
Soviet-era science, translated into English

MATHEMATICS
1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.33624

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196001.33624


Abstract
Full Text

MATHEMATICS
V. SOLONNIKOV

ON ESTIMATES OF GREEN TENSORS FOR
SOME BOUNDARY-VALUE PROBLEMS
(Presented by Academician V. I. Smirnov on 19 X 1959)

1. Consider the first boundary-value problem for the stationary Navier—Stokes
system in a bounded three-dimensional domain Ω with boundary 𝑆:

Δv = grad 𝑝 + f, div v = 0, v∣𝑆 = 0, (1)

Odqvist (1) developed the theory of potentials and constructed the Green tensor
for problem (1). The fundamental singular solution has the form

𝑣𝑖𝑗(𝑥, 𝑦) = 1
8𝜋 [ 𝛿𝑖𝑗

𝑟𝑥𝑦
+ (𝑥𝑖 − 𝑦𝑖)(𝑥𝑗 − 𝑦𝑗)

𝑟3𝑥𝑦
] , 𝑞𝑗(𝑥, 𝑦) = 1

4𝜋
𝑥𝑗 − 𝑦𝑗

𝑟3𝑥𝑦
.

The Green tensor constructed by Odqvist is expressed in terms of the funda-
mental singular solution in the following way:

𝐺𝑖𝑗(𝑥, 𝑦) = 𝑣𝑖𝑗(𝑥, 𝑦) − Γ 𝑗
𝑖𝑗(𝑥, 𝑦), 𝑔𝑗(𝑥, 𝑦) = 𝑞𝑗(𝑥, 𝑦) − 𝛾𝑗(𝑥, 𝑦),

where Γ𝑖𝑗, 𝛾𝑗 satisfy the system

Δ𝑥Γ𝑖𝑗(𝑥, 𝑦) = 𝜕𝛾𝑗(𝑥, 𝑦)
𝜕𝑥𝑖

, 𝜕Γ𝑖𝑗(𝑥, 𝑦)
𝜕𝑥𝑖

= 0,

and the boundary condition

Γ𝑖𝑗(𝜉, 𝑦)∣𝜉∈𝑆 = 𝑣𝑖𝑗(𝜉, 𝑦)∣𝜉∈𝑆.

For 𝐺𝑖𝑗, 𝜕𝐺𝑖𝑗/𝜕𝑥𝑚, 𝑔𝑗, Odqvist obtained a number of estimates. A generaliza-
tion of his results is the following theorem:

Theorem 1. If 𝑆 ∈ Lip(1, ℎ), 0 < ℎ ⩽ 1, then
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|𝐺𝑖𝑗(𝑥, 𝑦)| ⩽ 𝐶
𝑟𝑥𝑦

, ∣𝜕𝐺𝑖𝑗(𝑥, 𝑦)
𝜕𝑥𝑚

∣ , |𝑔𝑗(𝑥, 𝑦)| ⩽ 𝐶
𝑟2𝑥𝑦

,

∣𝜕𝐺𝑖𝑗(𝑥, 𝑦)
𝜕𝑥𝑚

− 𝜕𝐺𝑖𝑗(𝑥′, 𝑦)
𝜕𝑥′𝑚

∣

∣𝑔𝑗(𝑥, 𝑦) − 𝑔𝑗(𝑥′, 𝑦)∣

⎫}
⎬}⎭

⩽

⎧{{
⎨{{⎩

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅3 + 𝑟ℎ

𝑥𝑥′

𝑅2 ) , ℎ < 1,

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅3 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2

𝑅2 ) , ℎ = 1,

where 𝐶 are constants depending on 𝑆; 𝑅 = min(𝑟𝑥𝑦, 𝑟𝑥′𝑦).
If, however, 𝑆 ∈ Lip(2, 𝜆), 0 < 𝜆 ⩽ 1, then

∣𝜕
2𝐺𝑖𝑗(𝑥, 𝑦)
𝜕𝑥𝑙𝜕𝑥𝑚

∣ , ∣𝜕𝑔𝑗(𝑥, 𝑦)
𝜕𝑥𝑙

∣ ⩽ 𝐶
𝑟3𝑥𝑦

,

∣
∣
∣
∣
∣

𝜕2𝐺𝑖𝑗(𝑥, 𝑦)
𝜕𝑥𝑙𝜕𝑥𝑚

− 𝜕2𝐺𝑖𝑗(𝑥′, 𝑦)
𝜕𝑥′

𝑙𝜕𝑥′𝑚

𝜕𝑔𝑗(𝑥, 𝑦)
𝜕𝑥𝑙

− 𝜕𝑔𝑗(𝑥′, 𝑦)
𝜕𝑥′

𝑙

∣
∣
∣
∣
∣

≪
⎧{{
⎨{{⎩

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅4 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2

𝑅3 + 𝑟𝜆
𝑥𝑥′

𝑅2 ) , 𝜆 < 1,

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅4 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2

𝑅3 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |3
𝑅2 ) , 𝜆 = 1.

