
Soviet-era science, translated into English

MATHEMATICS
K. KORDUNYANU

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.42093

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196001.42093


Abstract
Full Text
MATHEMATICS

K. KORDUNYANU

ON THE EXISTENCE OF BOUNDED SOLU-
TIONS FOR SOME NONLINEAR DIFFEREN-
TIAL SYSTEMS
(Presented by Academician I. G. Petrovsky, 3 XII 1959)

Let 𝑎(𝑡) be a real continuous function defined on the half-axis 𝑡 ⩾ 0.

According to Perron (1), a function 𝑎(𝑡) satisfies condition (A) if the functions
exp {∫𝑡

0 𝑎(𝜏) 𝑑𝜏} and ∫𝑡
0 exp {∫𝑡

𝜏 𝑎(𝜃) 𝑑𝜃} 𝑑𝜏 are bounded on the half-axis 𝑡 ⩾ 0.

Similarly, a function 𝑎(𝑡) satisfies condition (B) if the function exp {∫𝑡
0 𝑎(𝜏) 𝑑𝜏}

is unbounded, while ∫∞
𝑡 exp {∫𝑡

𝜏 𝑎(𝜃) 𝑑𝜃} 𝑑𝜏 is defined and bounded on the half-
axis 𝑡 ⩾ 0.

In what follows we shall consider only real functions. Consider the system

𝑑𝑥𝑖
𝑑𝑡 = 𝑓𝑖(𝑡, 𝑥1, … , 𝑥𝑖) + 𝑅𝑖(𝑡, 𝑥1, … , 𝑥𝑛), 1 ⩽ 𝑖 ⩽ 𝑛, (1)

assuming that the following conditions are fulfilled:

a) The functions 𝑓𝑖(𝑡, 𝑥1, … , 𝑥𝑖), 1 ⩽ 𝑖 ⩽ 𝑛, are continuous on the set

𝑡 ⩾ 0, ‖𝑥‖ ⩽ ℎ, 0 < ℎ ⩽ +∞, (Δ̄)

and 𝑓𝑖(𝑡, 0, … , 0) ≡ 0, 1 ⩽ 𝑖 ⩽ 𝑛.

b) The derivatives 𝜕𝑓𝑖/𝜕𝑥𝑗, 1 ⩽ 𝑗 ⩽ 𝑖 ⩽ 𝑛, are continuous and bounded in
Δ̄.

c) For each index 𝑖, 1 ⩽ 𝑖 ⩽ 𝑛, there exists a function 𝑎𝑖(𝑡), continuous on the
half-axis 𝑡 ⩾ 0, satisfying condition (A) or (B), such that 𝜕𝑓𝑖/𝜕𝑥𝑖 ⩽ 𝑎𝑖(𝑡)
in the case where 𝑎𝑖(𝑡) satisfies condition (A), and 𝜕𝑓𝑖/𝜕𝑥𝑖 ⩾ 𝑎𝑖(𝑡) if
𝑎𝑖(𝑡) satisfies condition (B). Obviously, the preceding inequalities hold
throughout Δ̄.

In what follows we shall denote by 𝑖𝐴 those indices 𝑖, 1 ⩽ 𝑖 ⩽ 𝑛, for which 𝑎𝑖(𝑡)
satisfies condition (A).
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d) The functions 𝑅𝑖(𝑡, 𝑥1, … , 𝑥𝑛), 1 ⩽ 𝑖 ⩽ 𝑛, are continuous in Δ̄ and satisfy
on this set the Lipschitz condition

|𝑅𝑖(𝑡, 𝑥1, … , 𝑥𝑛) − 𝑅𝑖(𝑡, ̄𝑥1, … , ̄𝑥𝑛)| ⩽ 𝐿𝑖‖𝑥 − ̄𝑥‖, 1 ⩽ 𝑖 ⩽ 𝑛. (2)

Theorem 1. Let the functions 𝑓𝑖 and 𝑅𝑖 satisfy conditions a), b), c), and d).

Then system (1), under the conditions

𝑥𝑖(0) = 𝑥(0)
𝑖 , 𝑖 = 𝑖𝐴, (3)

admits a unique solution, defined on the half-axis 𝑡 ≥ 0, whose graph belongs
to Δ, provided that 𝑥(0)

𝑖 , 𝑖 = 𝑖𝐴, and 𝐿 are sufficiently small.

If the indices 𝑖𝐴 are absent, then system (1) has a unique solution, defined on
the half-axis 𝑡 ≥ 0, whose graph belongs to Δ.

