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MATHEMATICS

A. B. VASIL’EVA

ASYMPTOTICS OF SOLUTIONS OF CER-
TAIN BOUNDARY-VALUE PROBLEMS FOR
EQUATIONS WITH A SMALL PARAMETER
AT THE HIGHEST DERIVATIVE
(Presented by Academician I. G. Petrovskii on July 1, 1960)

In previous papers (1,2) asymptotic formulas were given for the solution of the
problem with initial conditions for a system of the form

𝜇𝑑𝑧
𝑑𝑡 = 𝐹(𝑧, 𝑦, 𝑡),

𝑑𝑦
𝑑𝑡 = 𝑓(𝑧, 𝑦, 𝑡); (1)

𝑧∣𝑡=𝑡0 = 𝑧0, 𝑦∣𝑡=𝑡0 = 𝑦0 (2)

(𝑧 = {𝑧1, … , 𝑧𝑀} is an 𝑀 -component vector, 𝑦 = {𝑦1, … , 𝑦𝑚} is an 𝑚-
component vector), if the parameter 𝜇 > 0 tends to zero. There it was
also indicated that these formulas could be applied to the construction of
asymptotics of solutions of certain boundary-value problems, which was carried
out for the case of a second-order equation. In the present note it will be shown
how the methods developed in (2) apply to more complicated cases.

Let us prescribe for (1) the boundary conditions (𝑅 is an (𝑀 + 𝑚)-dimensional
vector)

𝑅(𝑦(0), 𝑦(1), 𝑧(0), 𝑧(1)) = 0. (3)

In (2) it was shown that the solution of the boundary-value problem for the
equation 𝜇𝑦″ = 𝐹(𝑦′, 𝑦, 𝑡) may, as 𝜇 → 0, possess qualitatively different limiting
properties; namely, two characteristic types of limiting behavior of the solution
were noted. In the present note, conditions will be formulated under which,
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also in the general case of the system (1) and the boundary conditions (3),
there exists a solution of type I, when the limiting functions corresponding to
𝑦 are continuous on [0, 1] and 𝑦 tends to them uniformly, while the limiting
functions corresponding to 𝑧 have a discontinuity at one of the endpoints 𝑡 = 0
or 𝑡 = 1; or of type II, when each of the limiting functions corresponding to 𝑦 has
a corner point at 𝑡 = 𝑡0 (0 < 𝑡0 < 1), and the limiting function corresponding
to 𝑧 (the conditions will be given for 𝑀 = 1, since otherwise solutions of this
type, generally speaking, do not exist) has a discontinuity of the first kind at
𝑡 = 𝑡0.

I. Let the system of equations 𝐹(𝑧, 𝑦, 𝑡) = 0 have a stable root 𝑧 = 𝜑(𝑦, 𝑡),
defined in some closed bounded domain 𝐷(𝑦, 𝑡). We construct two auxiliary
systems corresponding to (1):

𝑑
(1)
𝑧

𝑑𝜏 = 𝐹(
(1)
𝑧 ,

(1)
𝑦 , 𝜏𝜇)

𝑑
(1)
𝑦

𝑑𝜏 = 𝜇𝑓(
(1)
𝑧 ,

(1)
𝑦 , 𝜏𝜇); (𝜏 = 𝑡/𝜇) (4A)

𝜇𝑑
(2)
𝑧

𝑑𝑡 = 𝐹(
(2)
𝑧 ,

(2)
𝑦 , 𝑡),

𝑑
(2)
𝑦

𝑑𝑡 = 𝑓(
(2)
𝑧 ,

(2)
𝑦 , 𝑡),

(4B)

and their formal solutions (for brevity, we shall denote 𝑧 and 𝑦 collectively by
𝑥)

