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MATHEMATICS
V. SOLONNIKOV

ON ESTIMATES OF GREEN TENSORS FOR
SOME BOUNDARY-VALUE PROBLEMS

(Presented by Academician V. I. Smirnov on 19 X 1959)

1. Consider the first boundary-value problem for the stationary Navier—Stokes
system in a bounded three-dimensional domain €2 with boundary S:

Av =gradp + f, divv =0, v| =0, (1)

Odqvist (1) developed the theory of potentials and constructed the Green tensor
for problem (1). The fundamental singular solution has the form

1 [6;  (zi—y)(x;—y;) 1 z;—y;
v;(T,y) = 3 @ + = ) q;(z,y) = . =

The Green tensor constructed by Odqvist is expressed in terms of the funda-
mental singular solution in the following way:

Gyj(x,y) = vy(z,y) =T, y),  gi(z,y) = ¢;(z,y) — (=, y),

where I';;, 7, satisfy the system

873(13 y) arzg (ZL’, y)
AT (r,y) = ~om, “om, 0,

and the boundary condition

Fij<€>y)|5es = vij(€7y)’£65'

For G,;, 0G,;/0z,,, g;, Odqvist obtained a number of estimates. A generaliza-
tion of his results is the following theorem:

Theorem 1. If S € Lip(1,h), 0 < h < 1, then
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where C are constants depending on S; R = min(r,,,7,/, ).
If, however, S € Lip(2,)), 0 < A < 1, then
2
8 sz(xvy) Bg](x,y) < g
dx,;0x,, | Oz, | 3,
2 2 ’
0°Gi(@,y) _ 0°G;(@’,y) T L Y B S B O R L A
Oox,0x,, Ox;0x], - ¢ R4 + R3 + Rz ) A<,
8gj(x, y) 8gj($/, y) C T.rx" In Tmm’| + Ty’ | In Ty’ |2 + Trm" In Tza’ |‘3 A=1
ox, Ox; R RS R? ’ '

We note that exactly the same estimates are valid for the Green’ s function for
the Dirichlet problem and for the Neumann function.

Since the solution of problem (1) is expressed by means of the Green tensor
according to the formulas

vi(z) = — /Q Gy fiy)dy,  ple) = — /Q 0, 9) () dy,

then, with the aid of Theorem 1, the following can be proved.
Theorem 2. If S € Lip(1,h) and |f| < C, then

ov(z)  dv(x))

Ox; Ox;

p(z) —p(z’)

If, however, S € Lip(2,\), f € Lip(0, «), then

5| < C,

7

‘5‘1}

Crgr,, h<l1,
< )
Cry|lnr /2, h=1

0%
0z,;0x;

< C”f”Lip(O,a)7

dp
’ oz,
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i

A more general result is given in the note (2).
In addition, the following theorem is valid.

Theorem 3. If S € C2, then the inequality

||V||Wg(sz) < C”f”Lp(Q)

holds.

We note that an analogous estimate for [|v[yz), where Q" is any strictly
interior subdomain of the domain €2, was obtained by O. A. Ladyzhenskaya.

2. In the study of the differential properties of the solution of stationary
problems of magnetohydrodynamics, it becomes necessary to construct
the Green tensor for the following problem

rotH =j, divH =0, H,|ls=0, (2)

where j is a prescribed solenoidal vector, H,|s = H;(§)n;(§)|¢cs, and Q is a
simply connected domain.

We shall also consider the adjoint problem

rot E = a, divE = 0, E |¢=0, (3)

s =0, and

where a is a solenoidal vector satisfying the boundary condition a,,|

E =E-nE,.
The Green tensors for problems (2), (3), V;.(z,y) and U;,(z,y), are solutions of
the following problems:

ON(z,y)

+e0(x—1y), div, Vi.(z,y) =0,
o, K6(z —y) k(T Y)

rot, Vi.(z,y) = grad,

VkT(&y)’EES =0, Vi = (Vig Vars V),
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G (z,y)

rot, Uy(x,y) = grad, ay
k

+ eké(x - y)a

div, Uy (x,y) =0, Upn (&, y)’§€S =0, U= Uy, Us, Usy),

where N(xz,y) is the Neumann function, and G(z,y) is the Green function for
the Dirichlet problem.

It is easy to verify that

1 e ,
Vk<m7y) = E rOtw rik + Vk (l’,y) + gradz Sk(l'7y),
Yy

where

, _ 1 ON(&,y) n(§)
Vi(z,y) = g roti/sayk re, dS;

and s (x,y) is the solution of the Dirichlet problem:
Awsk(xvy) :Oa Sk(&?y)|£€s :bk:(gayﬂgesv
where

MO (]
b ) = - - t, — V/ ) ) d )
k(€ Y) /M 1 Tty =+ Vi y), de,

0 ny

the integration is carried out along a contour lying on S. The expression for
b, (€, y) is meaningful, since

Furthermore,

1 e ,
Uk(wvy) = E rOtx ri + Uk:<x7y) + gra’dz tk(xay)a
Ty

where

0
Ui y) = rot, /S ﬂé)(f/ky)@ s,
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p(&,y) is the density of the double-layer potential by means of which the regular
part of the function G(z,y) is expressed, and t,(x,y) is the solution of the
Neumann problem

Atk(‘rv y) = 07
I 1
W -1 rot,, S +Upn(&,9)
Ng ¢es T "oy ses

Between V;;, and Uy, there exists the relation

Vi (2, ZU) = Uki(%ﬂﬁ)-

The solutions of problems (2), (3) are expressed by means of V;;, and Uy, in the
following way:

m@zéz@mwmwzémmwmww

&@zé%@mmmw=éwmwmww

Theorem 4. If S € Lip(1, h), then

C
Uiz, 9)],  [Vip(z,y)| < FORE
Yy

Pou | 7| T,
C Tz TT Txa’ , h 1
Uik(@,y) — Ui (2", y)| < ( R3 TR ) <
|V;.k(x7y)7v‘1k($/7y)| C TII/“nme/l + T:L’x’“nrzz’|2 h=1
R3 R2 Y - )
where R = min(r,,,r,,).
If, moreover, S € Lip(2, \), then
U (z,y) Vi, < o
Oz, oxy | = 13’
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O, Ox; A + i3 T R2 AT

With the aid of these estimates the following can be proved.

Theorem 5. If S € Lip(1,h) and |j| < C, then the solution of problem (1)
satisfies the conditions:

CTZI/, h <1,

H|<C, H(z) — H(z')| <
IH] < [H(z) (m)l_{Crm/Hnrm/P, h=1.

If, moreover, S € Lip(2,A) and j € Lip(0, «), then

OH .
‘al‘l’ < C”JHLip(O,a)a

C”jHLip(O,(l)r;\z’7 A< a,
< 9 Clilipio,0)op 7y |, @ <A<, a< A<,

C”jHLip(O,a)rxx/ | In Ty ‘3’ a=A=1

OH(z) OH(z')
al'l aflf;

An exactly analogous theorem is valid for problem 2.
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