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THEORY OF ELASTICITY
D. D. IVLEV

ON THE EQUATIONS OF LINEARIZED
SPATIAL PROBLEMS IN THE THEORY OF
IDEAL PLASTICITY
(Presented by Academician Yu. N. Rabotnov on 2 VII 1959)

Planar linearized problems in the theory of an ideally rigid-plastic body were
considered in the works (1, 2). In both cases the initial relations led to a wave
equation. In the present note the equations of the simplest linearized spatial
problems are considered.

Imagine a bar of square cross-section, weakened by smooth notches. Direct the
𝑧-axis along the axis of the bar, and the 𝑥- and 𝑦-axes perpendicular to its faces
(Fig. 1). Consider the plastic flow of the bar under the action of tensile forces
acting along the 𝑧-axis. Denote by 2𝑎 the length of the sides of the square lying
at the base of the bar. We shall prescribe the equations of the sides of the bar
in the form

Fig. 1

𝑥 = ±[𝑎 − 𝛿𝑓(𝑧)], 𝑦 = ±[𝑎 − 𝛿𝑓(𝑧)], (1)

where 𝛿 is a small parameter characterizing the depth of the notch.

The solution should be sought in the form

𝜎𝑥 = 𝜎0
𝑥 + 𝛿𝜎′

𝑥, … ; 𝜀𝑥 = 𝜀0
𝑥 + 𝛿𝜀′

𝑥, … ; 𝑢 = 𝑢0 + 𝛿𝑢′, … , (2)

where 𝜎𝑥, … are stress components; 𝜀𝑥, … are strain components; 𝑢, … are com-
ponents of the displacement velocity.
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Assuming that the material of the bar is ideally plastic, we write the relations
generalizing M. Lévy’s substitution in the form (3)

𝜎𝑥 = 𝜎 − 2
3𝑘 + 2𝑘 cos2 𝜑1, 𝜎𝑦 = 𝜎 − 2

3𝑘 + 2𝑘 cos2 𝜑2,

𝜎𝑧 = 𝜎 − 2
3𝑘 + 2𝑘 cos2 𝜑3, 𝜏𝑥𝑦 = 2𝑘 cos 𝜑1 cos 𝜑2,

𝜏𝑦𝑧 = 2𝑘 cos 𝜑2 cos 𝜑3, 𝜏𝑧𝑥 = 2𝑘 cos 𝜑3 cos 𝜑1,

(3)

where 𝑘 is the yield limit in shear, 𝜎 = 1
3 (𝜎𝑥 + 𝜎𝑦 + 𝜎𝑧).

In the case under consideration the solution should be sought near the unper-
turbed state

𝜎0
𝑧 = 2𝑘, 𝜎0

𝑥 = 𝜎0
𝑦 = 𝜏0

𝑥𝑦 = 𝜏0
𝑦𝑧 = 𝜏0

𝑧𝑥 = 0; (4)

𝜀0
𝑥 = 𝜀0

𝑦 = 𝜀0
𝑧 = 𝜀0

𝑥𝑦 = 𝜀0
𝑦𝑥 = 𝜀0

𝑧𝑥 = 𝑢0 = 𝑣0 = 𝑤0 = 0. (5)

It is obvious that 𝜑0
1 = 𝜑0

2 = 𝜋
2 , 𝜑0

3 = 0. Substituting the expansions of the
compo-

⋯the stress components in expressions (3), we obtain

𝜎′
𝑥 = 𝜎′

𝑦 = 𝜎′
𝑧 = 𝜎′, 𝜏 ′

𝑥𝑦 = 0. (6)

The equilibrium equations take the form

𝜕𝜎′

𝜕𝑥 + 𝜕𝜏 ′
𝑥𝑧

𝜕𝑧 = 0, 𝜕𝜎′

𝜕𝑦 + 𝜕𝜏 ′
𝑦𝑧

𝜕𝑧 = 0, 𝜕𝜏 ′
𝑥𝑧

𝜕𝑥 + 𝜕𝜏 ′
𝑦𝑧

𝜕𝑦 + 𝜕𝜎′

𝜕𝑧 = 0. (7)

