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1. In the present work the differential geometry is constructed of congruences
of centroidal geodesics of a metric space of linear elements with Euclidean
connection, whose base space is three-dimensional (§3). Principal atten-
tion is devoted to those concepts that generalize the basic concepts of the
classical theory of congruences of straight lines in Euclidean space E; ().
The constructions are carried out by the group-theoretic method of G. F.
Laptev (?) and have an invariant character. Since a Finsler space F5 and
a space of Euclidean connection V5 (a Riemannian space with torsion)
are special cases of the spaces §5, the constructions apply both to congru-
ences of centroidal geodesic curves of the space F5 and to congruences of
geodesic spaces of V.

2. Let L; be a space of linear elements (u,v), whose base space is three-
dimensional. To each linear element (u,v) of the space Ly we attach an
affine frame {A(u), e, (u, v)}, whose vertex coincides with the center of the
linear element. Thus, with each linear element (u,v) there is associated
a centro-affine space Az(u,v) (a local space or layer). Suppose that the
vector e; has the direction of the linear element, i.e. that v' = 1, v? =

v3 = 0 for the initial local space.

We shall assume that an affine connection is introduced in this manifold of
centro-affine spaces {Az}. Then the mapping, defining the connection, of the
neighboring local space A5 + dA4 onto the initial local space A4 will be deter-
mined by the mapping of the initial local frame {A(t + dt), e, (t + dt)}* of the
space A5 + dA; into some frame {A(t,dt), e;(t,dt)} of the space A,

At +dt) — A(t,dt) ~ wie,(t),

e;(t+dt) — e;(t,dt) = e;(t) + wle,(t) (1)
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The structure equations of a space of linear elements with affine connection have
the form

Duw' = [w* w]] + Dwi = [wF,wi] +Q, (2)

where

O = R}k[wj7wk] + C]‘ia[wjvwilL
Qi = Rjy W' + Sk, [wF,wi] + P} i, wf),

J Jka jopB

Rijy =0, Rjgy =0, Py

* tP denote nonhomogeneous coordinates of the linear element.

and the Pfaffian forms w’ and w$ form a basis of linear differential forms of the
space of linear elements. The coordinates u? of the center of a linear element are
the first integrals of the system w® = 0, and the nonhomogeneous coordinates
t? of the linear element are the first integrals of the system w! = w§ = 0, with
tt ="

3. With the aid of a symmetric covariant tensor field of valence two g, ., whose
discriminant is different from zero, we define in each local space A5(t) the
scalar product of vectors and require that, under the mapping defining the
connection, the scalar product be preserved. The condition of invariance
of the scalar product may be written as

Vgij = dgij — grjws — gawh = 0. (3)

In order that the system of equations (3) be completely integrable, it is necessary
and sufficient that Q) = 0 (the connection is equiaffine).

The space of linear elements of an equiaffine connection, in each local space of
which a symmetric scalar product of vectors is defined that is invariant with
respect to the mapping, defining the connection, of the neighboring local space
onto the initial one, will be called a metric space of linear elements of Euclidean
connection.
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4. By a curve of the space §4 it is natural to understand a one-parameter
manifold of linear elements. The centers of this manifold of linear elements
form a one-dimensional manifold of points—the centroid of the curve under
consideration. Two cases are possible: the linear elements may touch the
centroid and may not touch it. The first curve is called centroidal, and
the second—noncentroidal ().

If the first curvature of a centroidal curve is equal to zero, then we shall call
such a curve a centroidal geodesic.

5. A congruence of centroidal geodesic curves may be defined by the equations
wf = Agw?, ANG — AJwp + Ajws — Awi = AW + Agwh, (4)
where
a  _ pa é « 5
() = Biys T S1pie gy + PresAfy gy — A (B35 + Cyjap A,

Agy = 2R 5 + S, A) — 2A2R], + AZCE N — ASAT

With the aid of the tensors AF and g;; we construct the following tensors:

910918 ~ )‘g Ne
Yap = 9ap — ) AG = —, Ay :VVAZAV7
B B g1 B F B € B
Te 1
baB = ’Yas)‘gv b(aB) = 5 (baB + bﬁa) ) (5)

where F = \/gy7 (it is assumed that the quadratic form g, ;2'z? is positive
definite).

