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Abstract
Full Text

MATHEMATICS
Academician L. S. PONTRYAGIN and L. V. RODYGIN

PERIODIC SOLUTION OF A SYSTEM OF
ORDINARY DIFFERENTIAL EQUATIONS
WITH A SMALL PARAMETER AT THE
DERIVATIVES*

1. We shall consider the system of differential equations

𝜀𝑑𝑥/𝑑𝑡 = 𝑓(𝑥, 𝑦), 𝑑𝑦/𝑑𝑡 = 𝑔(𝑥, 𝑦), (1)

where 𝑥 = (𝑥1, … , 𝑥𝑘), 𝑦 = (𝑦1, … , 𝑦𝑙) are vectors, 𝜀 > 0 is a small parameter;
the vector functions 𝑓(𝑥, 𝑦) = (𝑓1, … , 𝑓𝑘), 𝑔(𝑥, 𝑦) = (𝑔1, … , 𝑔𝑙) are assumed to
be three times continuously differentiable in the domain under consideration.
With respect to the system of fast motions

𝑑𝑥/𝑑𝜏 = 𝑓(𝑥, 𝑦) (𝑦 = const—parameter) (2)

it is assumed that, for any 𝑦, it has exactly one nondegenerate periodic solution
𝑥∗(𝜏, 𝑦) with period 𝑇 (𝑦). In other words, the multipliers of the system of
variational equations**

̇𝜉 = 𝑓𝑦(𝑥, 𝑦)∣𝑥=𝑥∗(𝜏,𝑦)𝜉 (3)

are different from unity, except for one; we denote these multipliers by
𝜆1, … , 𝜆𝑘−1. It is natural to introduce the “averaged system”

𝑑𝑦
𝑑𝑡 = ̄𝑔(𝑦) = 1

𝑇 (𝑦) ∫
𝑇 (𝑦)

0
𝑔(𝑥∗(𝜏, 𝑦), 𝑦) 𝑑𝜏 = ∫

1

0
𝑔[𝑋(𝜑, 𝑦), 𝑦] 𝑑𝜑, (4)

where 𝑋(𝜑, 𝑦) = 𝑥∗(𝑇 (𝑦)𝜑, 𝑦) is put. With respect to the averaged system (4)
we shall assume that it has a nondegenerate equilibrium position 𝑦0; in other
words, ̄𝑔(𝑦0) = 0 and the eigenvalues 𝜇1, … , 𝜇𝑙 of the matrix ̄𝑔𝑦(𝑦0) are all
different from zero.

Our aim is the following

sovietrxiv.org/items/ru-196001.36794 Machine Translation

https://sovietrxiv.org/items/ru-196001.36794


Theorem. If 𝜀 is sufficiently small, then, under the assumptions made, system
(1) has, in a neighborhood of the cycle {𝑥∗(𝜏, 𝑦0), 𝑦0}, a unique periodic solution
{𝑥(𝑡, 𝜀), 𝑦(𝑡, 𝜀)} with the following properties: its period is equal to 𝜀𝑇 (𝑦0)+𝑂(𝜀2),
and |𝑦(𝑡, 𝜀) − 𝑦0| = 𝑂(𝜀). Moreover, there exists a function 𝜑(𝑡, 𝜀) (“phase”)
depending smoothly on 𝑡 such that

|𝜀𝑑𝜑/𝑑𝑡 − 1/𝑇 (𝑦0)| = 𝑂(𝜀), |𝑥(𝑡, 𝜀) − 𝑋(𝜑(𝑡, 𝜀), 𝑦0)| = 𝑂(𝜀), (5)

and the multipliers of the variational equation for this periodic solution that are
different from unity are***

𝜈𝑖 = 𝜆𝑖 + 𝜔(𝜀) (𝑖 = 1, … , 𝑘 − 1); (6)

𝜈𝑗+𝑘−1 = 1 + 𝜀𝜇𝑗𝑇 (𝑦0) + 𝑜(𝜀) (𝑗 = 1, … , 𝑙).

* The principal results of the present work were reported at the Third All-Union
Mathematical Congress (1).