Putting

𝜎′ = 𝜕𝑈
𝜕𝑧 , 𝜏 ′

𝑥𝑧 = −𝜕𝑈
𝜕𝑥 , 𝜏 ′

𝑦𝑧 = −𝜕𝑈
𝜕𝑦 ,

from (7) we obtain

𝜕2𝑈
𝜕𝑥2 + 𝜕2𝑈

𝜕𝑦2 − 𝜕2𝑈
𝜕𝑧2 = 0. (8)

Let us next consider the boundary conditions. Since the lateral faces are free of
stresses, we have
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Fig. 2

Figure 2: Fig. 2

𝜎𝑥 sin(𝑛𝑧) + 𝜏𝑥𝑧 cos(𝑛𝑧) = 0,
𝜏𝑥𝑧 sin(𝑛𝑧) + 𝜎𝑧 cos(𝑛𝑧) = 0, for 𝑥 = ±[𝛼 − 𝛿𝑓(𝑧)], (9)

where the angle (𝑛𝑧) is formed by the direction of the normal to the surface of
the face and the 𝑧-axis. Analogous relations hold on the other two faces.

Linearizing the boundary conditions, we obtain

𝜎′
𝑥 = 0, 𝜏 ′

𝑥𝑧 ± 2𝑘 𝑑𝑓
𝑑𝑧 = 0, 𝑥 = ±𝑎,

𝜎′
𝑦 = 0, 𝜏 ′

𝑦𝑧 ± 2𝑘 𝑑𝑓
𝑑𝑧 = 0, 𝑦 = ±𝑎.

for (10)

We rewrite expressions (10) in the form

𝜕𝑈
𝜕𝑧 = 0, 𝜕𝑈

𝜕𝑥 = ∓2𝑘 𝑑𝑓
𝑑𝑧 , 𝑥 = ±𝑎,

𝜕𝑈
𝜕𝑧 = 0, 𝜕𝑈

𝜕𝑦 = ∓2𝑘 𝑑𝑓
𝑑𝑧 , 𝑦 = ±𝑎.

for (11)

Let us determine the domain in which the solution is to be defined. Suppose
that 𝑓(𝑧) = 𝑓(−𝑧), and that 𝑓(𝑧) is a monotone function whose derivatives are
sufficiently small. Figure 2 shows the section of the bar by the plane 𝑧 = 0.
The domain of definition is symmetric with respect to this plane. By virtue
of symmetry with respect to the planes 𝑥 = 0 and 𝑦 = 0, the solution should
be sought in the regions 𝐴𝐵𝐹𝐸𝑂, 𝐵𝐶𝐾𝐹𝑂, 𝐶𝐷𝐿𝐾𝑂, 𝐴𝐷𝐿𝐸𝑂. It is evident
that 𝐴𝐸 = 𝐵𝐹 = 𝐶𝐾 = 𝐷𝐿, and the planes 𝐴𝐸𝑂, 𝐵𝐹𝑂, 𝐶𝐾𝑂, 𝐷𝐿𝑂 form
with the 𝑧-axis an angle equal to 𝜋/4.

Fig. 2

An essential feature of the solution is the necessity of satisfying the conditions
for conjugation of solutions. Indeed, on the planes 𝐴𝐸𝑂, 𝐵𝐹𝑂, 𝐶𝐾𝑂, 𝐷𝐿𝑂 the
conjugation conditions for the normal and tangential stress components must
be fulfilled. The normal stress components are conjugated automatically, while
the conjugation conditions for the tangential components lead to the necessity
that the shear stresses acting on these facets vanish:

𝜏 ′
𝑥𝑧 − 𝜏 ′

𝑦𝑧 = 0 for 𝑥 ± 𝑦 = 0,

whence
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𝜕𝑈
𝜕𝑥 − 𝜕𝑈

𝜕𝑦 = 0, for 𝑥 ± 𝑦 = 0. (12)

Let us next consider the equations determining the displacement-velocity field.
We write the equations determining plastic flow in the form (4)

