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Abstract
Full Text
MATHEMATICS
M. S. PINSKER

ENTROPY, THE RATE OF CREATION OF
ENTROPY, AND ENTROPIC STABILITY
OF GAUSSIAN RANDOM VARIABLES AND
PROCESSES
(Presented by Academician A. N. Kolmogorov, 7 III 1960)

1°. Entropy. Let 𝒫1{⋅} and 𝒫2{⋅} be probability measures defined on one and
the same space (𝑋, 𝑆𝑋). If the measure 𝒫1{⋅} is absolutely continuous with
respect to the measure 𝒫2{⋅}, then put

ℎ𝒫2
(𝑥, 𝒫1) = ln 𝑎(𝑥) = ln 𝑑𝒫1{⋅}

𝑑𝒫2{⋅} , 𝐻𝒫2
(𝒫1) = ∫

𝑋
ℎ𝒫2

(𝑥, 𝒫1)𝒫1{𝑑𝑥}. (1)

If, however, the measure 𝒫1{⋅} is not absolutely continuous with respect to
the measure 𝒫2{⋅}, then put 𝐻𝒫2

(𝒫1) = ∞, and in the case of singularity
of the measure 𝒫1{⋅} with respect to the measure 𝒫2{⋅}, ℎ𝒫2

(𝑥, 𝒫1) = ∞,
ℎ𝒫2

(𝑥, 𝒫1)/𝐻𝒫2
(𝒫1) = 1.

We shall call (1−3) 𝐻𝒫2
(𝒫1), ℎ𝒫2

(𝑥, 𝒫1), respectively, the entropy and the en-
tropy density of the measure 𝒫1{⋅} with respect to the measure 𝒫2{⋅}. (These
notions, under other names, have previously occurred in works on mathemati-
cal statistics (4).) In the case where 𝒫1{⋅}, 𝒫2{⋅} are measures determined by
the distributions 𝑃𝜉(𝐸) = 𝒫{𝜉 ∈ 𝐸} = 𝒫1{𝐸}, 𝑃𝜂(𝐸) = 𝒫{𝜂 ∈ 𝐸} = 𝒫2{𝐸},
𝐸 ∈ 𝑆𝑥, of random variables 𝜉 and 𝜂 taking values in one and the same measur-
able space (𝑋, 𝑆𝑋), we shall adopt the notation

𝐻𝒫2
(𝒫1) = 𝐻𝑃𝜂

(𝑃𝜉) = 𝐻𝜂(𝜉), ℎ𝒫2
(𝑥, 𝒫1) = ℎ𝑃𝜂

(𝑥, 𝑃𝜉) = ℎ𝜂(𝑥, 𝜉).

In this case the expression ℎ𝜂(𝜉, 𝜉) = ℎ𝜂(𝜉) is a random variable and 𝐻𝜂(𝜉) =
𝑀ℎ𝜂(𝜉).
A random variable 𝜉 = {𝜉𝑡}, 𝑡 ∈ 𝑁 (𝑁 is some set), formed from one-
dimensional random variables 𝜉𝑡, is called Gaussian if, for any finite set
𝑡1, … , 𝑡𝑛 ∈ 𝑁 of values of the parameter 𝑡, the joint distribution of the random
variables 𝜉𝑡1

, … , 𝜉𝑡𝑛
is normal.
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Let 𝜉 = (𝜉1, … , 𝜉𝑛) and 𝜂 = (𝜂1, … , 𝜂𝑛) be 𝑛-dimensional Gaussian random
variables. J. Hájek proposed the following method for computing 𝐻𝜂(𝜉). In (5) a
nondegenerate linear transformation of the random variables 𝜉1, … , 𝜉𝑛; 𝜂2, … , 𝜂𝑛
was considered,

