A, of the first Laplace transforms of the net (A4,), and an arbitrary
point of the first axis A;. The infinitesimal projective displacements of
the frame are determined by the equations dA; = w¥A, (i,k = 0,1,2,3).
With the indicated choice of vertices,

w? =0, Wi = aw!, wy = cw?; (1)

w2=0, wh=0. (2)

Differentiating equations (2) with the aid of the structure equations of projective

space Dwf = [wiwf] and applying Cartan’ s lemma, we have

2 _ 1 2 0 _ 1 2
w; = aw" + fw?, Wy = yw — cfiw’,

W) = —afw' + yw?, wi = Biw! + awi (3)

The invariant forms corresponding to the point and tangential Darboux invari-
ants of the net (4,) (%) are the forms

H = v [w'w?], H = cafw'w?],
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K = yw'w?], K = ao; [w'e?). (4)

3. The equations of the asymptotic lines of the surfaces (A4,), (4;), (4,) have
the form

a(@)?He@)? =0,  aa(@)? 7@ =0, 3w ea; @?)? = 0. (5)

The equalities

v = ca, (6)

Y1 = aty (7)

are respectively the conditions that the congruences of tangents (A,A4;) and
(AgA,y) be W-congruences. The tangent to the line w? =0

on the surface (A;) intersects the first axis at the point T'= A3 — fA,, and the
tangent to the line w!' = 0 on the surface (A,)—at the point P = A5 — 3, 4,.
The points Fy 5 = A + A3, 1 5 = pA; + Ay, where A and p are the roots of
the equations

N+ (B+ BN+ BB, —aa; =0, (8)

ayp? + ac(B— py) — eny =0, ©)

serve as the foci of the first and second axes. The first axis intersects the focal
planes of the second, and the second—the focal planes of the first, respectively
at the points Cy o = 1A, + Ay, By = Mg+ As, where X and ji are determined
from the equations

acA? + ac(B + By)A + acBBy — vy =0, (10)

afi’ + (B — By —a; =0. (11)

Equations (8) and (10) show that the pairs of points (F, F,) and (B;, By)
belong to the involution determined by the double point A, and the pair of
points (T, P). When condition (6) is satisfied, from (9) and (11) we have that
the pair of points (Cy,C,) belongs to the involution determined by the double
point A; and the pair of points (P4, D,).
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4. A one-sided stratification of a pair of congruences of axes in the direction
from the first axes to the second (%) is admitted by the nets R (H =
K, K = H). A particular solution with arbitrariness in 5 functions of one
argument is formed by harmonic isothermally conjugate nets, i.e., such
isothermally conjugate nets for which the points 7" and P coincide.

A one-sided stratification of a pair of congruences of axes in the direction from
the second axes to the first is admitted by those and only those nets for which
the sum of the point invariants is equal to the sum of the tangential invariants.
This class of nets depends on one arbitrary function of two arguments. Examples

of such nets are the nets R and the nets £ (H = H, K = K).

Finally, the nets R, and only these nets, admit a two-sided stratification of a
pair of congruences of axes.

5. Nets for which the congruence of the first axes is parabolic are determined
by the Pfaff equations (1), (2), (3) and the condition

(B—B1)? + daa; =0, (12)

and nets with parabolic congruences of the second axes—by the same Pfaff equa-
tions and the condition

ac(B—B1)? +4yy, = 0. (13)

Each of these classes of nets depends on one arbitrary function of two arguments.
For nets of the first class the point F' = F; = F, becomes the second double
point of the involution considered on the first axis, and for nets of the second
class the point B = B, = B, serves as the second double point of this involution.

Among the nets with parabolic congruences of the first axes with arbitrariness
in 6 functions of one argument, there are distinguished the nets admitting a
one-sided stratification of a pair of congruences of axes in the direction from
the second axes to the first. An analogous result holds for nets with parabolic
congruences of the second axes. The search for nets with parabolic congruences
of either the first or the second axes that admit a one-sided stratification from
the first axes to the second leads to the nets R, for which both congruences
of axes are parabolic. With arbitrariness in 6 functions of one argument there
exist nets with parabolic congruences of either the first or the second axes,
characterized by condition (6). For the per-

ones the point C' = C| = C,, while for the second ones the point ® = &, = @,
becomes the second double point of the involution considered on the second
axis.