(1)
𝑥 =

(1)
𝑥 0(𝜏) + 𝜇

(1)
𝑥 1(𝜏) + … ,

(2)
𝑥 =

(2)
𝑥 0(𝑡) + 𝜇

(2)
𝑥 1(𝑡) + … ,

(2)
̄𝑥 =

(2)
̄𝑥 00 + 𝜇

(2)
̄𝑥 01 + 𝑡

(2)
̄𝑥 10 + …

(5)

The coefficients of these expansions will satisfy systems of equations obtained
as a result of substituting (5) into (4), and the initial conditions, which are
determined as follows. Substitute (5) into (3), after which we shall also represent
𝑅 in the form of a formal expansion

𝑅(
(1)
𝑦 0(0) + 𝜇

(1)
𝑦 1(0) + … ,

(2)
𝑦 0(1) + 𝜇

(2)
𝑦 1(1) + … ,

(1)
𝑧 0(0) + 𝜇

(1)
𝑧 1(0) + … ,

sovietrxiv.org/items/ru-196001.40781 Machine Translation

https://sovietrxiv.org/items/ru-196001.40781


(2)
𝑧 0(1) + 𝜇

(2)
𝑧 1(1) + …) = 𝑅0 + 𝜇𝑅1 + … = 0.

In the zeroth approximation we obtain from this

𝑅0 = 𝑅(
(1)
𝑦 0(0),

(2)
𝑦 0(1),

(1)
𝑧 0(0),

(2)
𝑧 0(1)) = 0. (6)

In these equations one may regard
(1)
𝑦 0(0) and

(1)
𝑧 0(0) as unknowns (since

(2)
𝑦 0(1),

(2)
𝑧 0(1) are expressed through

(2)
𝑦 0(0) from the system of differential

equations defining them, and
(2)
𝑦 0(0) =

(1)
𝑦 0(0) according to (2)). Suppose

that equations (6) are solvable with respect to
(1)
𝑦 0(0),

(1)
𝑧 0(0), and that the

corresponding functional determinant Δ ≠ 0. Having determined
(1)
𝑦 0(0),

(1)
𝑧 0(0),

one can then, successively putting 𝑅𝑘 = 0 (𝑘 = 1, 2, …) and using the general
relation

(2)
𝑦 𝑘(0) =

(1)
𝑦 𝑘(0) + (−1)𝑘

𝑘! ∫
∞

0
𝜏𝑘 𝑑𝑘

𝑑𝜏𝑘

(1)
𝑓 𝑘−1 𝑑𝜏,

determine from these equations
(1)
𝑧 𝑘(0),

(1)
𝑦 𝑘(0) (and consequently also

(2)
𝑦 𝑘(0)),

and thereby determine the coefficients of the expansions (5).

Let us form, from the coefficients of the expansions (5), the combinations

𝑋𝑛 = (
(1)
𝑥 )𝑛 + (

(2)
𝑥 )𝑛 − (

(2)
̄𝑥 )𝑛,

where each of the three summands is the partial sum of the expansions (5), in
the order in which they are written, containing terms up to order 𝑛 inclusive,
with respect to 𝜇 or with respect to 𝑡 and 𝜇.
Theorem. Suppose the system 𝐹(𝑧, 𝑦, 𝑡) = 0 has a root 𝑧 = 𝜑(𝑦, 𝑡), stable in

some domain 𝐷; suppose the system (6) is solvable with respect to
(1)
𝑦 0(0),

(1)
𝑧 0(0),

and that the corresponding functional determinant Δ ≠ 0; suppose, further,

that the curve 𝑦 =
(2)
𝑦 0(𝑡) belongs to 𝐷 for 0 ≤ 𝑡 ≤ 1, and that the point

(1)
𝑧 0(0),

(1)
𝑦 0(0), 0 belongs to the domain of influence of the root 𝑧 = 𝜑(𝑦, 𝑡). Then

one can indicate a sufficiently small, but 𝜇-independent, neighborhood of the

point
(1)
𝑦 0(0),

(1)
𝑧 0(0), in which, for every 𝜇 ≤ 𝜇0, there exists a unique value

𝑦0, 𝑧0 such that the solution 𝑋(𝑡, 𝜇) of system (1), satisfying the initial ⋯
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initial conditions 𝑋∣𝑡=0 = 𝑥0, also satisfies the boundary condition (3). If the
right-hand sides of system (1) have continuous partial derivatives up to order
(𝑛+1) inclusive, and 𝐹𝑧 and 𝑓𝑧 have continuous partial derivatives up to orders
2𝑛 and, respectively, (2𝑛 − 1) inclusive,* then the inequalities

