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Abstract
Full Text

V. F. ZHDANOVICH

ASYMPTOTIC EXPANSIONS OF THE EIGEN-
VALUES OF A BOUNDARY-VALUE PROB-
LEM WITH A PARAMETER
(Presented by Academician I. G. Petrovsky on 28 VI 1960)

MATHEMATICS
We consider the eigenvalue problem consisting of the system

𝑦′(𝑥) + 𝐵(𝑥)𝑦(𝑥) = 𝜆Λ(𝑥)𝑦(𝑥) (1)

and the boundary conditions

𝑀 ( 1
𝜆) 𝑦(0) + 𝑁 ( 1

𝜆) 𝑦(1) = 0. (2)

In the present paper, asymptotic formulas will be obtained for the eigenvalues
of problem (1), (2), refining the known asymptotic formulas for eigenvalues due
to G. D. Birkhoff and J. D. Tamarkin (1−3), and also some new formulas of this
type will be obtained. The matrix 𝐵(𝑥) (0 ≤ 𝑥 ≤ 1) in system (1) has complex
entries, equal to zero on the diagonal (the latter does not restrict the generality
of the results), and Λ(𝑥) (0 ≤ 𝑥 ≤ 1) is a real diagonal matrix with diagonal
elements 𝜈𝑖(𝑥) (0 ≤ 𝑥 ≤ 1; 𝑖 = 1, 2, … , 𝑟). Both of them are 𝑚 times (𝑚 ≥ 1)
continuously differentiable on the segment [0, 1]. In the boundary conditions (2)

𝑀(𝑧) =
𝑝0

∑
𝑘=0

𝑀𝑘𝑧𝑘, 𝑁(𝑧) =
𝑝1

∑
𝑘=0

𝑁𝑘𝑧𝑘

are polynomials in 𝑧 with matrix coefficients; 𝜆 is a complex parameter.

Theorem 1. If, in addition to the conditions listed above, the matrix Λ(𝑥)
(0 ≤ 𝑥 ≤ 1) is required to have everywhere distinct diagonal elements, then
for system (1) and |𝜆| > 𝑅 > 0, where 𝑅 is some constant, there exists a
fundamental matrix 𝑌 (𝑥, 𝜆) (0 ≤ 𝑥 ≤ 1; |𝜆| > 𝑅), admitting the representation
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𝑌 (𝑥, 𝜆) = [𝐸 + Φ𝐸
𝜆 + Φ2𝐸

𝜆2 + ⋯ + Φ𝑚−1𝐸
𝜆𝑚−1 + 𝐻(𝑥, 𝜆)

𝜆𝑚 ] exp [𝜆 ∫
𝑥

0
Λ(𝜉) 𝑑𝜉] ,

(3)

where 𝐸 is the identity matrix; Φ𝑆(𝑥) is a linear operator on the matrix function
𝑆(𝑥) (0 ≤ 𝑥 ≤ 1) of the form Φ𝑆(𝑥) = Φ0𝐿𝑆(𝑥), in which 𝐿𝑆(𝑥) =

= 𝑆′(𝑥) + 𝐵(𝑥)𝑆(𝑥), Φ0𝑆(𝑥) = 𝜎𝑆(𝑥) − ∫
𝑥

0
𝛿{𝐵(𝜉)𝜎𝑆(𝜉)} 𝑑𝜉,

where 𝑋(𝑥) = 𝜎𝑆(𝑥) denotes the solution of the equation

Λ(𝑥)𝑋 − 𝑋Λ(𝑥) = 𝑆(𝑥),

whose diagonal entries are zero, and 𝛿𝑆(𝑥) denotes the diagonal matrix having
the same diagonal elements as 𝑆(𝑥). The matrix 𝐻(𝑥, 𝜆) (0 ≤ 𝑥 ≤ 1, |𝜆| > 𝑅 >
0) is analytic in 𝜆 in each of

regions: 1) Re 𝜆 ⩽ 𝑎, |𝜆| > 𝑅; 2) Re 𝜆 > 𝑎, |𝜆| > 𝑅, where 𝑎 is any real number
(fixed for the given matrix 𝐻(𝑥, 𝜆)), and uniformly in 𝑥 ∈ [0, 1], moreover

max ‖𝐻(𝑥, 𝜆)‖ < 𝑀1
1 − 𝑅/𝜆 (𝑥 ∈ [0, 1], |𝜆| > 𝑅),

where

‖𝐻(𝑥, 𝜆)‖ = {
𝑟

∑
𝑖,𝑘=1

|ℎ𝑖𝑘(𝑥, 𝜆)|2}
1/2

;

