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MATHEMATICS

We consider the eigenvalue problem consisting of the system

y'(z) + B(x)y(z) = AM(2)y(z) (1)

and the boundary conditions

MG) y(0)+NG) y(1) = 0. (2)

In the present paper, asymptotic formulas will be obtained for the eigenvalues
of problem (1), (2), refining the known asymptotic formulas for eigenvalues due
to G. D. Birkhoff and J. D. Tamarkin (~3), and also some new formulas of this
type will be obtained. The matrix B(x) (0 <2 < 1) in system (1) has complex
entries, equal to zero on the diagonal (the latter does not restrict the generality
of the results), and A(z) (0 < z < 1) is a real diagonal matrix with diagonal
elements v;(x) (0 <z <1; i =1,2,...,7). Both of them are m times (m > 1)
continuously differentiable on the segment [0, 1]. In the boundary conditions (2)

Po P1
M(z):ZMkzk, N(z):ZNkzk
k=0 k=0

are polynomials in z with matrix coefficients; A is a complex parameter.

Theorem 1. If, in addition to the conditions listed above, the matriz A(x)
(0 <z < 1) is required to have everywhere distinct diagonal elements, then
for system (1) and |A\| > R > 0, where R is some constant, there exists a
fundamental matriz Y (x,X) (0 <z <1; |A| > R), admitting the representation
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OFE P’FE o™ I'E H(x, A ¥
Vo) = B 54 T o S+ 0

A) ds} ,
3)

where E is the identity matriz; ®S(x) is a linear operator on the matrix function
S(x) (0 <z <1) of the form ®S(x) = ®yLS(x), in which LS(x) =

Joolr]

—S'(@)+ B@S@).  BS()=oS(@)~ [ H{BEOISE) de
0
where X (x) = 0S(z) denotes the solution of the equation

Ax)X — XA(x) = S(x),

whose diagonal entries are zero, and §S(x) denotes the diagonal matriz having
the same diagonal elements as S(x). The matriz H(z,\) (0 <z <1, |A\| >R >
0) is analytic in X\ in each of

regions: 1) Re A < a, |A| > R; 2) Re A > a, |\| > R, where a is any real number
(fixed for the given matrix H(x, A)), and uniformly in z € [0, 1], moreover

M,

max [ H (z, A)|| < TR/

(x €0,1], |A] > R),

where

1/2
|hik(x7>\>|2} ;

hi(x,A) (i,k =1,2,...,r) are the elements of the matrix H(x, \); M; is some
sufficiently large number.

|H (2, )] = {

I
ik=1

Formula (3) refines the known asymptotic formulas of G. D. Birkhoff, E. S.
Pugachev, and others (34).

If the general solution y(z) = Y (z,\)c of system (1) is substituted into the
boundary conditions (2), then, to determine the eigenvalues of problem (1), (2),
we obtain the equation

A(N) = det {M G) Y(0,\) + N G) Y, )\)} 0. ()

The determinant A(A) admits the representation
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Z( ) expla ) (5)

S=

Here p < 2"; o, (s =0,1,...,p) are all possible numbers of the form

o —ZE / &) d¢,

where 5§s> (j=1,2,...,7; s=0,1,...,p) take the values 0 or 1, and the numbers

ay (s =0,1,...,p) are arranged in decreasing order:
1y = a™M/n
o(3) =L+ ©)
7=0
where
m%w‘ M, _
as |~ )| < (|\ >R, s=0,1,...,p),
AL (L= R/

M, is some constant.

If now we use the fact that, for the zeros )\510) of the Dirichlet polynomial

P
Z al” expla A
s=0

the formula

2mne
A= 2 =0,+1,...) (%),
%_%+%W (n=0,£1,..) (°)

holds, where ¢,(n) is a bounded complex-valued function of the form

po(n) = hg (exp [2‘<—>] o exp [‘“”D ;

ay — a, ay — a,

ho(ftqs fay - s f1,,—1) is a function of p — 1 complex variables, then one can prove
the following theorem.