|𝑋(𝑡, 𝜇) − 𝑋𝑛| < 𝐶𝜇𝑛+1,

hold, where 𝐶 is a constant independent of 𝑡, 𝜇 for 𝜇 ⩽ 𝜇0, 0 ⩽ 𝑡 ⩽ 1.
II. Let the equation 𝐹(𝑧, 𝑦, 𝑡) = 0 have a stable root 𝑧 = 𝜑+(𝑦, 𝑡) and an

unstable root 𝑧 = 𝜑−(𝑦, 𝑡), defined in some closed bounded domain 𝐷(𝑦, 𝑡).
Construct the auxiliary systems corresponding to (1):

(1)
𝑑𝑧
𝑑𝜏 =

(1)
𝐹 (

(1)
𝑧 , 𝑦, 𝑡0 + 𝜏𝜇),

(1)
𝑑𝑦
𝑑𝜏 = 𝜇

(1)
𝑓 (

(1)
𝑧 , 𝑦, 𝑡0 + 𝜏𝜇);

(7A)

𝜇
(2)
𝑑𝑧
𝑑𝑡 =

(2)
𝐹 (

(2)
𝑧 , 𝑦, 𝑡),

(2)
𝑑𝑦
𝑑𝑡 =

(2)
𝑓 (

(2)
𝑧 , 𝑦, 𝑡)

(7B)

and their formal solutions
(1)
𝑥 =

(1)
𝑥 0(𝜏) + 𝜇

(1)
𝑥 1(𝜏) + … ,

(2)
𝑥

±
=

(2)
𝑥 ±

0 (𝑡) + 𝜇
(2)
𝑥 ±

1 (𝑡) + … ,
(2)
𝑥

±
=

(2)
𝑥 ±

00 + 𝜇
(2)
𝑥 ±

01 + (𝑡 − 𝑡0)
(2)
𝑥 ±

10 + … .

(8)

The sign + or − indicates that 𝜑+ or 𝜑− participates in the construction
of the systems of differential equations determining the coefficients of the
expansions (8).

We obtain the initial conditions for determining the coefficients of the expansions
(8) as follows. Substitute (8) into (3), after which 𝑅 is also represented in the
form of a formal expansion

𝑅(
(2)
𝑦 −

0 (0) + 𝜇
(2)
𝑦 −

1 (0) + … ,
(2)
𝑦 +

0 (1) + 𝜇
(2)
𝑦 +

1 (1) + … ,
(2)
𝑧 −

0 (0) + 𝜇
(2)
𝑧 −

1 (0) + … ,
(2)
𝑧 +

0 (1) +
(2)
𝑧 +

1 (1) + …) = 𝑅0 + 𝜇𝑅1 + … = 0.
In the zero approximation we have from this

𝑅0 = 𝑅(
(2)
𝑦 −

0 (0),
(2)
𝑦 +

0 (1),
(2)
𝑧 −

0 (0),
(2)
𝑧 +

0 (1)) = 0. (9)
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In these equations we shall regard as unknowns
(1)
𝑦 0(0) =

(2)
𝑦 0(𝑡0) and 𝑡0. Suppose

that they are solvable with respect to these unknowns and that the correspond-
ing determinant Δ ≠ 0. Then, putting 𝑅𝑘 = 0 (𝑘 = 1, 2, …) and using the
general relation