𝜀𝑥 + cos 𝜑2
cos 𝜑1

𝜀𝑥𝑦 + cos 𝜑3
cos 𝜑1

𝜀𝑥𝑧 =

= 𝜀𝑥𝑦
cos 𝜑1
cos 𝜑2

+ 𝜀𝑦 + 𝜀𝑦𝑧
cos 𝜑3
cos 𝜑2

= 𝜀𝑥𝑧
cos 𝜑1
cos 𝜑3

+ 𝜀𝑦𝑧
cos 𝜑2
cos 𝜑3

+ 𝜀𝑧; (13)

𝜀𝑥 + 𝜀𝑦 + 𝜀𝑧 = 0. (14)

Linearizing conditions (13), taking into account expressions (5), we obtain
𝜀′

𝑥𝑧 = 𝜀′
𝑦𝑧 = 0, or

𝜕𝑢′

𝜕𝑧 + 𝜕𝑤′

𝜕𝑥 = 0, 𝜕𝑣′

𝜕𝑧 + 𝜕𝑤′

𝜕𝑦 = 0. (15)

Putting

𝑢′ = 𝜕𝑊
𝜕𝑥 , 𝑣′ = 𝜕𝑊

𝜕𝑦 , 𝑤′ = −𝜕𝑊
𝜕𝑧 ,

from the incompressibility equation (14) we obtain

𝜕2𝑊
𝜕𝑥2 + 𝜕2𝑊

𝜕𝑦2 − 𝜕2𝑊
𝜕𝑧2 = 0. (16)

Let us consider the boundary conditions. Suppose that the bar is stretched with
unit velocity 𝑤′ = 1. The normal component of the velocity to the boundary
separating the regions of plastic and rigid states of the material must be equal
to zero; therefore

𝜕𝑊
𝜕𝑥 + 𝜕𝑊

𝜕𝑧 = 0
𝜕𝑊
𝜕𝑦 + 𝜕𝑊

𝜕𝑧 = 0
for

𝑥 ± 𝑧 = 0,
𝑦 ± 𝑧 = 0

in the corresponding domains of definition. The construction of the velocity
field can be carried out following the ideas of (1), taking in the corresponding
regions the quantity 𝑊 to depend only on two variables.
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Fig. 3

Figure 3: Fig. 3

Fig. 3

Let us next consider the problem of indenting a thin, well-lubricated blade into
a plastic half-space (Fig. 3). We write the equation of the blade in the form

𝑧 = 𝛿𝐹(𝑥, 𝑦, 𝑡), (17)

where 𝑡 is time, entering as a parameter. We shall assume the function 𝐹 to
be symmetric with respect to the 𝑦-axis. Obviously, the stressed and deformed
state should be sought in the form (2), (4), (5); therefore the problem is again
reduced to determining solutions of the wave equations (8), (16).

During indentation the plastic material will bulge; the surface of the bulged
material Φ(𝑧, 𝑦) is unknown and is to be determined. On the boundary of the
blade the tangential stresses are zero; on the surface Φ the normal and tangential
stresses are zero. Since the boundary conditions for the stresses contain the
equation of the unknown surface Φ, the solution of the problem in this case
must begin with determining

of the kinematic picture of the phenomenon. The boundary conditions for the
displacement velocities are obtained from the following conditions. During in-
dentation the point 𝑀(𝑥, 𝑦, 0) passes to the point 𝑀 ′(𝑥 + 𝑢′, 𝑦 + 𝑣′, 𝑤′). The
point 𝑀 ′ lies on the surface of the blade; therefore 𝑤′ ≃ 𝐹(𝑥, 𝑦, 𝑡). The desired
boundary condition is written in the form

𝜕𝑊
𝜕𝑧 = − ̇𝛿𝐹(𝑥, 𝑦, 𝑡) for 𝑧 = 0.

Next it must be taken into account that, at the boundary between the rigid
and plastic states of the material, the normal component of the displacement
velocity must be equal to zero.

Only after determining the surface Φ of the bulged material can the stress field
be determined.

The problems posed are characterized by the fact that the boundary conditions
for the wave equations are formulated not on one but on several planes or
surfaces.

Received
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