Soviet-era science, translated into English

MATHEMATICS

Academician L. S. PONTRYAGIN and L. V. RODYGIN

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.36794

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.36794

Abstract
Full Text

MATHEMATICS

Academician L. S. PONTRYAGIN and L. V. RODYGIN

PERIODIC SOLUTION OF A SYSTEM OF
ORDINARY DIFFERENTIAL EQUATIONS
WITH A SMALL PARAMETER AT THE
DERIVATIVES*

1. We shall consider the system of differential equations

edx/dt = f(z,y),  dy/dt=g(z,y), (1)

where x = (zq,...,24), ¥ = (Yq,..-,¥;) are vectors, € > 0 is a small parameter;
the vector functions f(x,y) = (fy, ..., fx), 9(x,y) = (g1, ..., g;) are assumed to
be three times continuously differentiable in the domain under consideration.
With respect to the system of fast motions

dz/dr = f(z,y) (y = const—parameter) (2)

it is assumed that, for any y, it has exactly one nondegenerate periodic solution
x*(7,y) with period T(y). In other words, the multipliers of the system of
variational equations**

E= Ll 6 (3)

T.9)
are different from unity, except for one; we denote these multipliers by
Ais.os Ap_q. It is natural to introduce the “averaged system”

dy B 1 T(y) . 1
o =g(y) = T(y)/o g(@*(1,9),y) dT/O 9l X (e, y),ylde, (4)

where X (¢,y) = 2*(T(y)p,y) is put. With respect to the averaged system (4)
we shall assume that it has a nondegenerate equilibrium position y,; in other
words, g(yy) = 0 and the eigenvalues piy, ..., of the matrix g, (y,) are all
different from zero.

Our aim is the following
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Theorem. If ¢ is sufficiently small, then, under the assumptions made, system
(1) has, in a neighborhood of the cycle {x*(7,y,), Yo}, @ unique periodic solution
{x(t,€),y(t,e)} with the following properties: its period is equal to €T (y,)+O(g?),
and |y(t,e) — yo| = O(e). Moreover, there exists a function ¢(t,e) ( “phase” )
depending smoothly on t such that

|5d¢/dt - 1/T(y0)| = O(E)’ |l‘<t,5) - X(Lp(t,E),yO)| = O(E)’ (5)

and the multipliers of the variational equation for this periodic solution that are
different from unity are***

v, =\ +w(e) (t=1,..,k—1); (6)

Vigh—1 = L+ epr(yo) + o(e) (J=1,..,0).

* The principal results of the present work were reported at the Third All-Union
Mathematical Congress (1).

** Here f, (z,y) is the matrix |0f;(z,y)/0y;|. Analogous notation is used below
as well.

*** w(e) denotes a quantity tending to 0 as € — 0. A careful examination of the
proof shows that, if \; or y; is not a multiple root, then w(e), respectively o(e),
may be replaced by O(¢), respectively O(g?).

2. By a nondegenerate transformation of the form

oxr* T
$=r ot (mw?f) v

(ug is a scalar, u is a vector with k£ — 1 components, A(p,y) is a matrix, contin-
uously differentiable three times, with k& rows and k£ — 1 columns, having period
1 in @), system (3) can be brought to the form

dug/dr =0,  du/dr = H(r/T(y),y)u, (7)

where H(p,y) = H(p+1,y) is a twice continuously differentiable square matrix
of order k£ — 1, and the multipliers of the system 4 = Hu are our Ay,..., A;_;.
System (1), by the change of variables x = X (¢, y) + A(p, y)u, is brought to the
form

edo/dt =1/T(y) + P(e, o, u,y),
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edu/dt = H(p,y)u+eb(p,y) + Qe, ¢, u,y), (8)

dy/dt = g[X(e,y),y] + R(e,u,y),

where P, Q, R,b are smooth functions of their arguments, with R(p,u,y) and

R, = O(|ul), Q(e, p,u,y) = O(e* + u?), P(e,,u,y), Q. and Q, = O(e + [ul)
uniformly in ¢, y.

Let us take @ as the independent variable. System (8) becomes

~

du/dp =T(y)H(p,y)u+ T (y)b(p,y) + Ql&, p,u,y),

dy/de = eh(p,y) + eR(e, p,u,y), 9)

where h(p,y) = T(y)g[X (¢, y),y], and Q. R are smooth functions of their argu-

~

ments, with Q(g, o, u,y) = O(e2+u?), Q,, Qy, R, and R, = O(e+ |u|) uniformly
in ¢, y. Anticipating what follows, we introduce also

1
h(y) =T(y)g(y) /0 h(p,y) de.

As follows directly from the first of equations (8), a periodic solution of system
(8) lying near {z*(7,y), Yo}, whose period is close to T(y,), is transformed,
in passing from (8) to (9), into a solution of system (9) with period 1 in ¢.
Denote the solution of system (9) with initial value v = u,,y = y,, at ¢ =0 by
{u(ty,, Y, ©,€), Y(Up,s Y, 0, €) }. Tt will be periodic in ¢ with unit period if the
conditions

u*(umyn,g) = u(urmynv 175':) — Uy = 0,

(U Yns€) = Y(Up, Yy, 1,6) =y, =0 (10)

are fulfilled. Since

1
i== [ T@)slalo)u) ds.
0
it is natural, instead of (10), to introduce the system

*

1.
U*(Umynﬁ) = 0> y = gy(unayrwg) =0. (11)
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We shall verify that system (11) is satisfied for ¢ = 0, u,, = 0, y,, = y,, and
that the Jacobian

