Soviet-era science, translated into English

MATHEMATICS

S. A. SMOLYAK

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.33160

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.33160

Abstract

Full Text
MATHEMATICS
S. A. SMOLYAK

INTERPOLATION AND QUADRATURE
FORMULAS ON THE CLASSES W& AND
10

(Presented by Academician A. M. Kolmogorov, 20 XII 1959)

Let W&(1) (and, respectively, E¢(1)) denote the class of complex-valued func-
tions f(zy,...,x,) = f(x) having period 1 in each variable and expandable in

s
the Fourier series

F(x) =) Cpe?mim), (1)

where

1
my ... mg)*|Cpa 21 (respectively Chl < ) . 2
S )l Cnl € ) @

m

Here m = max(1,|m|). For the classes W& and E2, see the works (}2).

In the present paper upper and lower estimates are given for the quantities

2

1 N
ka
Ai(a) =min inf su // X)— (—) x)| dx (3
(@) A o (OEL, f(x)evggv(l) | f(x) ;f N P (x) (3)
L 2
Ay(a) =min  inf sup / / flx)— Zf(@) vp(x)| dx.
8 prx)<ls f(x)eE2 (1) Jo =\

From W(1) C E$(1) it follows at once that A;(a) < Ay(a). Conversely, from
f(x) € E%(1) it follows that, for any € > 0, %f(x) € Wffl/%a(l), whence
Ay(a) < C?(e)A (a—1/2 —¢€). Using this inequality, one can obtain estimates
for A,(a) from estimates for A, («); however, by this method only less complete
results are obtained for A,(a) (see Theorem 2).
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Theorem 1.

SNa <A (a) <Clays)———— fora>1, s>2. (4)

The upper estimate holds for N prime.

Proof. Let ¢, (x) be expanded in the Fourier series convergent in the mean,

ZC 27rznx

and let the series (1) converge to f(x) at the points

X = Ek =N (k=1,2,...,N; ais an integer vector).

Then, using the notation 6,,, = 0 for m # n, §,,,,,, = 1, one can show that

2

N 2
> fE)er(x) = zn:

k=1

=y

n

m

N
Z C’m {Z an627ri<m£k) - 5mn}
m k=1

Let us note that, for any fixed n,

Aj(a) > min  inf sup

@ p(x)ELy f(x)eWe(1) e

L Amnl”
= min inf - -
a  pp(x)eL, Zn: (m ..m )20‘

But

9 27i(k—1)(m,a)
M c I
e R DECHTCY D pic e

m k,l=1 m
27r1,k 27nik(n,a) 2mik(n,a)
Z + 8n ke N + 1
o 7 )2 = n )2a’
ny...ng)% (g ... mg)?e

Denoting by R,(a) the minimum of the written expression with respect to
C C, n, after transformations we obtain

nlr = r“n
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Rn(a) = (ﬁl ""ﬁs)72a7 =
(m,a)=(n,a)( mod N) _

(m,a)=(n,a)
m+#n

(7)
Therefore

1

@) 2 G R Gy

(8)

for any m # n, (m,a) = (n,a) (mod N). Using Dirichlet’ s principle, for s > 2
one can prove that for every a there exist m and n with these properties, and
moreover m, ... my < VN, 7y ..., < v/N. Then the first of inequalities (4) will
follow from (6) and (8).

To obtain the upper estimate in (4), let us note that, by virtue of (2),

< ZZ p‘mn'2 ) (9)

mn

2

Therefore, by virtue of (5), and also in view of the fact that the inner sum in
(9) depends only on C,,q,...,C,,

Aj(a) <m lin mf ZZ |>\mn| = mlnz inf Z ‘)\mn| = manR

EL2 n m nk m
(10)
Using (7), we may write
) o (Mg ... y) "%
a) < min (R o) 72 — —
in2 S () 2
(m,a)=(n,a)

_ (11)

From the trivial inequality
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2 2
uj +us + ...
u1+u2+...—¥ 32(u2+u3+...),
Uy + Uy + ...