ℎ𝑖𝑘(𝑥, 𝜆) (𝑖, 𝑘 = 1, 2, … , 𝑟) are the elements of the matrix 𝐻(𝑥, 𝜆); 𝑀1 is some
sufficiently large number.

Formula (3) refines the known asymptotic formulas of G. D. Birkhoff, E. S.
Pugachev, and others (3,4).
If the general solution 𝑦(𝑥) = 𝑌 (𝑥, 𝜆)𝑐 of system (1) is substituted into the
boundary conditions (2), then, to determine the eigenvalues of problem (1), (2),
we obtain the equation

Δ(𝜆) ≡ det [𝑀 ( 1
𝜆) 𝑌 (0, 𝜆) + 𝑁 ( 1

𝜆) 𝑌 (1, 𝜆)] = 0. (4)

The determinant Δ(𝜆) admits the representation
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Δ(𝜆) =
𝑝

∑
𝑠=0

𝑎𝑠 ( 1
𝜆) exp[𝛼𝑠𝜆]. (5)

Here 𝑝 ⩽ 2𝑟; 𝛼𝑠 (𝑠 = 0, 1, … , 𝑝) are all possible numbers of the form

𝛼𝑠 =
𝑟

∑
𝑗=1

𝜀(𝑠)
𝑗 ∫

1

0
𝜈𝑗(𝜉) 𝑑𝜉,

where 𝜀(𝑠)
𝑗 (𝑗 = 1, 2, … , 𝑟; 𝑠 = 0, 1, … , 𝑝) take the values 0 or 1, and the numbers

𝛼𝑠 (𝑠 = 0, 1, … , 𝑝) are arranged in decreasing order:

𝑎𝑠 ( 1
𝜆) =

𝑚−1
∑
𝑗=0

𝑎(𝑗)
𝑠

𝜆𝑗 + 𝑎(𝑚)
𝑠 (1/𝜆)

𝜆𝑚 , (6)

where

∣𝑎(𝑚)
𝑠 ( 1

𝜆)∣ < 𝑀2
(1 − 𝑅/|𝜆|)𝑟 (|𝜆| > 𝑅, 𝑠 = 0, 1, … , 𝑝),

𝑀2 is some constant.

If now we use the fact that, for the zeros 𝜆(0)
𝑛 of the Dirichlet polynomial

𝑝
∑
𝑠=0

𝑎(0)
𝑠 exp[𝛼𝑠𝜆]

the formula

𝜆(0)
𝑛 = 2𝜋𝑛𝑖

𝛼0 − 𝛼𝑝
+ 𝜑0(𝑛) (𝑛 = 0, ±1, …) (5),

holds, where 𝜑0(𝑛) is a bounded complex-valued function of the form

𝜑0(𝑛) = ℎ0 (exp [2𝜋(𝛼1 − 𝛼𝑝)𝑛𝑖
𝛼0 − 𝛼𝑝

] , … , exp [2𝜋(𝛼𝑝−1 − 𝛼𝑝)𝑛𝑖
𝛼0 − 𝛼𝑝

]) ;

ℎ0(𝜇1, 𝜇2, … , 𝜇𝑝−1) is a function of 𝑝 − 1 complex variables, then one can prove
the following theorem.