We note that exactly the same estimates are valid for the Green’s function for
the Dirichlet problem and for the Neumann function.

Since the solution of problem (1) is expressed by means of the Green tensor
according to the formulas

𝑣𝑖(𝑥) = − ∫
Ω

𝐺𝑖𝑗(𝑥, 𝑦)𝑓𝑗(𝑦) 𝑑𝑦, 𝑝(𝑥) = − ∫
Ω

𝑔𝑗(𝑥, 𝑦)𝑓𝑗(𝑦) 𝑑𝑦,

then, with the aid of Theorem 1, the following can be proved.

Theorem 2. If 𝑆 ∈ Lip(1, ℎ) and |f| ≪ 𝐶, then

∣ 𝜕𝑣
𝜕𝑥𝑖

∣ ≪ 𝐶,
∣𝜕𝑣(𝑥)

𝜕𝑥𝑖
− 𝜕𝑣(𝑥′)

𝜕𝑥′
𝑖

∣

|𝑝(𝑥) − 𝑝(𝑥′)|

⎫}
⎬}⎭

≪ {𝐶𝑟ℎ
𝑥𝑥′ , ℎ < 1,

𝐶𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2, ℎ = 1.

If, however, 𝑆 ∈ Lip(2, 𝜆), f ∈ Lip(0, 𝛼), then

∣ 𝜕2𝑣
𝜕𝑥𝑖𝜕𝑥𝑗

∣ , ∣ 𝜕𝑝
𝜕𝑥𝑖

∣ ≪ 𝐶‖f‖Lip(0,𝛼),

sovietrxiv.org/items/ru-196001.33624 Machine Translation

https://sovietrxiv.org/items/ru-196001.33624


∣ 𝜕2𝑣(𝑥)
𝜕𝑥𝑖𝜕𝑥𝑗

− 𝜕2𝑣(𝑥′)
𝜕𝑥′

𝑖𝜕𝑥′
𝑗

∣

∣𝜕𝑝(𝑥)
𝜕𝑥𝑖

− 𝜕𝑝(𝑥′)
𝜕𝑥′

𝑖
∣

⎫}}
⎬}}⎭

≪
⎧{
⎨{⎩

𝐶‖f‖Lip(0,𝛼)𝑟𝜆
𝑥𝑥′ , 𝜆 < 𝛼,

𝐶‖f‖Lip(0,𝛼)𝑟𝛼
𝑥𝑥′ | ln 𝑟𝑥𝑥′ |, 𝛼 ≤ 𝜆 < 1, 𝛼 < 𝜆 ≪ 1,

𝐶‖f‖Lip(0,1)𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |3, 𝛼 = 𝜆 = 1.

A more general result is given in the note (2).

In addition, the following theorem is valid.

Theorem 3. If 𝑆 ∈ 𝐶2, then the inequality

‖v‖𝑊 2𝑝 (Ω) ≪ 𝐶‖f‖𝐿𝑝(Ω)

holds.

We note that an analogous estimate for ‖v‖𝑊 2
2 (Ω′), where Ω′ is any strictly

interior subdomain of the domain Ω, was obtained by O. A. Ladyzhenskaya.

2. In the study of the differential properties of the solution of stationary
problems of magnetohydrodynamics, it becomes necessary to construct
the Green tensor for the following problem

rot H = j, div H = 0, 𝐻𝑛|𝑆 = 0, (2)

where j is a prescribed solenoidal vector, 𝐻𝑛|𝑆 = 𝐻𝑖(𝜉)𝑛𝑖(𝜉)|𝜉∈𝑆, and Ω is a
simply connected domain.

We shall also consider the adjoint problem

rot E = a, div E = 0, E𝜏 |𝑆 = 0, (3)

where a is a solenoidal vector satisfying the boundary condition 𝑎𝑛|𝑆 = 0, and
E𝜏 = E − n𝐸𝑛.