6. The system of equations (1), (2), (3) under conditions (12), (13) deter-
mines, with arbitrariness in 6 functions of one argument, nets for which
both axis congruences are parabolic. Let us bring the vertex A; together
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with the focus F. Then 8, = —f; A3 =F =DB; & = _@Al + Ay C =
v

—éAl +A,. It is easy to see that the cross ratio of the points 4;, A,, ®,C
o

is equal to the ratio of the first tangential invariant to the second point
invariant. Conditions (12) and (13) give

T = acay, (14)

i.e. the product of the Darboux tangential invariants is equal to the product
of the point invariants. Condition (14), in view of (5), also means that on the
surfaces (A;) and (A,) there correspond asymptotic lines (?).

The asymptotic lines on the surfaces (A;) and (@), whose tangents describe
the congruences of the first and second axes of the net (4,), are determined
respectively by the equations

Bw! — ayw? =0, (15)

afwt —yw? =0, (15%)

or, in view of (12) and (13), by the equations

aw! + Bw? =0, (16)

yw! + efw? = 0. (16%)

The geometric characteristic of the nets (15) and (16) is as follows: the tangents
to the lines of the second families of these nets, respectively on the surfaces (A;)
and (A,), pass through the point Ag; the cross ratios of two directions tangent
to the lines of the focal net on the surface (A, ), with the two directions tangent
to the lines of the nets (15), (15”) and (16), (16”), are respectively equal to the
ratios of the second or first point and tangential Darboux invariants of the net
(Agy)- The conjugacy of the directions (15), (15”) and (16), (16”) on the surface
(A;) is a necessary and sufficient condition for, respectively, the congruence of
the first axes and the congruence of the second axes to be parabolic.

7. Nets R with parabolic axis congruences are determined by equations (1),
(2), (3), (6), (7), (12). Investigation of this system shows that these are
either Wilczynski nets, or nets for which H = H = K = K (?).

The even Laplace transforms (M) of Wilczynski nets with parabolic axis con-
gruences are situated on the first axis of the net, the odd ones (M,;_;)—on the
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second; taking, as in item 6, F' = A5, 6, = —f and carrying out the correspond-
ing normalization, we obtain

M,,, = nAs — BA,, My, = —nfA; + (n—1)ad,,

M_,, =nAs;+ BA,, M 4,1 =0—n)pA +nad, (n=0,1,2,...). (17)

It is easy to see that

n2

(Ag, Az, My, M_5,) = =1 (n>1); (A1 Ag, Moy (M 5, 41) = m;

(PAy, My, M 5, 1) =—1 (n>1); (PAy, My, M o, 1) =—1 (”(> ;)
18

The congruences of the tangent focal nets of this sequence belong to the linear
complexes of one pencil, determined by the complexes

Doz — P13 — PPz =0, Po1 + Bp13 — a3 = 0. (19)

Two special complexes of this pencil coincide. Both congruences of axes belong
to all complexes of this pencil and therefore coincide, forming a linear congruence
belonging to the unique special complex of the pencil. The pair of directrices
of it coincides with the line A;®. The rays of this linear congruence split into
two subfamilies: the rays of one describe the first axes of the net (4,), and
the rays of the other—the second. Since the net (A,) is an R-net, it follows
from item 4 that these two subfamilies of rays are doubly developable. The
developable surfaces of the first family are cones with vertices at A; and with
directrices (15) on the surface (A4,), while those of the second are cones with
vertices at ® and with directrices (15”) on the surface (A4,). The directions (15)
and (15") are conjugate on (Ag). The tangents to the lines (15) describe the
congruence (A,®). The sequence of points {M,;,} converges to the point Aj,
and the sequence of points {M,;,_;} to the point ®.

In conclusion I express my gratitude to Prof. S. P. Finikov for his comments on
the work.
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