Theorem 2. Let system (1) satisfy the conditions of Theorem 1 and, in ad-
dition, let the matrix Λ(𝑥) (0 ⩽ 𝑥 ⩽ 1) be positive, and let the boundary
conditions (2) satisfy the condition
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det 𝑀0 ≠ 0, det 𝑁0 ≠ 0. (7)

Then, for the eigenvalues 𝜆𝑛 (𝑛 = ±1, 2, …) of problem (1), (2), there is the
representation

𝜆𝑛 = 2𝜋𝑛𝑖
𝑎0 − 𝛼𝑝

+ 𝜑0(𝑛) + 𝜑1(𝑛)
𝑛 + ⋯ + 𝜑𝑚−1(𝑛)

𝑛𝑚−1 + 𝜓𝑚(𝑛)
𝑛𝑚 (𝑛 = ±1, …) (8)

Here 𝜑𝑠(𝑛) (𝑠 = 0, 1, … , 𝑚 − 1), 𝜓𝑚(𝑛) are complex-valued bounded functions
of 𝑛, and the functions 𝜑𝑠(𝑛) (𝑠 = 0, 1, … , 𝑚 − 1) have the form

𝜑𝑠(𝑛) = ℎ𝑠 (exp [2𝜋(𝛼1 − 𝛼𝑝)𝑛𝑖
𝛼0 − 𝛼𝑝

] , … , exp [2𝜋(𝛼𝑝−1 − 𝛼𝑝)𝑛𝑖
𝛼0 − 𝛼𝑝

]) ,

where the functions ℎ𝑠(𝜇1, 𝜇2, … , 𝜇𝑝−1) (𝑠 = 0, 1, … , 𝑝−1) are piecewise analytic
on the surface of the torus (𝑒𝑖𝑡1 , 𝑒𝑖𝑡2 , … , 𝑒𝑖𝑡𝑝−1) (0 ≤ 𝑡𝑗 < 2𝜋; 𝑗 = 1, 2, … , 𝑝 − 1);
moreover, the functions 𝜑𝑠(𝑛) (𝑠 = 0, 1, … , 𝑚 − 1) are the coefficients of the
Taylor expansion at the point 𝑧 = 0 of the function 𝑤 = 𝑤(𝑧) satisfying the
equation

𝑚−1
∑
𝑘=0

⎛⎜⎜⎜⎜
⎝

𝑧
2𝜋𝑖

𝛼0 − 𝛼𝑝
+ 𝑧𝑤(𝑧)

⎞⎟⎟⎟⎟
⎠

𝑘

[𝑎(𝑘)
0 exp[𝛼0𝑤(𝑧)]

+
𝑝−1
∑
𝑠=1

𝑎(𝑘)
𝑠 exp [2𝜋𝑛(𝛼𝑠 − 𝛼𝑝)𝑖

𝛼0 − 𝛼𝑝
] exp[𝛼𝑠𝑤(𝑧)] + 𝑎(𝑘)

𝑝 exp[𝛼𝑝𝑤(𝑧)]] = 0. (9)

Remark. Theorem 2 remains valid also in the case when the diagonal elements
of the matrix Λ(𝑥) (0 ≤ 𝑥 ≤ 1) are not all positive, but in this case condition
(7) must be replaced by the regularity condition for the boundary conditions (2)
(3).

In order to obtain expansions similar to expansion (8) in the case when
(det 𝑀0)(det 𝑁0) = 0, one must use the following theorem.

Theorem 3. Let Λ(𝑥) > 0 and

det [𝑀 ( 1
𝜆) + 𝑁 ( 1

𝜆) exp [𝜆 {∫
1

0
Λ(𝜉) 𝑑𝜉}]] =

𝑝
∑
𝑠=0

̃𝑎𝑠 ( 1
𝜆) exp[𝛼𝑠𝜆], (10)
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where ̃𝑎𝑠(𝑧) (𝑠 = 0, 1, … , 𝑝) are polynomials in 𝑧; the 𝛼𝑠 (𝑠 = 0, 1, … , 𝑝) are the
same numbers as in formula (5), and let

̃𝑎0(𝑧) = ̃𝑎1(𝑧) = ⋯ = ̃𝑎𝑗1
(𝑧) ≡ 0, ̃𝑎𝑗2

(𝑧) = ̃𝑎𝑗2+1(𝑧) = ⋯ = ̃𝑎𝑝(𝑧) ≡ 0, (11)

𝑗1 < 𝑗2 − 1.