𝜉′
𝑗 =

𝑛
∑
𝑘=1

𝑐𝑗𝑘𝜉𝑘,

𝜂′
𝑗 =

𝑛
∑
𝑘=1

𝑐𝑗𝑘𝜂𝑘

such that the Gaussian random variables 𝜉′ = (𝜉′
1, … , 𝜉′

𝑛), 𝜂′ = (𝜂′
1, … , 𝜂′

𝑛)
consist of mutually independent random variables 𝜉′

1, … , 𝜉′
𝑛; 𝜂′

1, … , 𝜂′
𝑛. Then,

obviously,

𝐻𝜂(𝜉) = 𝐻𝜂′(𝜉′) =
𝑛

∑
𝑗=1

𝐻𝜂′
𝑗
(𝜉′

𝑗) = 1
2

𝑛
∑
𝑗=1

[
𝜎2

𝜉′
𝑗

+ (𝑚𝜉′
𝑗

− 𝑚𝜂′
𝑗
)2

𝜎2
𝜂′

𝑗

− 1 − ln
𝜎2

𝜉′
𝑗

𝜎2
𝜂′

𝑗

] ,

where 𝜎2
𝜉′

𝑗
= 𝐷𝜉′

𝑗, 𝜎2
𝜂′

𝑗
= 𝐷𝜂′

𝑗*.

* Here and below 𝐷 denotes the variance of a random variable.

The method considered for computing entropy can be generalized to arbitrary
Gaussian random variables.

Associate with the random variable 𝛽 = ∑𝑛
𝑗=1 𝑐𝑗𝜂𝑡𝑗

the random variable 𝜃(𝛽) =
∑𝑛

𝑗=1 𝑐𝑗𝜉𝑡𝑗
. The entropy 𝐻𝜂(𝜉) is finite if and only if the following set of condi-

tions is satisfied:

1) The correspondence 𝜃(𝛽) can be extended to a linear operator carrying
out a one-to-one mapping of the unitary space 𝐵𝜉—the closed linear hull
of the random variables 𝜉𝑡, 𝑡 ∈ 𝑁 , onto the unitary space 𝐵𝜂—the closed
linear hull of the random variables 𝜂𝑡, 𝑡 ∈ 𝑁 .

2) There exists a finite or countable sequence of independent random vari-
ables 𝜂′

1, 𝜂′
2, … ∈ 𝐵𝜂 such that the sequence 𝜉′

1 = 𝜃(𝜂′
1), 𝜉′

2 = 𝜃(𝜂′
2), … is a

sequence of independent random variables and

𝐻𝜂(𝜉) = ∑
𝑗

𝐻𝜂′
𝑗
(𝜉′

𝑗), ℎ𝜂(𝜉) = ∑
𝑗

ℎ𝜂′
𝑗
(𝜉′

𝑗). (2)

The entropies 𝐻𝜂(𝜉) and 𝐻𝜉(𝜂) are simultaneously finite or infinite.
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2∘. Rate of creation of entropy. Let 𝜉 = {𝜉(⋅)} and 𝜂 = {𝜂(⋅)} be random
processes, generalized or non-generalized; let 𝜉𝑇

0 , 𝜂𝑇
0 be segments of these pro-

cesses formed from the random variables 𝜉(𝑡), 𝜂(𝑡), 0 ≤ 𝑡 ≤ 𝑇 , if 𝜉 and 𝜂 are
non-generalized processes, and from 𝜉(𝜑), 𝜂(𝜑), 𝜑(𝑡) ∈ Φ, 𝜑(𝑡) = 0 for 𝑡 ∉ [0, 𝑇 ],
if 𝜉 and 𝜂 are generalized processes. The quantity

𝐻𝜂(𝜉) = lim
𝑇 →∞

1
𝑇 𝐻𝜂𝑇

0
(𝜉𝑇

0 ), (3)

defined only in the case when the right-hand side of this formula exists, will be
called the rate of creation of entropy of the process 𝜉 with respect to the
process 𝜂.
Let 𝜉 = {𝜉(⋅)} and 𝜂 = {𝜂(⋅)} be one-dimensional stationary in the broad sense
random processes; put