(2)
𝑦 ±

𝑘 (𝑡0) =
(1)
𝑦 𝑘(0) − (−1)𝑘

𝑘! ∫
±∞

0
𝜏𝑘 𝑑𝑘

𝑑𝜏𝑘

(1)
𝑓 𝑘−1 𝑑𝜏,

* It is sufficient that the indicated requirements be satisfied in some arbitrarily small neighborhood of the curve 𝑧 =
(1)
𝑧 0(𝜏), 𝑦 =

(1)
𝑦 0(0) (0 ≤ 𝜏 <, ∞), 𝑥 =

(2)
𝑥 0(𝑡) (0 ≤ 𝑡 ≤ 1);

besides, the requirements concerning 𝐹𝑧 and 𝑓𝑧 can be weakened. An analogous
remark may be made concerning the requirements stated in the theorem of item
II.

we shall each time obtain systems of equations for the unknowns 𝑦(1)
𝑘 (0), 𝑧(1)

𝑘−1(0),
and, beginning with 𝑘 = 2, these systems will be linear. Under the assumption
that for 𝑘 = 1 the system is solvable, the solvability of the subsequent systems
follows automatically by virtue of their linearity (since the nonvanishing of the
functional determinants of all these systems follows from the condition Δ ≠
0). Having determined 𝑦(1)

𝑘 (0), 𝑧(1)
𝑘−1(0), we thereby determine 𝑦(2)±

𝑘 (𝑡0), and
consequently all coefficients of the expansions (8).

Let us form from these coefficients the combinations

𝑋𝑛 = {𝑋−
𝑛 , 0 ⩽ 𝑡 ⩽ 𝑡0,

𝑋+
𝑛 , 𝑡0 ⩽ 𝑡 ⩽ 1,

where 𝑋±
𝑛 are composed from the coefficients of the expansions (8) according to

the same rule as 𝑋𝑛 in case I from the coefficients of the expansions (5).

Theorem. Let the equation 𝐹(𝑧, 𝑦, 𝑡) = 0 have a stable root 𝑧 = 𝜑+(𝑦, 𝑡) and
an unstable root 𝑧 = 𝜑−(𝑦, 𝑡), defined in the domain 𝐷; let the system 𝑅0 = 0
be solvable with respect to 𝑦(1)

0 (0), 𝑡0, where 𝑡0 belongs to (0, 1), and the system
𝑅1 = 0 be solvable with respect to 𝑦(1)

1 (0), 𝑧(1)
0 (0), with

𝜑−(𝑦(1)
0 (0), 𝑡0) ⩾ 𝑧(1)

0 (0) ⩾ 𝜑+(𝑦(1)
0 (0), 𝑡0);

let Δ ≠ 0; finally, let the curve 𝑦 = 𝑌0 belong to 𝐷 for 0 ⩽ 𝑡 ⩽ 1, and the
point 𝑧(1)

0 (0), 𝑦(1)
0 (0), 𝑡0 belong to the domain of influence of both roots 𝜑+, 𝜑−.

Then one can specify a 𝜇-independent neighborhood of the point 𝑧(1)
0 (0), 𝑦(1)

0 (0),
in which, for every sufficiently small 𝜇 ⩽ 𝜇0, there exists a unique value 𝑥0

such that the solution 𝑋(𝑡, 𝜇) of the system (1), satisfying the initial condition
𝑋|𝑡=𝑡0 = 𝑥0, also satisfies the boundary condition (3). If the right-hand sides
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of the system (1) possess continuous partial derivatives up to order (𝑛 + 1)
inclusive, and 𝐹𝑧 and 𝑓𝑧 possess continuous partial derivatives respectively up
to orders 2𝑛 and (2𝑛 − 1) inclusive, then the inequalities

|𝑋(𝑡, 𝜇) − 𝑋𝑛| < 𝐶𝜇𝑛+1,

hold, where 𝐶 is some constant independent of 𝜇 and 𝑡 for 𝜇 ⩽ 𝜇0, 0 ⩽ 𝑡 ⩽ 1.
Moscow State University
named after M. V. Lomonosov
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