Theorem 2. Let system (1) satisfy the conditions of Theorem 1 and, in ad-
dition, let the matrix A(z) (0 < z < 1) be positive, and let the boundary
conditions (2) satisfy the condition
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det M, # 0, det N, # 0. (7)

Then, for the eigenvalues A, (n = £1,2,...) of problem (1), (2), there is the
representation

2mna
N n ¢1(n) P (ln) 4 Um 7(:)
ag — o n n n

(n=41,...) (8)

m(n) are complex-valued bounded functions
0,1,...,m — 1) have the form

ou(n) = h, (exp [2(”] e [“”D ,

Qg — Q& Qg — &

Here ¢ (n) (s =0,1,....m—1), ¢
of n, and the functions ¢ (n) (s =

P P

where the functions h, (1, figs - ,/{pfl) (s =0,1,... ,p—1) are piecewise analytic
on the surface of the torus (e1, ez, ... e"r1) (0<t; <2m; j=1,2,...,p—1);
moreover, the functions ¢,(n) (s = 0,1,...,m — 1) are the coefficients of the

Taylor expansion at the point z = 0 of the function w = w(z) satisfying the
equation

k
m—1 P ®)
57 [ao’ explagw(2)]
k=0 + zw(z)
ao —q,
p—1 .
2mn(a, — o
+ ; a™ exp [W} expla w(z)] + ag€> expla,w(2)]| =0. (9)

Remark. Theorem 2 remains valid also in the case when the diagonal elements
of the matrix A(z) (0 < z < 1) are not all positive, but in this case condition

(7) must be replaced by the regularity condition for the boundary conditions (2)
(3),

In order to obtain expansions similar to expansion (8) in the case when
(det M,)(det Ny) = 0, one must use the following theorem.

Theorem 3. Let A(z) > 0 and

det [M G) N (%) exp [A {/01 A©) dg}H _ zp:a G) expla A, (10)
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where a (z) (s =0,1,...,p) are polynomials in z; the a, (s =0,1,...,p) are the
same numbers as in formula (5), and let

Go(x) =@y (2) = =@, (=) =0, @, (2) =d;,1(2) = = ,(x) =0, (11)

ap(z) = ay(z) = = ajl(z) 0, an(z) = aj2+1(z) == ap(z) =0. (12)

If the condition (det M)(det Ny) = 0 holds, then the equation A(X) = 0 for
finding the eigenvalues, by multiplication by A", where h is a suitably chosen
positive integer, can, by virtue of Theorem 3, be reduced to the form

J2—1

> kb, (%) expla Al =0, (13)

s=j1+1

where min gk, =0 (s = j; + 1,..., 45, — 1), and if in formula (3) m > h, then

(1) (m—=h) 7
1 (()) bs bs bs(l/A)
b, (X) = b+ St S T e (14)

b £ 0

and b, (%) remains bounded as A = 00, s =7j; +1,...,J5 — 1.

To determine the eigenvalues one may use the method applied to determine the
zeros of a quasipolynomial in paper (°). This gives the following result:

Theorem 4. Suppose that system (1) satisfies the conditions of Theorem 2, and
that the boundary conditions (2) satisfy the conditions (det M,)(det N;) = 0,
and suppose that the characteristic equation A(X) = 0, after being reduced to
the form (13), has max k, = h, min gk, =0 (s =4, +1,...,J, — 1) and h < m,
where m is the number of continuous products in the matrices B(z) and A(x).

Then to each vertex of the broken line y = max (a,z+k,) (s = j;+1,...,5,—1)
there corresponds a sequence of eigenvalues A, (n = 1,2,...), admitting the
representation

Ap =7In7, +i7, +(n)+
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ko

1\M 1\ % 1
() () +o (o)

+ Z biok, ..k, (1) (IHJ)

O0<kg+ky By +thgBy<m—h+1 "

(n=12,..),

where the numbers v, 7,,, 8, By, ..., B, 1(n) have the same meaning as in formula
(16) of paper (°), if it is applied to the quasipolynomial

J2—1
> b expla A,

s=j1+1

and by, ., . k, (n) are the coefficients of the Taylor expansion of a certain function
of g + 1 variables.

An analogous result will also hold in the case when not all elements of the
matrix A(z) are positive (but preserve their sign on the segment [0, 1]), and the
boundary conditions (2) are irregular.
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