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Abstract

Full Text
MATHEMATICS
V. P. LEONOV

THE USE OF THE CHARACTERISTIC FUNC-
TIONAL AND SEMI-INVARIANTS IN THE
ERGODIC THEORY OF STATIONARY PRO-
CESSES

(Presented by Academician A. N. Kolmogorov, 12 III 1960)

The present work is a continuation of paper (1) and uses its basic definitions and
. k k k

notation: &y, x¢(9), m(5 >(t1,..‘,tk), sé )(tl,...,tk), Fg( >(A), Sl Al)

(see the introduction to (!)). The results are formulated for processes with

continuous time; however, all of them, with obvious changes, carry over also to

the case of discrete time.

Let Q be the space of all real-valued functions w(t) of a real variable, —oo <
t < o0; let & be the g-algebra of its subsets generated by cylinder sets with
a finite-dimensional base; let £(t) be a stationary, in the narrow sense, process
with continuous time; let LP be the space of complex &-measurable functions
f(w) such that M|f(&(¢))|P < oo, and let

STw(t) =w(t+7),  UTf(w)=f(57w).

We shall say that the process £(¢) has one of the properties: ergodicity, mixing
in the wide sense, mixing of degree r, if the corresponding translation group of
one-to-one measure-preserving point transformations of the measurable space
(€2, &) has this property (see (?), Chap. IX, §1; for the definition of mixing in
the wide sense see (), Def. 11.2; for the definition of mixing of degree r see (%),

§1).

Definition 1. We shall call the process £(¢) a process with mixing of degree
r in the wide sense if

lim 7 [ MU R€(0) o U £ (6(0)) = MUL(E)) MU @) dr =0
0

T—o0
(1)

for all fy,..., f. € L™ and for all real* ay, ..., a,; o; F o, for iy #i,.
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It is obvious that mixing of degree 1 coincides with mixing, and mixing of degree
1 in the wide sense coincides with mixing in the wide sense, as defined in (3).

Let P¢(dw) be the probability measure on (€2, &) corresponding to the random
process £(t).

Definition 2. We shall say that the process £(t) belongs to

* In the case of discrete time, for all integer oy, ..., a5 o # o for iy # iy.
class S() <§(t) € S<°°>), if:
1) &(t) € 8
2) for any random process 7(t) such that
k k
my) (b, t) = mi ()

for all k > 1, t,...,¢;, the equality P.(A) = Pn(A) holds for all A € &.
Obviously, if £(t) € S(>), then £(t) is stationary in the narrow sense.

For g € &, denote
V7g(dt) = gld(t —7)].

Theorem 1. For the ergodicity of £(t) it is necessary and sufficient that the
relation

o1 7 )
711_{1010 T/o Xe(9o +V791) dT = X¢(9o) — Xe(g1) forall gy, g4 € &y (2)

be fulfilled.

In order that &(t) be a mizing process of degree r in the broad sense, it is
necessary and sufficient that the relation

1" 2
fim 7 [ I (V0T 44 Vo070,) = xelao) = xelon ) dr =0 (3
0

T—oo

hold for all gy, ..., g, € &, and for all real o, ..., o5 @; # o, when iy # iy.*

In order that £(t) be a mixing process of degree r, it is necessary and sufficient
that the relation

lim Xe (VT0g0 + -+ V7g,) = xe(g0)  Xe(9,)-

ming<; e, ‘Tif‘rj“)oo
for all gy, ..., g, € 6. (4)

Remark 1. The theorem remains valid if, in its formulation, the space &; is
replaced by the space of generalized measures concentrated at a finite number
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of points; in this case, in (2), (3), (4) the characteristic functionals become
finite-dimensional characteristic functions.

It is well known (®~7) that if £(¢) is a Gaussian process with covariance function
Be(r) = sf)(t,t + 7) and spectral function
2
Fe() = F (00, )X (00, 1)),

then, in order that £(¢) be a mixing process in the broad sense, it is necessary
and sufficient that

1 T

or, equivalently, that F¢(\) be continuous; and, in order that £(¢) be a mixing
process, it is necessary and sufficient that

lim Bg(T) =0.

T—o0

A direct generalization of these facts is given by the following theorems **.

Theorem 2. In order that a process £(t) € S(°°) be a mizing process of degree
r in the broad sense, it is necessary and sufficient that the relation ***

T
.1 k
lim T/o ’5(5 )(tm +agT, .ty Tty Tty T

T—o0
2
ey b Tty —I—oer)‘ dr=0 (5)

* See the footnote to Definition 1.