The Green tensors for problems (2), (3), 𝑉𝑖𝑘(𝑥, 𝑦) and 𝑈𝑖𝑘(𝑥, 𝑦), are solutions of
the following problems:

rot𝑥 𝑉𝑘(𝑥, 𝑦) = grad𝑥
𝜕𝑁(𝑥, 𝑦)

𝜕𝑦𝑘
+ 𝑒𝑘𝛿(𝑥 − 𝑦), div𝑥 𝑉𝑘(𝑥, 𝑦) = 0,

𝑉𝑘𝜏(𝜉, 𝑦)∣𝜉∈𝑆 = 0, 𝑉𝑘 = (𝑉1𝑘, 𝑉2𝑘, 𝑉3𝑘),
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rot𝑥 𝑈𝑘(𝑥, 𝑦) = grad𝑥
𝜕𝐺(𝑥, 𝑦)

𝜕𝑦𝑘
+ 𝑒𝑘𝛿(𝑥 − 𝑦),

div𝑥 𝑈𝑘(𝑥, 𝑦) = 0, 𝑈𝑘𝑛(𝜉, 𝑦)∣𝜉∈𝑆 = 0, 𝑈𝑘 = (𝑈1𝑘, 𝑈2𝑘, 𝑈3𝑘),

where 𝑁(𝑥, 𝑦) is the Neumann function, and 𝐺(𝑥, 𝑦) is the Green function for
the Dirichlet problem.

It is easy to verify that

𝑉𝑘(𝑥, 𝑦) = 1
4𝜋 rot𝑥

𝑒𝑘
𝑟𝑥𝑦

+ 𝑉 ′
𝑘 (𝑥, 𝑦) + grad𝑥 𝑠𝑘(𝑥, 𝑦),

where

𝑉 ′
𝑘 (𝑥, 𝑦) = 1

4𝜋 rot𝑥 ∫
𝑆

𝜕𝑁(𝜉, 𝑦)
𝜕𝑦𝑘

𝑛(𝜉)
𝑟𝜉𝑥

𝑑𝑆𝜉

and 𝑠𝑘(𝑥, 𝑦) is the solution of the Dirichlet problem:

Δ𝑥𝑠𝑘(𝑥, 𝑦) = 0, 𝑠𝑘(𝜉, 𝑦)∣𝜉∈𝑆 = 𝑏𝑘(𝜉, 𝑦)∣𝜉∈𝑆,

where

𝑏𝑘(𝜉, 𝑦) = − ∫
𝑀(𝜉)

𝑀0

( 1
4𝜋 rot𝜂

𝑒𝑘
𝑟𝜂𝑦

+ 𝑉 ′
𝑘 (𝜂, 𝑦), ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑑𝑒𝜂) ;

the integration is carried out along a contour lying on 𝑆. The expression for
𝑏𝑘(𝜉, 𝑦) is meaningful, since

∮
(𝑙)

( 1
4𝜋 rot𝜂

𝑒𝑘
𝑟𝜂𝑦

+ 𝑉 ′
𝑘 (𝜂, 𝑦), ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑑𝑙𝜂) = 0.

Furthermore,

𝑈𝑘(𝑥, 𝑦) = 1
4𝜋 rot𝑥

𝑒𝑘
𝑟𝑥𝑦

+ 𝑈 ′
𝑘(𝑥, 𝑦) + grad𝑥 𝑡𝑘(𝑥, 𝑦),

where

𝑈 ′
𝑘(𝑥, 𝑦) = rot𝑥 ∫

𝑆

𝜕𝜌(𝜉, 𝑦)
𝜕𝑦𝑘

𝑛(𝜉)
𝑟𝜉𝑥

𝑑𝑆𝜉,
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𝜌(𝜉, 𝑦) is the density of the double-layer potential by means of which the regular
part of the function 𝐺(𝑥, 𝑦) is expressed, and 𝑡𝑘(𝑥, 𝑦) is the solution of the
Neumann problem

Δ𝑡𝑘(𝑥, 𝑦) = 0,

𝜕𝑡𝑘(𝜉, 𝑦)
𝜕𝑛𝜉

∣
𝜉∈𝑆

= − 1
4𝜋 rot𝑛

𝑒𝑘
𝑟𝜉𝑦

+ 𝑈 ′
𝑘𝑛(𝜉, 𝑦)∣

𝜉∈𝑆
.

Between 𝑉𝑖𝑘 and 𝑈𝑖𝑘 there exists the relation

𝑉𝑖𝑘(𝑥, 𝑦) = 𝑈𝑘𝑖(𝑦, 𝑥).

