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Let a, £k = 0,1,...,n; n = 0,1,..., be given distinct points of the extended
z-plane. Let D, (a;, € D), k = 0,1,...,n, be arbitrary simply connected
domains of the extended z-plane having no pairwise common points. Denote
by w = f,.(2), fi(0) = a,, k= 0,1,...,n, a function mapping the disk |z| < 1
conformally and univalently onto the domain D,. In this way a system { f,(2)}o
of n 4+ 1 functions is obtained. The set of all such systems of functions will be
called the class M(ay, ay, ..., a,,).

r'n
Let: R be the class of functions w = f(z) = Z;il a;,2*, regular in the disk |2| <
1 and such that, for any points z; and z, in |z| < 1, the product f(z;)f(z;) # 1;
T be the class of functions w = f(z) = 2;0:1 a2, regular in the disk |z| < 1
and such that, for any points z; and z, in |z| < 1, the product f(z;)f(z5) # —1;
R* and I'* are the subclasses of univalent functions respectively from the classes
R and I

Let {f.(2)}§ € M(o0,ay,...,a,). Denote by D,(r), k=0,1,...,n, the image of
the disk |z] < r, 0 <7 < 1, under the mapping by the function w = f;(z), and
by D(r) the complement in the extended w-plane of UZ:O Dy (r).

1°. Let {fi(2)}§ € M(o0,aq,...,a,). Let the function £ = Q(w) be regular
(and single-valued) in the domain D(r,) for some ry, 0 < ry < 1, and conse-
quently the functions Q(f;(z)) are regular in the annulus r, < |z| < 1 and are

representable there in the form

Qo

oo 1) oo
QU =D 4y bfan
q=0

q=1

Lemma. The inequality holds

ZZq]bé”f SZZCJW)]Q = A. (1)
1=0 g—1 1=0 g—1
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To prove this inequality it is necessary to compute the area S(r) of the image of
the domain D(r), ry < r < 1, under the mapping by the function £ = Q(w) (see
(12)) and let 7 tend to one. Equality in (1) holds if and only if lim,_,; S(r) = 0.

If, in the statement of the lemma, one requires only that the function @ (w) have
a regular and (single-valued) derivative in D(r,), then in the right-hand side of
inequality (1) there will appear some additional term, owing to the fact that in
the expansion of the function Q(f;(z)) in the annulus r; < |z| < 1 there will
appear a term S In z.

Corollary. Let C,gl) be arbitrary numbers such that the series 220:1 q|C,§l>|, l=
0,1,...,n, converge. If the conditions of the lemma are satisfied, the following
inequalities hold:

n o0 n oo . 2
DN oab' | < A= alpl — aee] (2)
1=0 q=1 1=0 g=1
where
oo 00 -t 15,54
v [Savcr] (Sacre) - a-wSaten
q=1 q=1 q=1

SIS 0o
(; ;Qq q

q=1 =0 g=1

2
) - (A‘ > al —Ae”lcé”\g) DB WICLURNE)
=0

where

n

A:(XO:

1=

—1
) : (qulcé”P) . O=arg) by Cy.
1=0 ¢g=1 q=1

- l l
> ac
q=1

Equality in inequalities (2) and (3) holds if and only if lim,_, S(r) = 0.

2°. Let zu’k,z;’k (v =0,1,...,m; k =0,1,...,n) be arbitrary points from the
disk [z] < 15 let v, 4,75 (v = 0,1,..,m; k = 0,1,...,n), z,,,7,, (v =
0,1,...,m, k=0,1,...,n) be arbitrary numbers.

Let {f,(2)}§ € M(oc0,ay,...,a,). Consider functions ¢, (w,&), k = 0,1,...,n,
such that the function ¢ (w, £), for every fixed £ € Dy (r), 0 < r < 1, is regular
in w outside D,(r) and, for every fixed w € D,(r), is regular in D, (r) with
respect to £. It is clear that for k # {
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b(fi(z =3 bklerat =" pEL(E) 20 = by (€) + ¢ (€, 2)

q=0 p=0 q=0

for 2] < 1, [£] < 1;

Ui(fi(2), f Zzbll5p3q+2251l§pzq—

q= q=1 p=
=D B2+ B2 = b5 () + (& 2) + Y B (€)2
q=0 q=1 q=1

in the domain |¢] < |z] < 1.

