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Abstract

Full Text
A. V. MALYSHEV

ON GAUSS SUMS AND KLOOSTERMAN
SUMS

(Presented by Academician 1. M. Vinogradov on 9 IV 1960)
Let

n

f:f<l'1,...7l'n) = Z aaﬁxaxﬁ

a,B=1

be an integral quadratic form, so that a,, (¢ =1,...,n) and a,5 + ag, = 2a,4
(a, B=1,...,n; o+ ) are integers; let

l=Uzqy,.,x,) = anxa

a=1

be an integral linear form; let ¢ and g be positive integers, and let b, ...,b,, be

integers. The sum

oy vn

q—1

, 9%, +b,)

! g2y 4 by g8, + ) + Ugwy + by,
Sg;bl,...,b,L<fvl;Q)=7 Z exp [27mf(g 1 1 g ) (g7, 1

g q

Ty, =0

(1)
will be called an inhomogeneous multiple Gauss sum modulo g. These
sums find application in the arithmetic of quadratic forms. If g =1, b; =+ =

b,, = 0, then we have an inhomogeneous multiple Gauss sum over a complete
system of residues

q—1
Sy, z,) H (T, T,
S i) = Sy o(fi) = 3 exp fami { Tt E L tu)
Tq,...,x,=0

(2)

If, moreover, [ = 0, then we have the homogeneous multiple Gauss sum

[

q—

S(fi)=S5(1,0:0)= Y. oxp {m

Ty, =0

f(xh;’xn)]. 3)
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If n =1, f=az? then (3) turns into the ordinary Gauss sum

S(a;q) = S(az*;q).

The sums S(a; q) were already studied by Gauss (). The original theory of the
sums (3), given by Weber (2), was later substantially simplified by Minkowski
(3). Weber (?) and Kloosterman (%) considered special cases of the sums (2).
Here we give formulas that make it possible to compute Gauss sums in their

most general form (1).

Theorem 1. 1) If g is a complete system of residues (zq,...,z,) (mod g),
(bi; 7b;'1,) = (bl, 7bn) (mOd ng (97 q))7 then
Sg; by,..sby, (fa lv Q> -
L A ! o /
== > e {27% flgzy + b, g2y, +07) + gy + 6,0, g, £+ 0,)
9 (z1,-y,, )EB q
2) If g = 9195, g.c.d. (g, 4;) = 1, then
1
Sg;b1 ,,,,, b (f,LQ) 7515911511 7777 b (f,l7q
3) If ged(a, q) = 1, then
Sg;bl""’b" (a2f’ al; q) = S.‘]?abl,...,abn (f7 l; q)
4) Ifd | g, d| f, then
flay .
d"Sg.p, b (*7*;*) , ifd]l,
Sg;bl,.”,bn(fJ;CI): G010 \ d7 d’ d
0, if d } gl.

5) Let ¢ = ¢1¢5 - qi, where the positive integers ¢y, ...

prime; @y = Q/(h; s Q= Q/qk- Then*

n

,q, are pairwise co-

(@a! Mot g, Qa0 g, )

6) If, under an integral substitution whose determinant is relatively prime

to ¢, the forms f,[ and the vector (bq,...,b

r'n

into the forms f’,1" and the vector (b1,...,b,

rvn

), then

) are transformed respectively
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Sg; byyeesby, (fa l7 q) g bl ..l (f l/ )
7) Let

k k
f Lyyeeeh Zfa ana)v lmh ) L Zla IRAAAE] om )

a=1 a=1

where {1,...,n} is the union of pairwise disjoint sets of indices {(al),..., (an,)}
(a=1,...,k). Then

911717 b f l q HS7515 ,Om a7l04;q)'

The following known proposition holds (°).
Remark. Let

q= Hpt(p)

plg

be the factorization of the positive integer ¢ into distinct prime factors p. Every
integral quadratic form f is equivalent to a form f; for which, for every prime
number p | g,

=P = Zp «P)p (mod p*®)), (4)
where
—1 < ei(p) <exlp) < <eyp(p) <tp);
<,0<1p >, e cp(;&)j) are forms with integral matrices whose variables are pairwise dis-
joint; the determinants d;(p), ..., d, (p) of these forms are relatively prime to
p.

We additionally define: n,(p) to be the number of variables of the form gaﬁf )

(a=1,...,5(p));

s(p)

=Y np, 0<n(p)<n
a=1
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o(@P) =1,if 2} o;
o) =2, if2]el);

P = F— e @) =n—np); ey = Hp).

