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ON GENERAL SYSTEMS OF DIFFERENTIAL
EQUATIONS

(Presented by Academician M. V. Keldysh, 31 XII 1959)

It is well known that the properties of a single differential equation are deter-
mined, in the main (with the exception of the so-called degenerate cases), by its
principal part, i.e., by the terms of the equation containing the highest deriva-
tives. In studying systems of equations it is also sometimes necessary to single
out the principal terms of the system. However, in the case of a system of dif-
ferential equations, the selection of the principal terms of the system is not as
unambiguous as in the case of a single equation, and the “principal part” of the
system can be defined in different ways. We note that precisely different ways
of selecting the principal part of a system correspond to different definitions of
ellipticity (1'?) and hyperbolicity (*#). In the first part of the present paper we
shall indicate a certain method for constructing the principal part of a system
and give a definition of the characteristic form for a system of equations. Using
the properties of the characteristic form, we shall indicate an effective definition
of ellipticity equivalent to the definition of Douglis and Nirenberg (?).

Further, general systems of ordinary equations will be considered specially, and
a method will be indicated for reducing them to systems whose principal part
is a diagonal matrix. This reduction will enable us to determine the number
of arbitrary constants in the general solution of a system of ordinary equations
with variable coefficients and to construct a fundamental system of solutions for
this system.

I. Consider the system of equations

m

Fi:ZAij(x’DWj(x):fi(x)a i=1,...,m; (1)

o <i;

where, as usual, z = (zy,..,z,), D = (Dy,...D,), D, = 0/0x;

’ n

(67 «
a = (ag,..,0), o = oy + -+ a,, DY = D' Dp™, where oy,...,a,
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are nonnegative integers. The numbers v,; are called the orders of the
operators A,;.

To the system (1) we shall associate the matrix of orders I' = (v,;). If 4;; =0,
then we shall assume that v;; = —oo. Put Rp = vy + - + 7, , where

1... . . .
T= (z m ) is an arbitrary permutation of m numbers.
1ol

Definition 1. The order of the system (1) is the number R, equal to the
maximum of the numbers R over all permutations 7' of m numbers.

Definition 2. Integers s4,...,s,,, t,...,t,, form an admissible set of num-
bers for the system (1) (the matrix I') if—

satisfy conditions (2):

Z(Si +1;) = R (3)
=1
S; + tj > Yij- (4)

The basis for our further considerations will be the following lemma:

Lemma 1. For any matriz T', whose elements are either nonnegative integers
or equal to —oo, there exists an admissible set of integers.

Thus, let the numbers s, ..., ¢, form an admissible set of numbers for system
(1). Put
A, D)= > a (@)D, (5)
|a|=s;+t;

(We note that A}, = 0if s; +t; > 7,;.)
Introduce the notation
Az, D) = (A;(x, D)), Al(x, D) = (Aj;(z, D)). (6)

Definition 3. The differential operator A’(z, D), specified by (3), (6), is called
the principal part of the differential operator A(x, D).

If, in the operators (6), we replace the operators Dy, ..., D, by real numbers
&y, &,, then we obtain matrices with polynomial coefficients A(x,¢) and
A’ (z,8). Let

x(x, &) = det [[A"(z,€)], (7
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L(z,€) = det [A(z, )] (8)

Definition 4. The polynomial x(z,&) is called the characteristic form of
system (1) at the point x.

By virtue of (5), x(z,&) will be a homogeneous polynomial of degree R in &.
By virtue of the definition of R, the polynomial L(x,&) will contain no terms
of degree higher than R. Denote by I(z,£) the sum of the terms of degree R of
the polynomial L(z,£), i.e. the principal part of the determinant of the matrix
A(z,§).

Lemma 2. For any values of &, the characteristic form x(x,§) coincides with

I(z,8).

We note that Lemma 2 makes it possible to compute the characteristic form of
system (1) without constructing the matrix A’(z, D).

Definition 5. System (1) is called nondegenerate in the domain G if, for
every point z € G, the characteristic form (7) is not identically equal to zero.

Lemmas 1 and 2 make it possible to give an effective definition of ellipticity
equivalent to the definition of Douglis and Nirenberg (?).

Definition 6. A nondegenerate system (1) is called elliptic in the domain G
if, at every point x € D, the characteristic form y(x, &) is nonzero for all values

£+0.

IT. We shall now consider systems of ordinary equations of the form (1), where
D = d/dz. In the case of ordinary equations, one may restrict attention
to nondegenerate systems. The following theorem may serve as a basis for
such a restriction.

Theorem 1. Let system (1) be defined on the interval [0,X], and let the

coefficients ag»;x) (x) be meromorphic functions of x. Then either there exists a
system of equations

G, = Z B;(x, D)uj =9, (1a)

nondegenerate at all points of the interval [0, X|, with the possible exception of
a finite number of points, and equivalent to the system* (1), or the system (1%)
is equivalent to such a system of differential (or, possibly, algebraic) equations
in which the number of equations is less than the number of unknown functions.

