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1. For an eccentric force, the solution of the problem is divided into two parts,
corresponding to the central force P and to a couple with moment M = Pe,
where e is the eccentricity (see Fig. 1). As is known, the displacement compo-
nents can be expressed in the form !

Doy Iy Doy
+ 1
U=, +z — v Yy + 2 y w =3+ 25>, (1)

where all four functions ¢, (i =1,2,3,4) are harmonic and are related by

Os _ 1 (%+%+%>,

9z  3—4v \ oz oy 0z

For a centrally applied vertical force, corresponding to the axisymmetric prob-
lem, the following may be taken as the initial harmonic functions 2:

Y = 74/0 [Ash(za) + Bch(za)]J; (ra) da,

Py = %/ [Ash(za) + Bch(za)]J, (ra) da, (2)
0

g = /0 [Csh(za) + D ch(za)]Jy(ra) da.

sovietrxiv.org/items/ru-196001.40927 Machine Translation


https://sovietrxiv.org/items/ru-196001.40927

Fig. 1. Displacement of a circular punch under eccentric loading
Figure 1: Fig. 1. Displacement of a circular punch under eccentric loading
If one uses the solution of the contact problem for an elastic half-space 3, then,

as the initial harmonic functions in the case of the action of a moment, one must
take

h a? ro
e / [Ash(za) + Bceh(za)] | = Jy(ra) — Silra) da,
0 r ro
Yy = /0 [Ash(za) + Bch(za)]%]z(ra) da, (3)

o3 = / [Csh(za) + Dch(zoz)]%Jl (ra) da.

Here it is assumed that the direction of the moment coincides with the z-axis.
In equalities (2) and (3), Jy(ra), J;(ra), Jy(ra) are Bessel functions of the
first kind, and the unknown coefficients A, B, C, D depend on the integration
parameter « and are determined from the prescribed boundary conditions.

2. Let the elastic layer have thickness H, modulus of elasticity F, and Poisson’
s ratio v. To simplify the solution of the problem it is assumed that friction
between the punch and the layer, and also between the layer and the fixed
base, is absent, although the original equalities (2) and (3) make it possible
to solve this problem under other boundary conditions.

It is easy to see from (1) that, for the adopted system of coordinate axes, we
have (w),_o = 0 when D = 0. Using the components of the tangential stresses
expressed in terms of the harmonic functions ¢, (i = 1,2,3,4), one can show
that, in the absence of friction on the lower boundary of the layer, we have
A = 0. In addition, the absence of friction under the punch leads to the relation

Fig. 1. Displacement of a circular punch under eccentric loading

2(1 —v)sh(aH) + ch(aH)
(1 —2v)sh(aH) — (aH) ch(aH)

C =
For convenience of exposition, let us write simply « instead of aH, and also

_14+v (1—-2v)sha—acha

B(a
() E sh? o

M(a).
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The coefficient M(«) is determined from the components, prescribed on the
upper boundary of the elastic layer, of the normal stress o, and the vertical
displacement w, which are expressed as follows:

< aM(a) [x\™ T
”z:;zfo Kig(a)(;) T o) des

w= 2(%1/2) /OO M (o) (%)me(%a) do. (4)

0

Here, for m = 0, we have o, and w for a centrally applied force, and for m =1,
for a moment. In addition, in equality (4) it is assumed that

2
sh” o

a+shacha’

gla) =1 (5)

The transition to the half-space is carried out by replacing a by (Ha). Then,
for H = oo, we have g(a) = 0.

3. For the paired integral equations (4), the solution for m = 0 is available in
the work of N. N. Lebedev and Ya. S. Uflyand (*). The solution of these
same equations for m = 1 may be sought in the form

M(a) = [1 - g(a)] % / "t sin( 7t ) dt, (6)

where ¢(t), together with its first derivative, is assumed continuous on the
interval (0, R), and it is assumed that ¢(0) = 0.

The solution of (4) for m = 1 is considered with boundary conditions corre-
sponding to the action of a moment:

0,=0 (r>R), w=kzr (r<R).
Here k is the tangent of the angle of inclination of the punch. The generality of

the subsequent arguments remains valid also when x = r cosf, where 6 is the
angle between the axes x and r (see Fig. 1).

Substituting (6) into equality (4) for m = 1 and taking into account (5), that

< t T
/O asin (ﬁa) Jq (Ea> =0 t<R<r),

we obtain outside the punch o, = 0.

sovietrxiv.org/items/ru-196001.40927 Machine Translation


https://sovietrxiv.org/items/ru-196001.40927

Integrating the left-hand side of equality (6) by parts and substituting the re-
sulting expression into equality (4), for m = 1 we have

o, = %% l/oRgo’(t)dt/Ooo cos (%a) Jq (%a) da —p(R) /OOOCOS (ga) Jy (7

[ () (ga)aa=2 (1- ) <o

equality (7) takes the form

_ @ | Ro(R) [T (1) gt (8)
o \VRZ=2 ) V22|

The function ¢(t) is determined with account taken of the displacement of the
punch prescribed on the boundary of the elastic layer.

Substituting into (4) w = kx, we obtain for m =1

fr= /0°° M(a)Jy (%a) da, 9)

where f = Ek/2(1 — 1?).
Substitution of M («) from (6) into (9) and the use of the known formulas (5)

Ht
> — (0t <)
/ sin (%a> Ji (%a) do =< r/t2 — 2 (0< r)
0 0 (t>r);

2 ﬂ/z'e'(m'e)de
= Sin Sin HSID

0

S~
/N
)=

o
SN———

I

leads to the relation
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fr? = /T _te®) dt—l /ﬂ/zrsinedO /R p(t) dt/OO g(a) sin (ia) sin (E sin 0
o Vi —r? mH Jy 0 0 H H

If in the first integral we make a change of variable and denote

R (% o
K(t+a) = H/o o(0) cos (¢ £ 2) 5] da (10)
we arrive at the integral equation of Schlémilch
/2
fr? :/ rsinf F(rsin ) db, (11)
0
where
1 /R
@(m)—&-ﬁ/ [K(t+xz)— K(t—x)]o(t)dt = F(x). (12)
0

Using the known solution of equation (11) (%), we obtain

2 Fkx

4

Flo)=—fr=———. 13

(z) - fx o (13)
4. For numerical calculations it is convenient to pass to dimensionless quan-

tities:
x t 2REk
el B = ) 14
A R GEE PG (14)

Then the Fredholm integral equation (12), taking (13) into account, assumes
the form

1
w(@) =1 [ K+~ K7 - glu(rdr. (15)
0

Equality of the moments of the external force and of the reactive pressures under
the punch leads to the relation

R
Pe = 27r/ to(t) dt.
0
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Substituting into this equality the dimensionless quantities from (14), we obtain,
for the angle of inclination of the circular punch under the action of a moment,
the formula

e (1—v?)Pe
AR3E [ €w(€) de

The reactive pressure under the circular punch due to the action of the moment
M = Pe is determined by formula (8), which, taking account of the dimension-
less quantities (14), assumes the form:

oo Pe [ o) (@i |
TR [l ew(e)de [VI1- (/R L TP /R? | Y

As the computation carried out in calculating circular foundations on a com-
pressible base has shown, it is sufficient to represent w(7) = a;7 +a;73. The co-
efficients a,, as are determined from the Fredholm integral equation (15); more-
over, for a half-space, when H = co, we have w(7) = 7. In the computation we
used for (5) the approximation (7) in the form 3 B,e=4<.
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