The proof of this theorem is based on the Banach fixed-point principle and on
certain lemmas concerning systems of the form

𝑑𝑥𝑖
𝑑𝑡 = 𝑓𝑖(𝑡, 𝑥1, … , 𝑥𝑖) + ℎ𝑖(𝑡), 1 ≤ 𝑖 ≤ 𝑛, (4)

where the 𝑓𝑖 satisfy the conditions indicated above, and the ℎ𝑖(𝑡) are continuous
bounded functions on the half-axis 𝑡 ≥ 0. The proof also implies the uniform
convergence (on the half-axis 𝑡 ≥ 0) of the process of successive approximations
defined by the relations

𝑑𝑥(𝑘)
𝑖

𝑑𝑡 = 𝑓𝑖(𝑡, 𝑥(𝑘)
1 , … , 𝑥(𝑘)

𝑖 ) + 𝑅𝑖(𝑡, 𝑥(𝑘−1)
1 , … , 𝑥(𝑘−1)

𝑛 ), 1 ≤ 𝑖 ≤ 𝑛; 𝑘 ≥ 1; (5)

𝑥(𝑘)
𝑖 (0) = 𝑥(0)

𝑖 , 𝑖 = 𝑖𝐴, 𝑘 ≥ 1. (6)

Theorem 1 generalizes Perron’s result (1), since any linear differential system
can be reduced to triangular form. Restricting ourselves to the class of real
functions leads to no further simplifications, except in notation.

Let us note that an analogous theorem is also valid in the case where solutions
bounded on the entire real axis are sought. This theorem is easily formulated
by taking into account the results of (2𝑎).
We replace conditions b) and c) by the more general conditions:

b1) The derivatives 𝜕𝑓𝑖/𝜕𝑥𝑖, 1 ≤ 𝑖 ≤ 𝑛, are continuous and bounded in Δ, and
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|𝑓𝑖(𝑡, 𝑥1, … , 𝑥𝑖−1, 0)| ≤ 𝑀
𝑖−1
∑
𝑗=1

|𝑥𝑗|, 2 ≤ 𝑖 ≤ 𝑛, (7)

where 𝑀 is a positive constant.

c1) The functions 𝑅𝑖(𝑡, 𝑥1, … , 𝑥𝑛), 1 ≤ 𝑖 ≤ 𝑛, are continuous in Δ.

Theorem 2. Suppose that the functions 𝑓𝑖 and 𝑅𝑖 satisfy conditions a), b1),
c), and c1).

Then system (1), under conditions (3), has at least one solution defined on the
half-axis 𝑡 ≥ 0, whose graph belongs to Δ, provided that 𝑥(0)

𝑖 , 𝑖 = 𝑖𝐴, and 𝑅𝑖
are sufficiently small.

In the case where the indices 𝑖𝐴 are absent, system (1) has at least one solution
defined on the half-axis 𝑡 ≥ 0, whose graph belongs to Δ.

For the proof of this theorem one uses, as was indicated in (2𝑏), the Schauder–
Tikhonov fixed-point principle and the following lemma:

Lemma. Suppose that the functions 𝑓𝑖 satisfy conditions a), b1), and c), and
that the ℎ𝑖(𝑡) are continuous and bounded on the half-axis 𝑡 ≥ 0.

Then system (4), under conditions (3), has a unique solution, defined on the
half-axis 𝑡 ≥ 0, whose graph belongs to Δ, provided that 𝑥(0)

𝑖 , 𝑖 = 𝑖𝐴, and ℎ𝑖(𝑡)
are sufficiently small.

For this solution the inequality holds

‖𝑥(𝑡)‖ ≤ 𝑃 ∑
𝑗=𝑖𝐴

|𝑥(0)
𝑗 | + 𝑄‖ℎ(𝑡)‖, (8)

where 𝑃 and 𝑄 are positive quantities depending only on the functions 𝑓𝑖.

When the indices 𝑖𝐴 are absent, system (4) has a unique solution, defined on
the half-axis 𝑡 ≥ 0, whose graph belongs to Δ. Inequality (8) holds in this case
if one sets 𝑃 = 0.

By ‖𝑥(𝑡)‖ we denote max𝑖 {sup𝑡≥0 |𝑥𝑖(𝑡)|}, 1 ≤ 𝑖 ≤ 𝑛.

This lemma is also useful for proving the fact that the zero solution of the
unperturbed system

𝑑𝑥𝑖
𝑑𝑡 = 𝑓𝑖(𝑡, 𝑥1, … , 𝑥𝑛), 1 ≤ 𝑖 ≤ 𝑛, (1’)

is conditionally stable under constantly acting perturbations (2�).
Let us now consider the system
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𝑑𝑥𝑖
𝑑𝑡 = 𝑓𝑖(𝑡, 𝑥1, … , 𝑥𝑛), 1 ≤ 𝑖 ≤ 𝑛, (9)

and suppose that the following conditions are satisfied:

a′) The functions 𝑓𝑖 are continuous in the set Δ.

b′) The derivatives 𝜕𝑓𝑖/𝜕𝑥𝑖, 1 ≤ 𝑖 ≤ 𝑛, are continuous in Δ.

c′) The functions 𝑓𝑖(𝑡, 𝑥1, … , 𝑥𝑖−1, 0, 𝑥𝑖+1, … , 𝑥𝑛), 1 ≤ 𝑖 ≤ 𝑛, are sufficiently
small in Δ.

Theorem 3. Let the functions 𝑓𝑖 satisfy conditions a′), b′), c) and c′).

Then system (9), under conditions (3), admits at least one solution, defined on
the half-axis 𝑡 ≥ 0, whose graph belongs to Δ.

This theorem generalizes some previously obtained results (2�). One can obtain
an analogous theorem on the existence of a family of bounded solutions on the
entire real axis.
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