Let g and ¢’ be two infinitely close centroidal geodesics, passing through the
points A(u) and A(u—+du) of the base of the space §3, with unit tangent vectors
5 5 o € . . .

7(u) and 7(u + du) <7' = f)’ belonging to the congruence under consideration.

Under the mapping defining the connection (1) we obtain
F(u+ du) — 7(u, du) = #(u) + L [ea(u) — Nag (u)| 4 -
F 911

By the angle dp between two infinitely close “generators” of the congruence we
shall mean the principal linear part of the angle between the vectors 7(u) and
T(u,du). It is determined by the formula:

dp? = a,5w*WP. (6)
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If ¢’ runs through a differential neighborhood of g, then the vectors 7(u, du) in
the space A;(t) describe a surface which it is natural to call the local spherical
image of the congruence. The quadratic form (6) determines the linear element
of this spherical image. The class of congruences of centroidal geodesics of the
space §3 for which the tensor a4 is equal to zero is an analogue of the class of
cylindrical congruences of the space Ej.

We shall call a one-parameter family of centroidal geodesics belonging to the
congruence under consideration a ruled surface of the congruence.

The development of g in the space A4(t) is the straight line [ passing through
A(w) with unit direction vector 7(u). Let us map A5 + dAs onto A4(¢). Under
the correspondence determining the mapping (1), the development I’ of the
centroidal geodesic ¢’ is mapped onto the straight line I(u, du), passing through
the point A(u,du) with direction vector 7(u, du). The shortest distance between
these two straight lines I(u) and I(u, du) we shall call the distance between two
infinitely close “generators” of the congruence. The quantity r, determined by
the formula

(7)

r= ,
a,, wYwe

~e
determines the abscissa of the image of the foot of the common perpendicular
of the two centroidal geodesics g and g’ on the development of the first of them,
which lies in the space Ag(t).

If through g one draws a ruled surface of the congruence so that it contains also
g, determined by the ratio w? : w3, then the line of striction of this surface will
pass through such a point of the curve g whose image on its development has
abscissa r. The null lines of the form bmﬁ)w“wﬁ determine those ruled surfaces
of the congruence for which the lines of striction pass through the point A(u)
of the supporting surface of the congruence.

The class of congruences of centroidal geodesics of the space §5 for which

biap) = ko,

is an analogue of the class of pseudospherical congruences of the space Ej.

Those points of the centroidal geodesic g whose images on its development [ have
abscissas equal to the extremal values of the quantity r shall be called boundary
points. The abscissas of the images of the boundary points are determined by
the equation:

ar? + a"ﬁaswaﬁvb(aa)r +b=0, (8)

where
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a = det [a,g, b =det [[b,p)l, 02?2 =% =0, 0B =—0%=1.

The ruled surfaces of the congruence whose lines of striction intersect the original
centroidal geodesic at its boundary points shall be called principal ruled surfaces.
They are determined by the differential equation:

0Pb( 5,07 W = 0. (9)

Let g and ¢’, passing through A(u) and A (u+du), respectively, intersect at the
point F. Let us construct developments of the space §5 along these centroidal
geodesics. We then obtain:

F 5 F(u) = A(u) + pl(u) 7(u),

/

Fl F(u+ du) = A(u+ du) + p(u + du) 7(u + du).
We shall call the point F the focus of the “generator” g, if, under the defining
connectivity of the mapping of the neighboring local space onto the original

one, the image of the point F(u + du) lies on its development. This condition
is satisfied if and only if

(65 + pA3) Ww=0 (65 is the Kronecker symbol).
Thus, the roots of the equation
Kp?>+2Hp+1=0, (10)
where
K=det|3g),  H=sp|Xg,

determine the abscissae of the images of the focal points of the centroidal
geodesic g. The differential equation of the developable surfaces has the form

TapAlwlw’ =0, (11)

where

Og9 = 033 =0, 093 = —039 = 1.
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In conclusion I take this opportunity to express my deep gratitude to S. P.
Finikov for his guidance and assistance in the work.

Vilnius State
Pedagogical Institute
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