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ON DENSELY EMBEDDED IDEALS OF SEMI-
GROUPS

(Presented by Academician A. 1. Mal tsev on 8 XII 1959)

In the theory of semigroups of transformations, the concept of a densely embed-
ded ideal has recently begun to play a noticeable role.

An ideal N of a semigroup T is called densely embedded (1) if the following
two conditions hold: 1) every homomorphism of the semigroup T' that is not
an isomorphism (we shall say: a proper homomorphism) induces in N also a
proper homomorphism; 2) for every semigroup S containing 7" and different
from T, such that IV is an ideal in S, there exists a proper homomorphism of
the semigroup S inducing an isomorphism in N.

With the aid of densely embedded ideals one can obtain an abstract characteriza-
tion of certain very important semigroups of transformations (see, for example,
(374)). Often the presence in a semigroup of a densely embedded ideal with one
or another property characterizes the semigroup uniquely up to isomorphism.
In this connection the following question is of interest: under what conditions
can a semigroup N be a densely embedded ideal of some semigroup*.

In the present note a necessary condition of this kind is given. Besides the main
result, the construction used here for extending a semigroup is, in our opinion,
of some interest.

We first give the definitions we shall need.

The set of all elements x of a semigroup T satisfying the condition 2T = Tx = 0,
where 0 is the zero of the semigroup T, is called the annihilator of T'. We shall
denote the annihilator of the semigroup T' by A(T'). A nonempty annihilator
will be called nontrivial if it contains elements different from zero. An ideal
N of a semigroup 7' is called characteristic if it is an ideal in every semigroup
T* containing T as an ideal.

The following lemma is easily proved.

Lemma 1. A(T), if it is nonempty, is a characteristic ideal of the semigroup
T.

We now formulate the main result of the note.
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Theorem. A semigroup possessing a nontrivial annihilator cannot be a densely
embedded ideal in any semigroup.

Let N be a semigroup with nontrivial annihilator, and let a be an arbitrary
nonzero element of A(N), a € A(N), a # 0. Suppose N is an ideal in a semi-
group 7', and that every proper homomorphism of 7" induces a proper homomor-
phism of N. We shall construct a semigroup .S, S O T, in which N is an ideal
and every proper homomorphism of which also induces a proper homomorphism
of N. This will prove the theorem.

Denote by the principal ideal generated by the element a in the semigroup 7T,

* A more particular question (whether a nilpotent semigroup can be a densely
embedded ideal) was posed to the author by L. M. Gluskin, to whom the author
expresses his sincere gratitude. The main result of the present note gives a
negative answer for a considerably broader class of semigroups.

through A. A =aUTaUaTaT. From Lemma 1 it follows that A(N) is an ideal
in T'; therefore A C A(N).

We shall put the elements of the set A in a completely ordered form in an
arbitrary way by means of the set 2 of indices 0,1,2,...,a,a + 1,..., putting
only ay =0, a; = a.

The semigroup T decomposes into the set-theoretic sum of pairwise disjoint
subsets K, 43, a, 8 € 2, where K, is the set of all elements = of T" satisfying the
relations za = a,, ax = ag. It is obvious, in particular, that N C K;,. Some
of these subsets may be empty (this may occur, for example, for those o and
which correspond to elements of T'aT).

The sequel rests on the following lemmas, in which «, 8,7, 6, A\, 4 are arbitrary
indices from 2 such that the corresponding complexes K3, K5, K3, K, are
nonempty.

Lemma 2. The products a,K.,; and K,gas are equal and are equal to an
element a,. € A, where T is some function of a and 6, T = 7(«, ), T € 2.
Proof. The equality a,K 5 = K,gaK,; = K,za; is obvious. In view of
oL / ’
the equalities K,za = K,ga, aK 5 = aK,s, where 8" # 3, v # 7, the
independence of the product K,zaK. s of 8 and v is clear. It remains to show
that the product K,zaK s is equal to one element of A. Indeed, let k,5 and
k;B be arbitrary elements of K4, and k.5 and k/vé arbitrary elements of K_ ;.
Then
kaﬁak,ﬂs = ka,@ . ak;é = kaﬁa . k',lyé- = k&ﬁakfyé

ThuS, KaﬁaK,y(; = a_,_(a@ .
Remark. Obviously,

7(a,0) = 7(0,5) =0, (o, 1) = «, 7(1,8) = B.
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Lemma 3. Let 7(a, 8) be the function defined in Lemma 2. The inclusion
Kaplas € Krtam (s

holds.
Proof.

Kaplast = Kopty = traq),  aBophas = aghas = argg).
These two equalities prove the lemma.

Lemma 4. Let 7(«, B) be the function defined in Lemma 2. The equality

T(m(a, B),7) = 7(a, 7(8,7)).
holds.
Proof.

Ur(r(f)) = Or(ap) Ky = GaBapK iy = @aBrx 1) r(5y) = Cr(ar(8,)
This proves the lemma.

Remark. The function 7(«, 8) may, obviously, be regarded as a partially de-
fined single-valued binary operation on the set 2. Lemma 4 then asserts that
this operation is associative.