** The statements given above concerning Gaussian processes are contained

in Theorems 2, 3, 5, since in this case £(t) € S(%) N &),

(k)

*#* By virtue of the symmetry of sg(ty, ..., t;), from the fulfillment of relation (5) follows

the fulfillment of the corresponding relations under arbitrary permutations of

the arguments of sék).

foralk>2, 0<ly <k, 1,20, g+, ++1, =k t,*50<i<r, 1 <j<],,

ij
real™ aq, .., .5 o; # a, foriy # iy

Denote by LL(V) the hyperplane of the space R of the variables A, ..., s,
defined by the relation A; + -+ X\, = v.
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Theorem 3. In order that the process £(t) € g(oo) N ®(>) be a process with

mixing in the broad sense, it is necessary and sufficient that the relation***
|[FE[ (Lk ) =0 (6)

hold for all £ > 2, 0 < I < k, —o0 < v < 00, where ‘FE(M‘ (A) is the total

variation of the complex measure F, ém(A).

Theorem 4. In order that the process £(t) € g(oo) N ®(>) be a process with

mixing of all degrees in the broad sense, it is necessary and sufficient that the
relation

[Py =0 (7)

hold for all k£ > 2 and for all hyperplanes™*** L of the space R*, distinct from
L3 (0).

Remark 2. Since for £(t) € §<Oo> N ®(>°) the measure Fék)(A) is concentrated

on L¥(0) (see (1)), Theorem 4 may be formulated as follows:

In order that the process £(t) € §<Oo> N ®(>) be a process with mixing of all
degrees in the broad sense, it is necessary and sufficient that relation (7) hold
for all k£ > 2 and for all hyperplanes L of the subspace Lﬁ(O).

Theorem 5. In order that the process £(t) € §(OO) be a process with mixing of
degree r, it is necessary and sufficient that the relation™****

lim sé.k)(tm + Tos s tor, + Tos tr1 + Tps e s by, + 745

mingg; < jep |7;—7;|—00
ety T Tty +7,) =0 (8)

hO]dfOI“&Hk‘}Q, O<Z0<k, 1120, l0+ll+'+l7,:k', tlj*70<2<r, 1<
i<l

Theorem 6. In order that a stochastically continuous process £(t) € g(oo)
be a process with mixing of all degrees, it is necessary and sufficient that the
relation

lim sy, 1) =0 forall k> 2. (9)

max; ; |ti7tj|~>oo §

From the theorems stated there follow:

(o0

Corollary 1. If £(t) € S ) N A then &(t) is a process with mixing of all

degrees.
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Corollary 2. For Gaussian processes, mixing of all degrees coincides with
mixing, and mixing of all degrees in the broad sense coincides with mixing in
the broad sense.

* Including also such sets ¢;; in which not all ¢,; are distinct.
** See the footnote to Definition 1.

*** By virtue of the symmetry of the measure Fék) (A) (see the introduction to
(1)), it follows from relation (6) that the corresponding relations are satisfied
for all hyperplanes of the form A; + -+ /\iz =v.

ik In the discrete-time case, for all hyperplanes of the form oy A\ +-+a A, = v
with integer o, distinct from LF(0).

*H*%* See the footnote to Theorem 2.

Let us note that the condition £(t) € S(°°) contained in the formulations of
Theorems 2-6 is necessary if we wish to decide the question of the ergodic prop-
erties of the process £(t) on the basis only of its moments (or semi-invariants),
namely:

If¢t) € S5()\ §(2) and is stationary in the narrow sense, then there exists
a continuum of nonergodic processes, all of whose moments coincide with the
moments of the process &(t).

A proper strengthening of condition (9) leads to the asymptotic normality of
the integral

i.e., if we denote

T T T
by =D (/O g(t)dt) :/0 /0 By(t, — ty) dt, dts,

then the following holds:
Theorem 7. If £(t) € S(>) and

T T
/ / Sty oty dty e dty =0 (0%)  for all k>3, (10)
0 0
then
CT _mél)T 1 Y 2
lim P.{ ————— < = 7/ e %12 dz. 11
T— 00 5{ ’/bT Yy 2 o ( )
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In essence, Theorem 7 is of interest only in the case when by — oo as T — oo.
In this connection we make the following remarks.

Remark 3. If
Fe(A) — Fe(—A)
. § §
ey (2))7 v 0=y <2
lim by > —=2n)f
T—oo T277 = 72 Y
Remark 4. If

A
Fe(N) :/ fe(w)dv, Q) =N f1 (D), —1<B8<1,
and f;(A) is continuous at the point A = 0, then

_ _ 1 —cosv
bT = dBf1<O)T1 5+0(T1 B), Where dﬁ = 2/00 Wdu

In conclusion the author expresses his gratitude to A. N. Kolmogorov, under
whose supervision the present work was carried out.
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Note: Figure translations are in progress. See original paper for figures.
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