Introduce the function

:Zz%/kwkwfk ))

k=0 v=0

This function satisfies the conditions of the lemma. Consequently, the following
inequalities hold:

n oo n m 2 n oo m 2
Zq Z%,kbg’l(zu,k) < qu Z%,lﬂé’l(zu,z) = A’ (1)
1=0 ¢g=1 k=0 v=0 =0 g=1 v=0
noq n m o3
7 Z Z vy’k’y;,’laiscpkyl(zu,k,Z;,’l) S A/, S :0,1,...; (27)
1=0 “7 [k=0 v,/ =0 ZV:]‘?

n m 85
D D Wi o Pra (B 2
v,k vl s k\~v,k> <1

3zy7k

Z 825 In 1
’V”ﬂ vl zsacs 1—2(¢

. 7 P
v,/ szy’l,zfzu,,l

To obtain inequalities (2”) and (3”), one must apply the corollary of the lemma
to inequality (1’), putting
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1 & q!
O<l> —— '7; ZI// q—s
q qVZ:O M (Q7S)'( ,l)

for ¢ > s, and C’é” =0 for g < s.
Putting in inequalities (1'), (2), and (3")

1 & : 2
= 0
,}/l//l: E :'r;,l(zu,l)qv Zul:'zz//l:rel Y 0y2m+1yv 0<r<1,

and letting m tend to oo, and then r to unity, in the limit we obtain the in-
equalities

n oo n m 2 P 0o I 2
Soado D bhtw] <2 afd o Bie, =47 @)
1=0 q=1 |k=0 p=0 =0 g=1 |p=0
O N
1 q+ s ”
oY e e <A s=00s (@)
1=0 ‘" |k=0p,q=0 q
n n m (q T 8)' n 1/2
Z Z Z b];:tlﬁs | ' xCJ,kmt/],l < | A7 A ) s=0,1,..., (3")
1=0 | k=0 p,q=0 ¢ 1=0
where
m
(g+s)1
;= =~ )2
: ; g g

In inequalities (2”) and (3”), for s = 0 the summation over ¢ must run from 1
to m (and not from zero to m).

Putting in inequalities (1”), (2”), and (3”)

m m

— p /o / /' \q
Tpk = E Vu,kzu,k’ wq,l - E :’yu,l(zu,l)
v=0 v=0
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and letting 7 tend to oo, in the limit we obtain inequalities (1”), (2”), and (3').

3°. As the functions 9, (w, §) occurring in item 2°, one may take, for example,

In this case

m

n 00

1 2 q

= E E ’Vu,l’YV’,l 7(Zu,lzu/,l) )
=0 v,v’'=0 q=1 q

Z Z ’71/1711 llnlfz

=0 v,v/'=0 UlZ’l

ZZ ‘qu|2

=0 g=1

/

4°. In the case considered in item 3°, the inequalities (17), (2), (3'), ( "), (27),
(3”) can be generalized. In this case, for example, inequality (2) (for s = 0) will
correspond to the inequality

= s ’ /= S _
E o) E E v, k’yyf,l gphl(zy’k, ZV/J> < E Y1V 10 T . s=1,2,..
=0 Al k=0 /=0 1=0 v,/ =0 Zy,lzl/,l
where
§ Yo Vo zln
1/ lZ / l

l/Df

Further, it is easy to obtain six more inequalities. In this case, to the preceding
inequality there will correspond the inequality

2
n m m n m -~
Z Z DA R ICNC ] I S Tv M
A* Yo kN 1 = 1— 2 7,
k=0 v,v'=0 =0 v,v'=0 v,l%v 1
m -~
AF = ’Yy,l')/,,/’l
. Z 1—2 7 .
v,/ =0 v, 17Vl

The latter inequalities make it possible to obtain a number of interesting integral
inequalities. In particular, the following holds.
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Theorem. If {f,(z), fi(z)} € M(c0,0), then the inequality

1 2 1 27 1
— £, (et 2d9~—/ . _dp<.
ol BLLCRIAr = (e

holds.
The equality sign holds if and only if

a (lal* — [b]*)n=
folz)=—+b, o[>, f(z)="——— =1
z a—bnz
Corollary. If f(z) = Z;il a,z® € R* (or I'*), then the inequality
1 2 ) 00
o [ ENPdg=) oyl < 1. (4)
27 Jy p

holds.
The equality sign holds if and only if

nz
H=—1 __ R>1, ~ 1
/() R+VR?—1nz i

Inequality (4) also holds in the case when f(z) € R (or I'). It strengthens the
result obtained in paper (1):

1 2m

o | e <1, f(z) €R (orT).
T Jo
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