J =D y) /Dyl g\ oy e F O
For € = 0 we have y = const and
du/dp = T(y)H(p,y)u+ Q(0, ¢, u,y), (12)

where @(O,(p,u,y) = O(u?), au((),(p,u,y) = O(|u]). Therefore, for any y,,
u =0 is a solution of (12). Hence, further, it follows that

D(u*) =0
D(yn) e=0, u,,=0, v,,=vyo
so that
;- D) Dly)
D(Un) D(yn) e=0, u,=0, y,=yo
Since

y*(0,9,,0) :/ h(p, y,) de = T(y,,)3(Y,)
0

we have y*(0,y,0) = 0, and D(u*)/D(u,)|.—o, ,—,, is the determinant of the
matrix T'(y,,)9(y,,) + 7T, (y,,)9(y,,). But for y,, = y, the second term here vanishes,

and

— det[T(y,)7, ()] # 0.

=0, v, =0, ¥, =yo

#0,

e=0, v, =0, y,=yo

since it is the determinant of the difference between the monodromy matrix for
the system du/dy = T (y)H (¢, y)u and the identity matrix.

Consequently, for sufficiently small €, system (11) determines functions w,,(¢)
and y,,(¢) having, at the point € = 0, bounded derivatives with respect to €. It
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is not hard to verify that the periodic solution of system (8) with initial value
u,,(€),y, (¢) has the required properties; only (6) requires a separate proof.

3. To compute the multipliers v; (i = 1,...,1 + k — 1) of the variational
equations for the periodic solution found by us, we consider the variational
equations for the periodic solution {u.(¢),y.(¢)} = {u.(p+1),y.(p+1)}
of system (9). Since y.(¢) = yo + O(e), u.(¢) = O(e), these variational
equations have the form

%M=W%mm%ﬂowm+mm% (13)

%@=wwﬂw+wu%w+mﬂ@, (14)

(B(p,e) = B(p + 1,¢) is a continuous matrix function.)

Of course, it is still necessary to show that the multipliers do not change in
passing from (8) to (9). The simplest way to see this is to use the following
circumstances. It is not hard to check that, for a periodic solution {z(t)} of
any system & = f(x) (z = (x4,...,%,,)), the multipliers (with the exception
of the multiplier 1, to which the solution f(x(t)) of the variational equations
corresponds) may be defined as follows: take any (m—1)-dimensional hyperplane
IT intersecting {x(t)} at some point x, with f(z,) not parallel to II, and consider
its successive mapping F', which assigns to a point x € II the first, in time, point
of intersection with IT of the positive semitrajectory ¢ > 0 of the system & = f(x)
issuing from x; F' is defined in some neighborhood of the point z; on II, and
the multipliers of {z(¢)} coincide with the eigenvalues of the differential of the
mapping F' at the point z,. But the mapping F' depends only on the geometric
arrangement of the trajectories and on the direction of motion along them, and
not on the speed of this motion.

Now it is convenient to introduce the new variable

Z{Eszﬂ%WwdhA%HW}@

(E is the identity matrix). System (13)—(14) will take the following form: equa-
tion (13) is preserved with the replacement of O(g)dy by O(e)z, and instead of
(14) we obtain

dz/dyp = eB(p,€)du + elh, (yo) + O(e)]z. (15)
The matriciant of the system

~

d¢/dp =T(yo)H(p,yp)§,  d(/dp = e[B(p,e)§ + hy(yo)C]
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has the form

_ ([ ®1(e) 0
Mw‘(é@)@aw»

where the matrices ®,(1) and ®5(1) have eigenvalues A; (i = 1,...,k — 1) and
estirWo) (j =1,...,1), respectively, while ®,(1) = O(g). We seck the matriciant
of the system (13), (15) in the form ¥(p) = ®(p)[E + A(yp)]. It is not difficult
to verify that A(y) satisfies an equation of the form

N (0(5) O(e)

% = 0(62) 0(62)> (E+A); A(0) =0,

whence it follows that

and therefore

(a@+06E 0@
“”‘(%m+ow>¢gw+a¥9'

Now it is immediately clear that ¥ (1) has k — 1 eigenvalues v; = A\, + w(e) (i =
1,...,k—1). The situation is more complicated with the remaining eigenvalues.
It is directly obvious only that v, ; =1+ w(e) (j = 1,...,1). Subtract from
U(1) the identity matrix of order k 4+ [ — 1; we obtain a matrix of the form

A+ F(e) B(e)
Ale) = ( C(E)5 eD —&-EC?(E)) ’

where F, B, and C = O(¢), G(g) = O(g?), and A and D are nonsingular matrices
with eigenvalues A; — 1,...,A,_; — 1 and T'(yo) 1, ---, T (Yo) 14y, respectively. We
must prove that, in addition to the obvious eigenvalues v; = X\, — 1 + w(e)
(i=1,...,k—1), A(e) also has eigenvalues

Viek—1 = €L (yo)u; + o(e) (G=1,...,0). (16)

Let K be an arbitrary matrix with & — 1 rows and [ columns; put C(K,e) =
C(e) — KB(e)K —eDK — G(¢)K. For arbitrary K, K’, the norm

C(K,2) — C(K’,2)| < 0(e)(1 + | K| + |K'])| K — K.

and it is easy to prove that, for small €, the equation
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K =—C(K,e)(A+ F(e))!

has a solution K (g) = O(g). (16) now follows from

(it 22 (i 3) -

B A+ F— BK B _ (A+0(e) O(e)

" \K(A+F)+C(K,e) eD+G+KB) 0 eD+0(e?)) "
Received
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