** Here 𝑓𝑦(𝑥, 𝑦) is the matrix ‖𝜕𝑓𝑖(𝑥, 𝑦)/𝜕𝑦𝑗‖. Analogous notation is used below
as well.

*** 𝜔(𝜀) denotes a quantity tending to 0 as 𝜀 → 0. A careful examination of the
proof shows that, if 𝜆𝑖 or 𝜇𝑗 is not a multiple root, then 𝜔(𝜀), respectively 𝑜(𝜀),
may be replaced by 𝑂(𝜀), respectively 𝑂(𝜀2).

2. By a nondegenerate transformation of the form

𝜉 = 𝜕𝑥∗

𝜕𝜏 𝑢0 + 𝐴 ( 𝜏
𝑇 (𝑦) , 𝑦) 𝑢

(𝑢0 is a scalar, 𝑢 is a vector with 𝑘 − 1 components, 𝐴(𝜑, 𝑦) is a matrix, contin-
uously differentiable three times, with 𝑘 rows and 𝑘 − 1 columns, having period
1 in 𝜑), system (3) can be brought to the form

𝑑𝑢0/𝑑𝜏 = 0, 𝑑𝑢/𝑑𝜏 = 𝐻(𝜏/𝑇 (𝑦), 𝑦)𝑢, (7)

where 𝐻(𝜑, 𝑦) = 𝐻(𝜑+1, 𝑦) is a twice continuously differentiable square matrix
of order 𝑘 − 1, and the multipliers of the system 𝑢̇ = 𝐻𝑢 are our 𝜆1, … , 𝜆𝑘−1.
System (1), by the change of variables 𝑥 = 𝑋(𝜑, 𝑦)+𝐴(𝜑, 𝑦)𝑢, is brought to the
form

𝜀 𝑑𝜑/𝑑𝑡 = 1/𝑇 (𝑦) + 𝑃(𝜀, 𝜑, 𝑢, 𝑦),
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𝜀 𝑑𝑢/𝑑𝑡 = 𝐻(𝜑, 𝑦)𝑢 + 𝜀𝑏(𝜑, 𝑦) + 𝑄(𝜀, 𝜑, 𝑢, 𝑦), (8)

𝑑𝑦/𝑑𝑡 = 𝑔[𝑋(𝜑, 𝑦), 𝑦] + 𝑅(𝜑, 𝑢, 𝑦),

where 𝑃 , 𝑄, 𝑅, 𝑏 are smooth functions of their arguments, with 𝑅(𝜑, 𝑢, 𝑦) and
𝑅𝑦 = 𝑂(|𝑢|), 𝑄(𝜀, 𝜑, 𝑢, 𝑦) = 𝑂(𝜀2 + 𝑢2), 𝑃(𝜀, 𝜑, 𝑢, 𝑦), 𝑄𝑢, and 𝑄𝑦 = 𝑂(𝜀 + |𝑢|)
uniformly in 𝜑, 𝑦.
Let us take 𝜑 as the independent variable. System (8) becomes

𝑑𝑢/𝑑𝜑 = 𝑇 (𝑦)𝐻(𝜑, 𝑦)𝑢 + 𝜀𝑇 (𝑦)𝑏(𝜑, 𝑦) + 𝑄(𝜀, 𝜑, 𝑢, 𝑦),

𝑑𝑦/𝑑𝜑 = 𝜀ℎ(𝜑, 𝑦) + 𝜀𝑅(𝜀, 𝜑, 𝑢, 𝑦), (9)

where ℎ(𝜑, 𝑦) = 𝑇 (𝑦)𝑔[𝑋(𝜑, 𝑦), 𝑦], and 𝑄, 𝑅 are smooth functions of their argu-
ments, with 𝑄(𝜀, 𝜑, 𝑢, 𝑦) = 𝑂(𝜀2 +𝑢2), 𝑄𝑢, 𝑄𝑦, 𝑅, and 𝑅𝑦 = 𝑂(𝜀+|𝑢|) uniformly
in 𝜑, 𝑦. Anticipating what follows, we introduce also

ℎ̄(𝑦) = 𝑇 (𝑦) ̄𝑔(𝑦) = ∫
1

0
ℎ(𝜑, 𝑦) 𝑑𝜑.