Proof. In view of the degeneracy of the system, there exist meromorphic func-
tions Ay (z), ..., A_1(z) such that the k-th row (k < n) of the matrix A’(z,€) is
expressed in terms of the preceding rows by the formulas
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1
;cj(zvé-) = )‘r<x)Arj(z7£)£skisr (Sl <S8y < S Sn)'

%
Il
—

Replace the system (1) by the equivalent system of equations

k—1
F} = F,+ 68> \.(x)D* * F, =0. (1)
r=1

It is easy to see that R’ < R, where R’ is the order of the system (1’). If
the system (1”) is nondegenerate or Fj, = 0, then the theorem is proved; if the
system (1”) is degenerate, then we replace it by the system (1”), and so on. The
theorem is proved.

Consider on the interval [0, X] a nondegenerate system of ordinary equations of
order R. By Lemma 1 the system can be written in the form

> ay(@) D uy(a) + Y Y7 a (@) Dluy(e) = fila), (9)

where the matrix A" = (a,;), composed of the coefficients of the leading terms
of the system (9), is nondegenerate.

i a,(i;) have continuous derivatives up to order
s—s8; (0=8; < 89 <+ <8, =5). Then for any point z, of the interval [0, X]
there is a § > 0 such that on the interval [z, — d,x, + ¢] the nondegenerate
system (9) is equivalent to a system of equations of the form

Theorem 2. Let the functions a;

Gy= Dl + > 3 b (@)D, = g, (10)

j=1r<r;
where r; > 0, 7y + 7y + -+ 71, = R; bg? are continuous functions of = on the
interval [0, X].

Proof. In view of the nondegeneracy of the matrix A’(x), the smoothness of
a;;(v), and the smallness of d, the unknown functions u, ..., u,, can be num-
bered in such a way that from the system of algebraic equations

Z aij(»’”)m =
j=1

one can successively eliminate the unknowns 7, ..., n,, for |zt —z,| < 6. Replace
the system (9) by the equivalent system of equations
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1 _
F1( )= 06111F17

F]il) :Fkialkafllekilelv k=2 ..m. (9”)

* The system (1) is equivalent to the system (1%) if every vector-function u(x)
(whose components u,; have continuous derivatives on the interval [z, x5] up to
orders v,;) satisfying, for z; < x < x4, one of the systems (1), (1¢), is required
to satisfy the other as well. The numbers z; and x, are chosen so that on the
interval [z, 5] there are no poles of the coefficients of the systems (1) and (17).

In system (9") the term D® ™14, enters only into the first equation alone. Sim-
ilarly, we exclude from all equations except the second the terms D"u,, where
7 > $9 + t5. Continuing the elimination, we reduce system (9) to the form (10),
where r, = s, +¢,, i=1,...,m.

The theorem is proved.

Let us note that by substitutions of the form

_ _ ry—1 _ _ T —1 —
U, =Yy, Duy =vyy, ..., D7 uy =y, uz—yTﬁl,...,Dm Uy, = YR

the system of equations (10) is reduced to a normal system of first-order equa-
tions

R
Dy; = Zcijyj' (11)
j=1

This reduction makes it possible to construct, in a neighborhood of each point
of the interval [0, X], sets of R solutions of system (1) forming a fundamental
system. Using the theorem on uniqueness for the Cauchy problem for systems
of the form (25), one can “glue together” the fundamental systems of solutions
defined in a neighborhood of each point of the interval [0, X].

Thus the following theorem may be proved:

Theorem 3. If the system of ordinary equations (1) is nondegenerate on the
interval [0, X] and the coefficients aij,ag) have continuous derivatives up to
order s, —s; + p, where p = max, ,;(t;, —t;), then on the interval [0, X] there

exist R solutions of system (1) forming a fundamental system.

It follows from Theorem 3 that the number of arbitrary constants in the gen-
eral solution of a nondegenerate system is equal to its order. The number of
arbitrary constants in the general solution of a degenerate system is determined
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after reducing the latter to nondegenerate form. We note that the number of ar-
bitrary constants in the general solution of a system of equations with constant
coefficients is equal to the degree of the polynomial (°,5).

This is explained by the fact that a system of equations with constant coeffi-
cients (1) can be reduced to the form (10), and even to triangular form, without
changing the determinant of the system (8). In the case of degenerate systems
with variable coefficients, the true order of the system (the number of arbitrary
constants in the general solution), generally speaking, is not related to the order
of the polynomial (8), and it is not difficult to give both examples of systems for
which it is greater than the order of L(z,£), and examples where it is smaller.

The author expresses deep gratitude to K. I. Babenko for his attention to this
work.
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