valid for u; > uy > -+ > 0, and from (11) we obtain

N—-1 /
A, (a) < 2min Z}( Z): (g ... 7g) 2%, (12)
p=0 (n,a)=p

where the prime means that the largest term in the sum has been omitted (or
one of the largest, if there are several). Put (a;n) = 0 if the term (72 ... ) 2
is omitted in (12), and e(a;n) = 1 if it is not omitted. Put also dy(z) =
1if z = 0 (mod N), and dy5(z) = 0 otherwise. Finally, for convenience of
notation, introduce the notation ny..n, = |n|, and write m < nif m # n
and |m| < |n|. Then, from the rule for omitting terms in (12), it follows that
elajm) <3 6n((m—n,a)), and inequality (12) may be continued as follows:

. . 1
Aya) < 21113112 E|<:11|722> < 2min Z dlan) +2 Z

2 2
In|<N/2 [n[2e In|>N/2 [n2e

. e(a;n) " n* ' N
< 2| min +0 | ——
( ‘ \n\;wz [nf? ) (NQ(H>

n871 (13)
<2(main > n-226N<<m—n,a>>a>+0<1N2a]1V>

n|<N/2 m<n
. On((m —n,a)) m* ' N
=2|min ) e | 0| e |-
mI<N)2

Replacing in (13) min, by the average over all possible integer vectors a, and
using the fact that, for prime N, from m < n, |n| < N/2 it follows that m # n
(mod N), we have
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N-1 —n L5
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aq,...,a,=0 m<n
s In|< N2

1 = "' N
=2 Ns Z ‘n|72 Z 5N((m—n,a)) +O(]\]2al>

m<n ay,...,a;=0
In|<N/2 ‘

r «

1 o n* ' N
:zﬂf§:|m +0<A%H>

m<n
In|<N/2
B! 1 : "l N
Ly Loy +0<)
2 2a—1
R L e N

1 1 s—1

L™ Inl<N/2

which proves the theorem. From the theorem just proved it immediately follows
that

1 ln(a71/2)(2571) N

< Ay(a) < C(a, s,¢)

— e>0 >§+€
oNa = @ :

Nao—1/2—¢ ’ -2

However, one can obtain a sharper result by observing that from f(x) €
ESTY2(1) it follows that

2

(g ..., )*C < C2e)

m

; ‘ VIn(m,y +3) ...In(m, + 3) Inln(m, +3) ...Inln(m, + 3)

and, considering the class of functions W(C(s)), defined by the last inequality.
Defining for it Al(«) by an equality analogous to (3), and carrying out the
estimates in the same way as in the preceding theorem, one can obtain

1 (2371)(a+1)+1/2N.1 251 N
A;@)g@(“ S S

No s> 2.

Hence, since Ay(a) < Aj(a — 1), we obtain

2
Theorem 2%*.
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1 2 ets N2 In N
SNa < Ay(a) < Cla, s) No—i/3 ,

[SI[9N)

fora>32, s>2.

The theorems proved make it possible, using the parallelepipedal grids intro-
duced by N. M. Korobov, to interpolate values of functions from the classes
W& and EY with greater accuracy than is allowed by ordinary interpolation
formulas with a uniform grid of interpolation nodes, which in our case can give
a mean-square error of order N2/,

From the theorems proved there follows, in particular, the possibility of
constructing quadrature formulas for integration with an arbitrary square-
summable weight

/0 [ f@pta)da ~ S o) (%) (14)

k=1

with a sufficiently good remainder term. Indeed, if, for example, f(xz) € W(1)

and p(x) € L,, and
2
1n(2571)aN

=307 (5 o

k=1

/01/

then

/01.../f(q;)p(x) dw_,éf (%) /01-~-/<pk(w)p(x) dz| < O (m(];f/):]v)

i.e. this quadrature formula can no longer be substantially improved, since the
following general theorem holds:

Theorem 3. Let p(z) € W2(1), with 8 < o, a+ 8 > 1, s > 2. Then there
exist numbers p,(p) and an integer vector a such that, for every f(z) € W&(1),

1@ +B)s=1/2) pr
< C(a,ﬁ,s)w. (15)

/0 . [ tapedo - S pilo)f (%)

k=1

On the other hand, there exists a function p(z) € WZ(1) such that, whatever a
and p;(p) may be, there will always be an f(z) € W(1) such that the left-hand
side of (15) is greater than $N—(@+5)/2,
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The proof is carried out analogously to the proof of Theorem 1.
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* After the completion of this work, it became known to the author that V. S.
Ryabenkii had independently obtained a somewhat more accurate upper esti-
mate for A,(a) (see (9)).

Note: Figure translations are in progress. See original paper for figures.
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