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A. G. Kurosh () began the construction of a theory of direct decompositions
in categories with partial addition of mappings; these categories include, as a
rule, those categories of algebraic structures in which it is possible to develop
a theory of direct decompositions. The program for the further development
of the theory of direct decompositions in categories, outlined by Kurosh, was
realized by the author of the present communication in works (?*). Thus there
are two parallel theories of direct decompositions: a structure-theoretic one and
a category-theoretic one. Naturally there arises the problem, posed by Kurosh
(?), of unifying these theories; the present paper is devoted to the solution of
this problem. This unification takes place in the language of semigroup theory.
In a semigroup with zero and identity, essentially maximal systems of pairwise
orthogonal idempotents are considered, and the relations between such systems
are studied.

Let H be an arbitrary semigroup with zero w and identity €. In the semigroup
H we single out some fixed subsemigroup P containing w and . The elements
of the subsemigroup P will be called P-elements.

Definition 1. An idempotent P-element x of the subsemigroup H is called a
direct sum of the elements o, i € I,

=, 1)

el

if for all i € I: 1) o; # w are P-elements; 2) o? = o;; 3) x; = a;X = ;; 4)
;o = w for i # j; 5) for an arbitrary element 3 € H: a) from x8 = 8 and
;8 = w for all ¢ € I it follows that 8 = w; b) from By = 8 and Ba; = w
for all i € I it follows that 8 = w. The direct sum (1) is called a direct
decomposition of the element x, and «;, ¢ € I, are called direct summands

of the element x.
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Definition 2. If each direct summand «;, 7 € I, of (1) is decomposed into a
direct sum

o; = Z ) (2)

then there is a direct decomposition

X = Z Qi 3)
iel, jeJ,

which is called a continuation of the direct decomposition (1).

Definition 3. Some of the direct decompositions of idempotent P-elements x
of the semigroup H will be called S-direct decompositions. In doing so, we
shall assume that the following conditions are satisfied:

1) every direct decomposition with a finite number of summands is an S-
direct decomposition;

2) if the direct decompositions (1) and (2) are S-direct decompositions, then
the direct decomposition (3) is also an S-direct decomposition;

3) if the direct decomposition (3) is an S-direct decomposition, then the
direct decompositions (1) and (2) are also S-direct decompositions;

4) if the direct decomposition (1) is an S-direct decomposition and if the
P-element px1), where ¢ and v are P-elements representable as products
of S-direct summands of the element x, is a direct sum of P-elements

900%@/1, i € I>

Xt = o,

iel
then this direct decomposition is an S-direct decomposition.

Definition 4. An idempotent P-element y is called S-regular if: 1) for an
arbitrary S-direct decomposition (1) and an arbitrary subset T' of the set of
indices I, there is an idempotent P-element a- such that: a) xap = apy = ar;
b) a,ar = apa; = o; for i € T; ¢) qyar = apa;, = w for ¢ ¢ T; 2) for any
B € H and an arbitrary direct decomposition x = a; + a5 with two summands:
a) from x8 = f and a0 = w (a8 = w) it follows that a,8 = 8 (a8 = B); b)
from Bx = B and Ba; = w (Bay, = w) it follows that fay, = B (Bay = B). If,
as the set of S-direct decompositions, the set of all finite direct decompositions
is selected, then we shall call an S-regular element regular. Clearly, every
S-regular element is regular.
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Definition 5. A semigroup H is called S-regular if its identity ¢ is an S-
regular element and for every idempotent P-element a # ¢, o # w there is an
idempotent P-element & # w, & # € such that ¢ = o + a. If; as the set of
S-direct decompositions, the set of all finite direct decompositions is selected,
then an S-regular semigroup will be called regular. Clearly, every S-regular
semigroup is regular.

Definition 6. An element v of a regular semigroup is called normal if, from
the fact that the element is representable as a product of v and arbitrary direct
summands of the identity ¢, it follows that it is a direct summand of the identity
€.