As follows directly from the first of equations (8), a periodic solution of system
(8) lying near {𝑥∗(𝜏, 𝑦0), 𝑦0}, whose period is close to 𝜀𝑇 (𝑦0), is transformed,
in passing from (8) to (9), into a solution of system (9) with period 1 in 𝜑.
Denote the solution of system (9) with initial value 𝑢 = 𝑢𝑛, 𝑦 = 𝑦𝑛 at 𝜑 = 0 by
{𝑢(𝑢𝑛, 𝑦𝑛, 𝜑, 𝜀), 𝑦(𝑢𝑛, 𝑦𝑛, 𝜑, 𝜀)}. It will be periodic in 𝜑 with unit period if the
conditions

𝑢∗(𝑢𝑛, 𝑦𝑛, 𝜀) = 𝑢(𝑢𝑛, 𝑦𝑛, 1, 𝜀) − 𝑢𝑛 = 0,

̂𝑦(𝑢𝑛, 𝑦𝑛, 𝜀) = 𝑦(𝑢𝑛, 𝑦𝑛, 1, 𝜀) − 𝑦𝑛 = 0 (10)

are fulfilled. Since

̂𝑦 = 𝜀 ∫
1

0
𝑇 (𝑦(𝜑))𝑔(𝑥(𝜑), 𝑦(𝜑)) 𝑑𝜑,

it is natural, instead of (10), to introduce the system

𝑢∗(𝑢𝑛, 𝑦𝑛, 𝜀) = 0, 𝑦∗ = 1
𝜀 ̂𝑦(𝑢𝑛, 𝑦𝑛, 𝜀) = 0. (11)
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We shall verify that system (11) is satisfied for 𝜀 = 0, 𝑢𝑛 = 0, 𝑦𝑛 = 𝑦0, and
that the Jacobian

𝐽 = 𝐷(𝑢∗, 𝑦∗)/𝐷(𝑢𝑛, 𝑦𝑛)∣𝜀=0, 𝑢𝑛=0, 𝑦𝑛=𝑦0
≠ 0.

For 𝜀 = 0 we have 𝑦 = const and

𝑑𝑢/𝑑𝜑 = 𝑇 (𝑦)𝐻(𝜑, 𝑦)𝑢 + 𝑄(0, 𝜑, 𝑢, 𝑦), (12)

where 𝑄(0, 𝜑, 𝑢, 𝑦) = 𝑂(𝑢2), 𝑄𝑢(0, 𝜑, 𝑢, 𝑦) = 𝑂(|𝑢|). Therefore, for any 𝑦𝑛,
𝑢 = 0 is a solution of (12). Hence, further, it follows that

𝐷(𝑢∗)
𝐷(𝑦𝑛) ∣

𝜀=0, 𝑢𝑛=0, 𝑦𝑛=𝑦0

= 0,

so that

𝐽 = 𝐷(𝑢∗)
𝐷(𝑢𝑛)

𝐷(𝑦∗)
𝐷(𝑦𝑛) ∣

𝜀=0, 𝑢𝑛=0, 𝑦𝑛=𝑦0

.

Since

𝑦∗(0, 𝑦𝑛, 0) = ∫
1

0
ℎ(𝜑, 𝑦𝑛) 𝑑𝜑 = 𝑇 (𝑦𝑛)𝑔(𝑦𝑛),

we have 𝑦∗(0, 𝑦0, 0) = 0, and 𝐷(𝑢∗)/𝐷(𝑢𝑛)|𝜀=0, 𝑦=𝑦𝑛
is the determinant of the

matrix 𝑇 (𝑦𝑛)𝑔(𝑦𝑛)+𝑇𝑦(𝑦𝑛)𝑔(𝑦𝑛). But for 𝑦𝑛 = 𝑦0 the second term here vanishes,
and

𝐷(𝑢∗)
𝐷(𝑢𝑛) ∣

𝜀=0, 𝑢𝑛=0, 𝑦𝑛=𝑦0

= det[𝑇 (𝑦0)𝑔𝑦(𝑦0)] ≠ 0.

Finally, the Jacobian

𝐷(𝑢∗)
𝐷(𝑢𝑛) ∣

𝜀=0, 𝑢𝑛=0, 𝑦𝑛=𝑦0

≠ 0,

since it is the determinant of the difference between the monodromy matrix for
the system 𝑑𝑢/𝑑𝜑 = 𝑇 (𝑦0)𝐻(𝜑, 𝑦0)𝑢 and the identity matrix.