ℰ𝜉𝜂 = 1
2𝜋 ∫ ( 𝑓𝜉𝜉(𝜆)

𝑓𝜂𝜂(𝜆) − 1 − ln
𝑓𝜉𝜉(𝜆)
𝑓𝜂𝜂(𝜆)) 𝑑𝜆, (4)

where the integral is taken over the limits from 0 to 𝜋, if 𝜉 and 𝜂 are random
processes with discrete argument, and over the limits from 0 to ∞, if 𝜉 and 𝜂 are
random processes with continuous argument or generalized random processes;
𝑓𝜉𝜉(𝜆) = 𝐹 ′

𝜉𝜉(𝜆), 𝑓𝜂𝜂(𝜆) = 𝐹 ′
𝜂𝜂(𝜆), and 𝐹𝜉𝜉(𝜆) and 𝐹𝜂𝜂(𝜆) are the spectral

functions of the processes 𝜉 and 𝜂.
If 𝜉(⋅) = 𝜂(⋅) + 𝜈(⋅), where 𝜈 = {𝜈(⋅)} is a Gaussian stationary random process
independent of 𝜂, then formula (4) takes the form

ℰ𝜉𝜂 = 1
2𝜋 ∫ (𝑓𝜈𝜈(𝜆)

𝑓𝜂𝜂(𝜆) − ln(1 + 𝑓𝜈𝜈(𝜆)
𝑓𝜂𝜂(𝜆))) 𝑑𝜆. (5)

Theorem 1. Let 𝜉 and 𝜂 be one-dimensional Gaussian stationary random
processes, generalized or non-generalized, and 𝑀𝜉(⋅) = 𝑀𝜂(⋅) = 0. Then:

1)

𝐻𝜂(𝜉) = ℰ𝜉𝜂 (6)

in the following cases: a) ℰ𝜉𝜂 = ∞; b) 𝜉 and 𝜂 are regular random processes
with discrete argument and the function 𝑓𝜉𝜉(𝜆)/𝑓𝜂𝜂(𝜆) is bounded above; c) 𝜉
and 𝜂 are random processes with continuous argument or generalized random
processes with rational spectral densities.

2) If 𝜂 is a random process of continuous argument or a generalized random
process with rational spectral densities and 𝑓𝜂𝜂(𝜆) ≠ 0, then from the
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equality ℰ𝜉𝜂 = ∞ it follows that, for any 𝑇 > 0, the measures 𝑃 𝑇
𝜉0

and 𝑃 𝑇
𝜂0

are singular with respect to one another.

In the case when 𝜉 and 𝜂 have rational spectral densities, the assertion of item
2) of the theorem follows in an obvious way from the corresponding result of
Slepian (6).
In writing out the formula generalizing (6) to multidimensional random pro-
cesses, we shall use the result of the following lemma, which is of known inde-
pendent interest.

Lemma. Let 𝜉 = (𝜉1, … , 𝜉𝑛), 𝜂 = (𝜂1, … , 𝜂𝑛) be 𝑛-dimensional Gaussian
stationary random processes, generalized or non-generalized. Then there ex-
ist 𝑛-dimensional Gaussian stationary random processes 𝜉′ = (𝜉′

1, … , 𝜉′
𝑛), 𝜂′ =

(𝜂′
1, … , 𝜂′

𝑛) such that:

1) The random processes 𝜉′
1, … , 𝜉′

𝑛; 𝜂′
1, … , 𝜂′

𝑛 are mutually independent.

2) 𝜉 and 𝜉′, 𝜂 and 𝜂′ are stationary-related and 𝐵𝜉 = 𝐵𝜉′ , 𝐵𝜂 = 𝐵𝜂′ .