The solutions of problems (2), (3) are expressed by means of 𝑉𝑖𝑘 and 𝑈𝑖𝑘 in the
following way:

𝐻𝑘(𝑥) = ∫
Ω

𝑗𝑖(𝑦)𝑉𝑖𝑘(𝑦, 𝑥) 𝑑𝑦 = ∫
Ω

𝑈𝑘𝑖(𝑥, 𝑦)𝑗𝑖(𝑦) 𝑑𝑦,

𝐸𝑘(𝑥) = ∫
Ω

𝑎𝑖(𝑦)𝑈𝑖𝑘(𝑦, 𝑥) 𝑑𝑦 = ∫
Ω

𝑉𝑘𝑖(𝑥, 𝑦)𝑎𝑖(𝑦) 𝑑𝑦.

Theorem 4. If 𝑆 ∈ Lip(1, ℎ), then

|𝑈𝑖𝑘(𝑥, 𝑦)|, |𝑉𝑖𝑘(𝑥, 𝑦)| ≤ 𝐶
𝑟2𝑥𝑦

,

|𝑈𝑖𝑘(𝑥, 𝑦) − 𝑈𝑖𝑘(𝑥′, 𝑦)|
|𝑉𝑖𝑘(𝑥, 𝑦) − 𝑉𝑖𝑘(𝑥′, 𝑦)| } ≤

⎧{{
⎨{{⎩

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅3 + 𝑟ℎ

𝑥𝑥′

𝑅2 ) , ℎ < 1,

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅3 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2

𝑅2 ) , ℎ = 1,

where 𝑅 = min(𝑟𝑥𝑦, 𝑟𝑥′𝑦).
If, moreover, 𝑆 ∈ Lip(2, 𝜆), then

∣𝜕𝑈𝑖𝑘(𝑥, 𝑦)
𝜕𝑥𝑙

∣ , ∣𝜕𝑉𝑖𝑘
𝜕𝑥𝑙

∣ ≤ 𝐶
𝑟3𝑥𝑦

,
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∣𝜕𝑈𝑖𝑘(𝑥, 𝑦)
𝜕𝑥𝑙

− 𝜕𝑈𝑖𝑘(𝑥′, 𝑦)
𝜕𝑥′

𝑙
∣

∣𝜕𝑉𝑖𝑘(𝑥, 𝑦)
𝜕𝑥𝑙

− 𝜕𝑉𝑖𝑘(𝑥′, 𝑦)
𝜕𝑥′

𝑙
∣

⎫}}
⎬}}⎭

≤

⎧{{
⎨{{⎩

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅4 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2

𝑅3 + 𝑟𝜆
𝑥𝑥′

𝑅2 ) , 𝜆 < 1,

𝐶 (𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |
𝑅4 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2

𝑅3 + 𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |3
𝑅2 ) , 𝜆 = 1.

With the aid of these estimates the following can be proved.

Theorem 5. If 𝑆 ∈ Lip(1, ℎ) and |j| ≤ 𝐶, then the solution of problem (1)
satisfies the conditions:

|H| ≤ 𝐶, |H(𝑥) − H(𝑥′)| ≤ {𝐶𝑟ℎ
𝑥𝑥′ , ℎ < 1,

𝐶𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |2, ℎ = 1.

If, moreover, 𝑆 ∈ Lip(2, 𝜆) and j ∈ Lip(0, 𝛼), then

∣𝜕H
𝜕𝑥𝑙

∣ ≤ 𝐶‖j‖Lip(0,𝛼),

∣𝜕H(𝑥)
𝜕𝑥𝑙

− 𝜕H(𝑥′)
𝜕𝑥′

𝑙
∣ ≤

⎧{
⎨{⎩

𝐶‖j‖Lip(0,𝛼)𝑟𝜆
𝑥𝑥′ , 𝜆 < 𝛼,

𝐶‖j‖Lip(0,𝛼)𝑟𝛼
𝑥𝑥′ | ln 𝑟𝑥𝑥′ |, 𝛼 ≤ 𝜆 < 1, 𝛼 < 𝜆 ≤ 1,

𝐶‖j‖Lip(0,𝛼)𝑟𝑥𝑥′ | ln 𝑟𝑥𝑥′ |3, 𝛼 = 𝜆 = 1.

An exactly analogous theorem is valid for problem 2.

Leningrad Branch
of the V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR
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