Consequently, for sufficiently small 𝜀, system (11) determines functions 𝑢𝑛(𝜀)
and 𝑦𝑛(𝜀) having, at the point 𝜀 = 0, bounded derivatives with respect to 𝜀. It
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is not hard to verify that the periodic solution of system (8) with initial value
𝑢𝑛(𝜀), 𝑦𝑛(𝜀) has the required properties; only (6) requires a separate proof.

3. To compute the multipliers 𝜈𝑖 (𝑖 = 1, … , 𝑙 + 𝑘 − 1) of the variational
equations for the periodic solution found by us, we consider the variational
equations for the periodic solution {𝑢𝜀(𝜑), 𝑦𝜀(𝜑)} = {𝑢𝜀(𝜑+1), 𝑦𝜀(𝜑+1)}
of system (9). Since 𝑦𝜀(𝜑) = 𝑦0 + 𝑂(𝜀), 𝑢𝜀(𝜑) = 𝑂(𝜀), these variational
equations have the form

𝑑
𝑑𝜑𝛿𝑢 = [𝑇 (𝑦0)𝐻(𝜑, 𝑦0) + 𝑂(𝜀)]𝛿𝑢 + 𝑂(𝜀)𝛿𝑦, (13)

𝑑
𝑑𝜑𝛿𝑦 = 𝜀𝐵(𝜑, 𝜀)𝛿𝑢 + 𝜀[ℎ𝑦(𝜑, 𝑦0) + 𝑂(𝜀)]𝛿𝑦, (14)

(𝐵(𝜑, 𝜀) = 𝐵(𝜑 + 1, 𝜀) is a continuous matrix function.)

Of course, it is still necessary to show that the multipliers do not change in
passing from (8) to (9). The simplest way to see this is to use the following
circumstances. It is not hard to check that, for a periodic solution {𝑥(𝑡)} of
any system ̇𝑥 = 𝑓(𝑥) (𝑥 = (𝑥1, … , 𝑥𝑚)), the multipliers (with the exception
of the multiplier 1, to which the solution 𝑓(𝑥(𝑡)) of the variational equations
corresponds) may be defined as follows: take any (𝑚−1)-dimensional hyperplane
Π intersecting {𝑥(𝑡)} at some point 𝑥0, with 𝑓(𝑥0) not parallel to Π, and consider
its successive mapping 𝐹 , which assigns to a point 𝑥 ∈ Π the first, in time, point
of intersection with Π of the positive semitrajectory 𝑡 ≥ 0 of the system ̇𝑥 = 𝑓(𝑥)
issuing from 𝑥; 𝐹 is defined in some neighborhood of the point 𝑥0 on Π, and
the multipliers of {𝑥(𝑡)} coincide with the eigenvalues of the differential of the
mapping 𝐹 at the point 𝑥0. But the mapping 𝐹 depends only on the geometric
arrangement of the trajectories and on the direction of motion along them, and
not on the speed of this motion.

Now it is convenient to introduce the new variable

𝑧 = {𝐸 − 𝜀 ∫
𝜑

0
[ℎ𝑦(𝜃, 𝑦0) − ℎ𝑦(𝑦0)] 𝑑𝜃} 𝛿𝑦

(𝐸 is the identity matrix). System (13)—(14) will take the following form: equa-
tion (13) is preserved with the replacement of 𝑂(𝜀)𝛿𝑦 by 𝑂(𝜀)𝑧, and instead of
(14) we obtain

𝑑𝑧/𝑑𝜑 = 𝜀𝐵(𝜑, 𝜀)𝛿𝑢 + 𝜀[ℎ𝑦(𝑦0) + 𝑂(𝜀)]𝑧. (15)

The matriciant of the system

𝑑𝜉/𝑑𝜑 = 𝑇 (𝑦0)𝐻(𝜑, 𝑦0)𝜉, 𝑑𝜁/𝑑𝜑 = 𝜀[𝐵(𝜑, 𝜀)𝜉 + ℎ̃𝑦(𝑦0)𝜁]
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has the form