3)

𝐹𝜉′
𝑗𝜉𝑘

(𝜆) =
𝑛

∑
𝑙=1

𝜓𝑗𝑙(𝜆)𝐹𝜉𝑙𝜉𝑘
(𝜆), 𝐹𝜂′

𝑗𝜂𝑘
(𝜆) =

𝑛
∑
𝑙=1

𝜓𝑗𝑙(𝜆)𝐹𝜂𝑙𝜂𝑘
(𝜆),

where 𝐹𝜉′
𝑗𝜉𝑘

(𝜆), 𝐹𝜂′
𝑗𝜂𝑘

(𝜆) are the mutual spectral functions of the processes
𝜉′

𝑗 and 𝜉𝑘, 𝜂′
𝑗 and 𝜂𝑘; 𝜓𝑗𝑙(𝜆), 𝑗, 𝑙 = 1, … , 𝑛, are measurable functions.

Put

ℰ𝜉𝜂 = ℰ𝜉′𝜂′ =
𝑛

∑
𝑗=1

ℰ𝜉′
𝑗𝜂′

𝑗
= 1

2𝜋 ∫
𝑛

∑
𝑗=1

(
𝑓𝜉′

𝑗𝜉′
𝑗
(𝜆)

𝑓𝜂′
𝑗𝜂′

𝑗
(𝜆) − 1 − ln

𝑓𝜉′
𝑗𝜉′

𝑗
(𝜆)

𝑓𝜂′
𝑗𝜂′

𝑗
(𝜆)) 𝑑𝜆, (7)

where the limits of integration are determined exactly as in formula (4).

For those values of 𝜆 for which

det ‖𝑓𝜂𝑗𝜂𝑘
(𝜆)‖ ≠ 0, det ‖𝑓𝜉𝑗𝜉𝑘

(𝜆)‖ ≠ 0, 𝑗, 𝑘 = 1, … , 𝑛,

the integrand in (7) is equal to
𝑛

∑
𝑗,𝑘=1

𝑓𝜉𝑗𝜉𝑘
(𝜆) 𝑓 (−1)

𝜂𝑘𝜂𝑗(𝜆) − 𝑛 − ln
det ‖𝑓𝜉𝑗𝜉𝑘

(𝜆)‖
det ‖𝑓𝜂𝑗𝜂𝑘

(𝜆)‖ , (8)

where 𝑓 (−1)
𝜂𝑘𝜂𝑗(𝜆) are the elements of the matrix inverse to the matrix ‖𝑓𝜂𝑗𝜂𝑘

(𝜆)‖.
In the case 𝑛 = 1, formula (7) passes into formula (4).

Theorem 2. Let 𝜉 = (𝜉1, … , 𝜉𝑛), 𝜂 = (𝜂1, … , 𝜂𝑛) be 𝑛-dimensional Gaussian
stationary random processes, generalized or non-generalized, for which 𝑀𝜉𝑗(⋅) =
𝑀𝜂𝑗(⋅) = 0.
Then:
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1) In the following cases formula (6) holds: a) ℰ𝜉𝜂 = ∞; b) 𝜉 and 𝜂 are
regular random processes of discrete argument of rank 𝑛, and the function

𝑛
∑

𝑗,𝑘=1
𝑓𝜉𝑗𝜉𝑘

(𝜆) 𝑓 (−1)
𝜂𝑘𝜂𝑗(𝜆)

is bounded above; c) 𝜉 and 𝜂 are random processes of continuous argument
or generalized random processes with rational spectral and mutual spectral
functions.

2) If 𝜂 is a random process of continuous argument or a generalized random
process with rational spectral and mutual densities, and each minor of
the matrix ‖𝑓𝜂𝑗𝜂𝑘

‖𝑗,𝑘=1,…,𝑛 is either identically equal to zero or everywhere
different from zero, then from the equality ℰ𝜉𝜂 = ∞ it follows that, for any
𝑇 > 0, the measures 𝑃 𝑇

𝜉0
and 𝑃 𝑇

𝜂0
are singular with respect to one another.