Theorem 2. Let

q= Hpt(p> — 2t(2)q1
plg

be the factorization of the positive integer ¢ into distinct prime factors p; g,
is odd; t(2) > 0; t(p) > 0, if p # 2. Let the integral quadratic form f in n
variables, for every p | ¢, be equivalent (mod p'®)) to a form P of the form
(4). Then S(f;q) =0, if a(apf()z)) = 1 and ey5)(2) + 1 = #(2). In the opposite
case

q1-1 Zs(z) g( (2)) ~1)ma@(na(2)+1)/24 (2)-1
a—

S(fiq) =(—1) 2 “1OATE 2 X

* By a !'(modn) we denote the number a,modn) for which aja = 1
(mod m).
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Xi(qlgl) 1(2)1 nal H{ 02 (2})><

s(2)

0 (dj@))t@) ea(2)=o(pl)+1 HH( ) (p)—ea(p) )

a=1 plg,

Sy datti 1 <2>t<2>za15 1 (0) (E(P) e (p))+1(0) 52 1 (2)(1(2) €0 (2))
X ~a=1 @ 2 X —
p

X
play

X

plgs, 1):‘41
PFp

N\ T
i Sty (752) ZE ma () () —ea(p)? (HZ) 1
V2

x(2g)% x 2%<n—n<2>><t<2>—1>+%za:f”)na@)ea(mx
x []pznmlter 220 o p)ea(p)

play

)

where ¢, (i) is the Hasse invariant (%).

Theorem 3. Let

g=[[p'" =2"q;  t2)>0;  t(p)>0,
plg
if p is an odd prime; Q(p) = %. Let the integral quadratic form f =
p

f(zq,...,x,) = f; satisfy congruence (4) for all primes p | g. Let

l=Uzq,...,x, Zcﬁxﬁ
be an integral linear form;
s(p)+1 )
l= 1Y,

where the variables of the forms l&p ) coincide with the variables of the quadratic

form ga . Let
1, if pea® | 1P,
Ta<p) - {0’ ifpea(p) J( lff); (p 7é 2)
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2, if a=s(2), (gog)) =1, t(2) = e 41, 26 | 1?), and all
coefficients of the linear form 2 ¢« (2>1512) are odd;

1, if(s(2)+1—a)o (gog))( (2) —¢,(2)) > 1 and 2¢a@+1 | D))

@ = ifa_s(2)+1and26 \zg,

@ 0, if 26! +1+z ; if o = 5(2), o(p2) =1, £(2) = e, (2)
and 2! u Cif o= 5(2), o(@2) =1, 1(2) = e,(2)
2¢€a(2) | la and not all coefﬁments of the form 2—%(2)10(2) are odd;

if & = 5(2) +1 and 2% J(la,

_|_
+

b

(p>q; a=1,...,5(p) +1). Then

s(p)+1

[T IT e

p<q a=

(falaq) 22n S(f1a4Q>X

X exp l ZQ —1 (mod ptPHIFEUP) Q(p) x 1+H(=1)P+1

p<g
—1 (mod pt® p)+1+(-1)P )

{21+ 1)P+1 H d,( } X pla’ " maPlealp) PP (cy, s

where pP) is a form algebraically reciprocal to ©®) = @) (z,, ...,z (p));
i =af = (4— a2 ) g2 )

The sums (1) reduce to sums (2)

1 f(by, b)) +1(by, .
Sg;bl,.“,bn (falv(I) = g*nexp |:27T7, ( 1 ) ( 1

. ’b">] S(g*f,9L;q), (7)

where

L=L(zq,..,x,)

—~

(@1, eeesxy) +2f(byy ey by Ty, y,)

En: <c +2 Zaaﬁbﬁ>

a=1
The formulas given above, together with estimates for Kloosterman sums (+67),
allow us to obtain the following useful proposition, which is a generalization and
refinement of Kloosterman’ s lemma (4):
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Theorem 4. Let f = f(xq,...,x,) be an integral quadratic form with deter-
minant d; let ¢ > 0, By,...,B,, C,....,C,, m, ¢ > 0, @, @, be integers;
let

lh*lh Ly T th +C
=1

(03

Then

h
S(hg®f,11,; q) exp {—27”' m7] <
Qi<h ! (mod ¢)<Q, 9

1
2

1
<x.q'T e {g.c.d.(2"2dg’m — w,q)}? {g.c.d.(2>"d3g*" ™, ¢" %)}  (8)
here the summation on the left is over all residues h of a reduced residue system
(modq) satisfying the condition * Q; < h~!(modq) < Q,(modq); w is an

integer depending only on f, g and By, ..., B,; € > 0 is arbitrarily small; x, > 0
is a constant depending only on n and ¢; w=0if B, =-- =B, =0.
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* We say that @, <2< Q, (mod q), if there is z; = z (mod ¢) for which @, < z; < Q.
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Note: Figure translations are in progress. See original paper for figures.
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