Φ(𝜑) = (Φ1(𝜑) 0
Φ2(𝜑) Φ3(𝜑)) ,

where the matrices Φ1(1) and Φ3(1) have eigenvalues 𝜆𝑖 (𝑖 = 1, … , 𝑘 − 1) and
𝑒𝜀𝜇𝑗𝑇 (𝑦0) (𝑗 = 1, … , 𝑙), respectively, while Φ2(1) = 𝑂(𝜀). We seek the matriciant
of the system (13), (15) in the form Ψ(𝜑) = Φ(𝜑)[𝐸 + Δ(𝜑)]. It is not difficult
to verify that Δ(𝜑) satisfies an equation of the form

𝑑Δ
𝑑𝜑 = ( 𝑂(𝜀) 𝑂(𝜀)

𝑂(𝜀2) 𝑂(𝜀2)) (𝐸 + Δ); Δ(0) = 0,

whence it follows that

Δ(1) = ( 𝑂(𝜀) 𝑂(𝜀)
𝑂(𝜀2) 𝑂(𝜀2)) ,

and therefore

Ψ(1) = ( Φ1(1) + 𝑂(𝜀) 𝑂(𝜀)
Φ2(1) + 𝑂(𝜀2) Φ3(1) + 𝑂(𝜀2)) .

Now it is immediately clear that Ψ(1) has 𝑘 − 1 eigenvalues 𝜈𝑖 = 𝜆𝑖 + 𝜔(𝜀) (𝑖 =
1, … , 𝑘 − 1). The situation is more complicated with the remaining eigenvalues.
It is directly obvious only that 𝜈𝑗+𝑘−1 = 1 + 𝜔(𝜀) (𝑗 = 1, … , 𝑙). Subtract from
Ψ(1) the identity matrix of order 𝑘 + 𝑙 − 1; we obtain a matrix of the form

𝔄(𝜀) = (𝐴 + 𝐹(𝜀) 𝐵(𝜀)
𝐶(𝜀) 𝜀𝐷 + 𝐺(𝜀)) ,

where 𝐹 , 𝐵, and 𝐶 = 𝑂(𝜀), 𝐺(𝜀) = 𝑂(𝜀2), and 𝐴 and 𝐷 are nonsingular matrices
with eigenvalues 𝜆1 − 1, … , 𝜆𝑘−1 − 1 and 𝑇 (𝑦0)𝜇1, … , 𝑇 (𝑦0)𝜇𝑙, respectively. We
must prove that, in addition to the obvious eigenvalues 𝜈𝑖 = 𝜆𝑖 − 1 + 𝜔(𝜀)
(𝑖 = 1, … , 𝑘 − 1), 𝔄(𝜀) also has eigenvalues

𝜈𝑗+𝑘−1 = 𝜀𝑇 (𝑦0)𝜇𝑗 + 𝑜(𝜀) (𝑗 = 1, … , 𝑙). (16)

Let 𝐾 be an arbitrary matrix with 𝑘 − 1 rows and 𝑙 columns; put 𝐶(𝐾, 𝜀) =
𝐶(𝜀) − 𝐾𝐵(𝜀)𝐾 − 𝜀𝐷𝐾 − 𝐺(𝜀)𝐾. For arbitrary 𝐾, 𝐾′, the norm

|𝐶(𝐾, 𝜀) − 𝐶(𝐾′, 𝜀)| ≤ 𝑂(𝜀)(1 + |𝐾| + |𝐾′|)|𝐾 − 𝐾′|,

and it is easy to prove that, for small 𝜀, the equation
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𝐾 = −𝐶(𝐾, 𝜀)(𝐴 + 𝐹(𝜀))−1

has a solution 𝐾(𝜀) = 𝑂(𝜀). (16) now follows from

( 𝐸 0
𝐾(𝜀) 𝐸) 𝔄(𝜀) ( 𝐸 0

𝐾(𝜀) 𝐸)
−1

=

= ( 𝐴 + 𝐹 − 𝐵𝐾 𝐵
𝐾(𝐴 + 𝐹) + 𝐶(𝐾, 𝜀) 𝜀𝐷 + 𝐺 + 𝐾𝐵) = (𝐴 + 𝑂(𝜀) 𝑂(𝜀)

0 𝜀𝐷 + 𝑂(𝜀2)) .
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