Definition 7. We shall say that an idempotent P-element x of a regular semi-
group H satisfies the splitting hypothesis if, for any direct summand o of
the element x and for any pair of complementary direct summands 3, 8 of the
element y, y = 8+ 0, the following conditions are fulfilled:

1. a= o) +a,.
2. There exist normal elements ; and v, such that

7 - aBa = afa-y; = ay, 72'04504:04504'72:@2'

3. a7 =g =@, QoY = Yalp = Yo

Definition 8. Elements o« and S of the semigroup H are called right-
associated if af = 8, fa = «; elements « and 3 are called left-associated if
af = a, fa=pF. A direct summand « of an idempotent P-element y is called
subordinate to the direct summand 3 of the element y if there exists a direct
summand =y of the element x such that a and  are right-associated, and 5 and
v are left-associated.

Definition 9. We shall say that the S-direct decompositions of an idempotent
P-element x of an S-regular semigroup H

X:io‘i:iﬂj

el JjeJ

possess S-special continuations if there exist such S-direct decompositions

aizz%j, 1€ 1 ’szzﬁﬁ’ jed,
jeJ el
that for any ¢ € I and for any subset J’ of the set J the element Zjej, a;; is
subordinate to the element Zj v Bji- If the set of finite direct decompositions
is chosen as the set of S-direct decompositions in the semigroup H, then the
S-special extensions will be called special.
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Theorem 1. If an idempotent P-element y of a regular semigroup H satisfies
the splitting hypothesis, then any two direct decompositions of the element x
with a finite number of summands each have special extensions.

Theorem 2. Two S-direct decompositions of an idempotent P-element y of an
S-regular semigroup H

X:Zai:Zﬁj

iel jeJ
have a common S-extension if and only if o, 8; = S, forallt € I, j € J.

Definition 10. An idempotent P-element x of an S-regular semigroup H is
called an F'S-element if, for any S-direct summand g of the element x and any
pair of complementary direct summands «, & of the element x, x = a + @, the
condition afa = w is satisfied.

Theorem 3. If an idempotent P-element x of an S-regular semigroup H satis-
fies the splitting hypothesis and from each S-direct decomposition of the element
x one can select a finite number of S-direct summands so that the sum of the
remaining S-direct summands is an F'S-element, then any two S-direct decom-
positions of the element x have S-special extensions.

Without essential changes in comparison with the work (2), all notions and
results of § 2, nos. 15-19, and § 3 of that work carry over to the case of an
idempotent P-element y of an S-regular semigroup H satisfying the splitting
hypothesis. In particular, the following three theorems hold.

Theorem 4. Let an idempotent P-element x of an S-regular semigroup H
satisfy the splitting hypothesis and condition (**). If the idempotent P-element
x of the S-regular semigroup H is decomposed into an S-direct sum

X = Z Qy, (4)
el

then for any indecomposable direct summand 3 of the element x one can select
a finite number of direct summands of the decomposition (4), Qs Oy, X
in such a way that there is no element v € H for which

’Ln?

Pary = B,
where o = a; +a; +-+a; .

Then, for any two S-direct decompositions of the element x with indecomposable
summands, to each direct summand of one of the decompositions one can put
in correspondence such a direct summand of the other decomposition that the
corresponding direct summands are subordinate to one another.
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Theorem 5. Let an idempotent P-element x of an S-regular semigroup H
satisfy the splitting hypothesis and condition (**). Then, if two S-direct decom-
positions of the element x are given,

X:Zﬂj:a1+a2+...+ai+... (5)
Ged

with indecomposable summands each time, and if the second decomposition (5)
contains a finite or countable number of summands, then the first decompo-
sition (5) contains the same number of summands, and the summands of the
first decomposition can be numbered so that the element 8, + 8y + -+ 3, is
subordinate to the element a; + ay + -+ + «,, for every n.

Theorem 6. If an idempotent P-element y of an S-regular semigroup H sat-
isfies the splitting hypothesis and condition (*x), then any two S-direct decom-
positions of the element x with indecomposable summands are similar term by
term.

From Theorem 1 follows Theorem 2 of the paper ®) and the theorem of Mochul-
sky (9. From Theorem 2 follow the corresponding theorems of Kurosh (M), §
4, item 1, and ®. From Theorems 4, 5, and 6 follow both Theorems 6.6, 6.7,
and 6.8 from the author’ s paper ?), and the corresponding structure-theoretic
results of Baer (®). In addition, from Theorem 2 follows the following

Theorem 7. Any two decompositions of an associative ring with identity into
a complete direct sum have a common continuation.
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