We shall construct the semigroup S by adjoining to 7T the elements
b,hi,hoy s by, Pty o1 G15 925 s 9o Gag1s - specified by the following
defining relations, reduced for clarity to a multiplication table (where we put
hy = g9 =0):

Ky b 9y hy
Kap Keamrse  la 0 hr(am)
b gs a a, 0
ha O Cla aT(aﬁ) 0
Yo 9r(a,0) 0 0 0

Here the complexes K3, K5 are taken to be nonempty. The complex stand-
ing in the upper left corner is contained in the product of the corresponding
complexes. In the remaining cases equalities hold. Let us note that we have
deliberately interchanged the elements g, and h., in the row (unlike in the col-
umn), in order to emphasize a certain symmetry of the table, which we shall
use later in the proof.

It is necessary to verify the correctness of the multiplication defined in this way,
or, in other words, the validity of associativity. Since associativity holds in T,
it is necessary to consider products in which at least one element belongs to
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S\ T. Since all elements of some complex K5, when multiplied on the right
(on the left) by a certain element of S\ T, give one and the same element, this
makes it possible to take the whole complex when considering products in which
elements of T' take part. Thus, we must show the equality of the two products
XY -Z and X -Y Z, where at least one of the complexes X,Y, Z is an element of
S\T. In doing so, we shall constantly use Lemmas 2, 3, 4, without mentioning
this in the appropriate places.

The following cases are possible:
A. Among the complexes being multiplied there are two from T

1. K ): K ,Bh'Y = Ka,B ‘K,Y&b.

(03 (03

8555 0= Kriamr(p.a)0 = e

o,y

2. KogKys - he = Kro )rg,6)lte = Pririam)e) = Priarive) = Kaphere) =
= KC%B . Kwéha'

3. KozﬁK'yﬁ ‘g = K‘r(a,’y)f(ﬁ,&)gs =0= Kozﬁ 0= Kozﬁ ’ K’yégs'
4. Kale'K,y(;:haK,}@:O:Kaﬁ(S(;:Kaﬁ bK,Wg.
5. Ka,@ha K _hT(Oé E)K"/(S:O:KOZB O_Kaﬁ'heK'y(S'

6. Kaﬁge ! K’y& =0= Kaﬂ : gsK'yé'

Thus, for all v € S\T, K, 3K 5-2=K,3- K sz and K gz - K5 = K3 2K ;.
From considerations of symmetry it is not difficult to conclude that, analogously
to cases 1-3, for all x € S\T', 2K 5 - K5 =2 - K ,sK ;.

B. Among the complexes being multiplied there is one from 7T'.
L. K,gb-b=h,b=a,=K,sa= K,z bb.
2. Kaghy b= e

b=a, =K, -a,=K,
3. Kaﬂg,y-l‘ZO:K

a,y) a@'hvb'
. Kaﬁx-hW:O:K

«

g gz forallz € S\T.

4 5 h, forallz € S\T.

5. Kopb gy =hogy = a0 = Kap-a, =K,z bg,.
6

. Ka,Bh'y “9s = h‘r(a,y)g(s = aT(T(a,'y),5) = a‘r(a,T(’y,ts)) = Ka[;?a’r('y,é) = Kaﬁ :
h/,yg(;

Thus, for arbitrary z,y € S\T, K gz -y = K,5 - ry. From considerations
of symmetry it is not difficult to conclude that for arbitrary z,y € S\ T, zy -
K.3 = yK,z. It is also not difficult to verify that for arbitrary x,y € S\T,
tK,p-y=x-K,zy=0.

C. All three complexes being multiplied are elements of S\ T'.
Here, obviously, zy - z = x - yz = 0.

Taking into account the inclusion N C K, and using the remark to Lemma 2,
it is easy to see that N will be an ideal in S.
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We now show that every proper homomorphism ¢ of the semigroup S induces
a proper homomorphism of N. Let px = ¢y; x #y; x,y € S. If z,y € T, then
o induces a proper homomorphism of N by virtue of the condition. We shall
therefore suppose that, for example, z ¢ T'. Consider the possible cases here. In
doing so we use the following generally accepted notation: A — B means that
from assertion A assertion B follows.

I.x=b.
1. yeT, yeKaﬁ,a)a#O—Mpaa=<pya=<py-<pa=<pb-tpa=<pba=<p0;
b) a=0— pa = pb*> = py - pb = pyb = 0, since yb = 0.
2.y € S\T. a) y = h, (where « # 0, since y ¢ T) — pa, = pyb =
=@y - b=y - oy = ¢0;
b) y =g, (a#0) = pa, = by = ¢b- gy = py* = 0.
II. x =g, (a #0).
lLLyeT, ye K.

a) 0 # 0= pas = pay = pa - oy = pa - g, = pag, = ¢0;

b) 6 =0= pa, - pbxr = @b - px = pb- py = by = 0.
2. ye S\T.

a) y = b, the case was considered in I;
b) y=hg = pa, = pbr = @b px = b - py = Yby = Y0;

¢) y=ygp (BF# )= pa, = b = ¢b- pr = pby = pag.
ITI. = h,, (o # 0). The case is analogous to the preceding one.

Thus, in all cases there are elements a,, and ag, a, # ag, for which pa, = pag,
i.e. ¢ induces a proper homomorphism of the semigroup N, as was required to
prove.

Let us note that it is impossible to establish, for the given class of semigroups,
the nonfulfillment of the first of the requirements entering into the definition of
a densely embedded ideal, as the following simple example shows. Let N be a
zero semigroup, i.e. N2 = 0, and let 0 be the zero of the semigroup N. Then N
will be an ideal in the semigroup 7' = N U e, where e is an externally adjoined
identity, and it is not difficult to verify that every proper homomorphism of T’
induces a proper homomorphism of N.

Ural State University
named after A. M. Gorky
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