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MOTION OF A CONDUCTING PLASMA UN-
DER THE ACTION OF A PISTON

(Presented by Academician N. N. Bogolyubov, 16 XI 1959)

In paper (1) it was shown that the approximate (asymptotic) one-dimensional
motion of a plasma is described by the relations (for ¢ >> 0)

fEQ « «
H = Ay(t) exp 2 B { 4ajtfﬂ cosw (Ex —l—T) — ?wsinw (Ex—l-T) ;
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Pt = R0~ [ plu+ ) da, 3)

Here the gas velocity is determined from the equation

«

The quantities entering (1)—(4) have the form: B = const; § = const < 0;
a = w,/X, where w is the frequency; T'(t) and Ay(t) are arbitrary functions of
time.

The arbitrary function T'(t) can be determined by introducing some condition
for u, for example, if the wall moves according to the law x = ¢(¢). Then

_ B 2z . dt
T_\/4:ct+6{const+a/[4xt+ﬁ—w} \/‘W} (5)

The arbitrary functions ®(z), where
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and Ag(t) are determined from the boundary conditions.

As an application of the general relations obtained, let us consider the following
problem: let a conducting medium (plasma) move in a tube under the action of
a piston, with the law of motion of the piston having the form

) @
Then from (4) we have
u,(t) = at = ¥(t). (8)

After some time a shock wave arises in front of the piston. For a sufficiently
large value of a, the shock wave arises almost immediately and near the origin
of coordinates, since the time of formation of the shock wave ¢, and the place

of its formation x, are determined by the well-known formulas (?)

2¢ 2c2
S U o= -0
Yo (k+1)a’ v (k+1)a’

where ¢, is the speed of sound in the medium.

We shall neglect the region of motion of the medium before the formation of the
strong shock wave, since it is small and has no substantial significance.

We proceed to determine the quantities entering into (1)—(4). First of all, let
us determine T'(¢). From (5), taking account of (7), (8), we obtain

Bat?
T(t) = /4xt + [ - const — 2a .
a

Since at t =0, T = 0, finally

B Bat?
T(t)=——vY(t) = — 9
(1) = (1) =~ 9)
In this case
2x at?
= — —_ . 1
u(z,t) It D (m 5 > + at; (10)
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Z:x—at2/2 (11)

VAt + 3’

After this, at the front of the strong shock wave we have (3)

D = 5 5 at.

_dz _k+1 _ (k+ 1Dz _at? L htl
Yoodt 2 4xt+ B

Integrating, we obtain the law of motion of the front of the strong shock wave

k+1 xt?
— (4 (k+1)/4 / B 4 ~(kt1)/4 gy |
x = (4xt + P) [const+ 5 ¢ t It 1B (4xt + ) d

Since at t = 0, x = 0, we finally obtain:

a (k —1)3 {4xt+ﬂ](k+l>/4 { (kl)ﬁ]
t) = -1+ k+1Dt|3t3—k) — —— .
“0 2(7—k)(3—k){ X* p (1)t (363 = F) X
(12)
(k+1)/4
Expanding the quantity (1 + ?) in a series and retaining only first-

order terms of smallness in xt/3, which for z « 1 is sufficient for our solution,
we find

kE+1 (k* —1)xat?

t)= ——at> + ———— 13
(t) = e+ S (13)
This expression will give the law of motion of the shock front with sufficient
accuracy; in this case the velocity of the wave front will be

1 21
= k+ at + (k )XatQ, (14)

D
v 48

and the velocity of the gas flow behind the wave front

(k —1)xat?

53 (15)

uy(7,t) = at +

We now determine ®(z), starting from the condition

k+1
P:Pp:mpo-
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Then from (2)

D(z) =

where, taking (13) into account,

_at*(k—1) (k+1)
2_4\/W [1—1— Xt]. (16)

From (16) we find ¢ = t(z). Thus,

(I)(Z) _ k + 1 p()
k— dxto(2) + B

kE+1 Ayt + 3
= . 1
F—1\ dxte(z) + 87 (a7)

3

Finally we obtain

We proceed to determine Py(t). Since at the front of the shock wave

2
H? 2pyD?  2p, [k+1 k2 — 1 yat? E+1 E—1xt
P — y: 0 t — 2t2|:1 :|
Yo TRl k11| 2 T3 g Po¢ M I

(18)
then
k+1 24 ( k—1xt

Py(t) = —5Pod 1+ TE) + /(ut + uu,)pde.

The last integral must be calculated in general form and then the value of x at
the front of the shock wave substituted. This gives:

H? k+1 kE—1xt
P 2 (1 ——)
+ — 87 9 —pPpa + 2 3 +
4yt 4x%(x — at?/2
X +B . Wl —a /)) d. (19)
Axto(z (4xt + B)?

where
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E+1 k? —1 yat?
Z qt?
TR R I

f =
and the upper limit corresponds to the value x = Z, which is chosen when

calculating Py (t).

It remains to determine A,(t) in equation (1), whereby the function H = H (x, t)
will be completely determined. Since at the piston P, = H 2 /8, it follows from
equation (19) that

=m), (20)

where 7, (t) is a known function of time ¢. On the other hand, substituting into
(1) the value & = at?/2, we obtain

H = Ay(t)ny(t), (21)

where 1,(t) is also a known function of time ¢. Comparing (20) and (21), we
find that

Ag(t) = 2T fr ), (22)

T2

Thus, the stated problem of finding all the parameters determining the motion
of a conducting plasma under the action of a piston has been solved.
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