Remark. It is easy to show that always

lim 1
𝑇 𝐻𝜉𝑇

0
(𝜂𝑇

0 ) ⩾ ℰ𝜉𝜂.

It would be desirable to find the most general conditions imposed on the spectral
functions of the processes 𝜉 and 𝜂 under which Theorems 1 and 2 remain valid.

3°. Entropic stability. Let 𝜉𝑡 and 𝜂𝑡 be random variables taking values
in one and the same measurable space (𝑋𝑡, 𝑆𝑋𝑡). We shall call a sequence of
random variables {𝜉𝑡}, 𝑡 = 𝑡1, 𝑡2, … , lim𝑛→∞ 𝑡𝑛 = ∞, entropically stable
with respect to the sequence {𝜂𝑡}, 𝑡 = 𝑡1, 𝑡2, …, if, in probability,

lim
𝑡→∞

(ℎ𝜂𝑡(𝜉𝑡)/𝐻𝜂𝑡(𝜉𝑡)) = 1.

Theorem 3. In order that the sequence of Gaussian random variables {𝜉𝑡}, 𝑡 =
𝑡1, 𝑡2, …, be entropically stable with respect to the sequence of random variables
{𝜂𝑡}, 𝑡 = 𝑡1, 𝑡2, …, it is necessary and sufficient that the following collection of
conditions be satisfied:

lim
𝑡→∞

𝐻𝜂𝑡(𝜉𝑡) = ∞, lim
𝑡→∞

(Dℎ𝜂𝑡(𝜉𝑡)/(𝐻𝜂𝑡(𝜉𝑡))2) = 0. (9)

Moreover, if

lim
𝑡→∞

Dℎ𝜂𝑡(𝜉𝑡) = ∞, (10)

then as 𝑡 → ∞ the information density ℎ𝜂𝑡(𝜉𝑡) is asymptotically normal with
the usual normalization.
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We shall call a random process 𝜉 = {𝜉(⋅)} entropically stable with respect
to the random process 𝜂 = {𝜂(⋅)}, if either 𝐻̄𝜂(𝜉) = 0, or every sequence of
random variables 𝜉𝑡1

0 , 𝜉𝑡2
0 , … , lim 𝑡𝑛 = ∞, is entropically stable with respect to

the sequence of random variables 𝜂𝑡1
0 , 𝜂𝑡2

0 , ….

Theorem 4. Under the conditions of items 1) and 2) of Theorems 1 and 2,
the random process 𝜉 = {𝜉(⋅)} is entropically stable with respect to the random
process 𝜂 = {𝜂(⋅)}. Moreover, if ℰ𝜉𝜂 < ∞, then, when the condition of item 1)
of Theorems 1 and 2 is fulfilled,

lim
𝑡→∞

1
𝑡 Dℎ𝜂𝑡

0
(𝜉𝑡

0) = 1
2𝜋

𝑛
∑
𝑗=1

∫ ⎛⎜
⎝

𝑓 (𝜆)
𝜉𝑗𝜉𝑗

𝑓 (𝜆)
𝜂𝑗𝜂𝑗

− 1⎞⎟
⎠

2

𝑑𝜆, (11)

where the limits of integration are determined exactly as in formula (4), and as
𝑡 → ∞ the information density ℎ𝜂𝑡

0
(𝜉𝑡

0) is asymptotically normal with the usual
normalization.

Remark. The results of Theorems 1, 2, and 3 can be generalized without
particular difficulty to a much broader class of random processes, in particular
to processes of the form 𝜉(𝑡) = 𝜉′(𝑡) + 𝑏(𝑡), where 𝜉′ = {𝜉′(𝑡)} is a Gaussian
stationary random process, and 𝑏(𝑡) is a nonrandom function.
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