Then in formula (5)

𝑎0(𝑧) = 𝑎1(𝑧) = ⋯ = 𝑎𝑗1
(𝑧) ≡ 0, 𝑎𝑗2

(𝑧) = 𝑎𝑗2+1(𝑧) = ⋯ = 𝑎𝑝(𝑧) ≡ 0. (12)

If the condition (det 𝑀0)(det 𝑁0) = 0 holds, then the equation Δ(𝜆) = 0 for
finding the eigenvalues, by multiplication by 𝜆ℎ, where ℎ is a suitably chosen
positive integer, can, by virtue of Theorem 3, be reduced to the form

𝑗2−1
∑

𝑠=𝑗1+1
𝜆𝑘𝑠𝑏𝑠 ( 1

𝜆) exp[𝛼𝑠𝜆] = 0, (13)

where min𝑠 𝑘𝑠 = 0 (𝑠 = 𝑗1 + 1, … , 𝑗2 − 1), and if in formula (3) 𝑚 > ℎ, then

𝑏𝑠 ( 1
𝜆) = 𝑏(0)

𝑠 + 𝑏(1)
𝑠
𝜆 + ⋯ + 𝑏(𝑚−ℎ)

𝑠
𝜆𝑚−ℎ + 𝑏𝑠(1/𝜆)

𝜆𝑚−ℎ+1 , (14)

𝑏(0)
𝑠 ≠ 0

and 𝑏𝑠 ( 1
𝜆 ) remains bounded as 𝜆 → ∞, 𝑠 = 𝑗1 + 1, … , 𝑗2 − 1.

To determine the eigenvalues one may use the method applied to determine the
zeros of a quasipolynomial in paper (5). This gives the following result:

Theorem 4. Suppose that system (1) satisfies the conditions of Theorem 2, and
that the boundary conditions (2) satisfy the conditions (det 𝑀0)(det 𝑁0) = 0,
and suppose that the characteristic equation Δ(𝜆) = 0, after being reduced to
the form (13), has max𝑠 𝑘𝑠 = ℎ, min𝑠 𝑘𝑠 = 0 (𝑠 = 𝑗1 + 1, … , 𝑗2 − 1) and ℎ < 𝑚,
where 𝑚 is the number of continuous products in the matrices 𝐵(𝑥) and Λ(𝑥).
Then to each vertex of the broken line 𝑦 = max𝑠(𝛼𝑠𝑥+𝑘𝑠) (𝑠 = 𝑗1 +1, … , 𝑗2 −1)
there corresponds a sequence of eigenvalues 𝜆𝑛 (𝑛 = 1, 2, …), admitting the
representation

𝜆𝑛 = 𝛾 ln 𝜏𝑛 + 𝑖𝜏𝑛 + 𝜓(𝑛)+
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+ ∑
0<𝑘0+𝑘1𝛽1+⋯+𝑘𝑞𝛽𝑞<𝑚−ℎ+1

𝑏𝑘0𝑘1…𝑘𝑞
(𝑛) ( ln 𝑛

𝑛 )
𝑘0

( 1
𝑛𝛽1

)
𝑘1

⋯ ( 1
𝑛𝛽𝑞

)
𝑘𝑞

+𝑂 ( 1
𝑛𝑚−ℎ+1 )

(𝑛 = 1, 2, …),

where the numbers 𝛾, 𝜏𝑛, 𝛽1, 𝛽2, … , 𝛽𝑞, 𝜓(𝑛) have the same meaning as in formula
(16) of paper (5), if it is applied to the quasipolynomial

𝑗2−1
∑

𝑠=𝑗1+1
𝜆𝑘𝑠𝑏(0)

𝑠 exp[𝛼𝑠𝜆],

and 𝑏𝑘0𝑘1…𝑘𝑞
(𝑛) are the coefficients of the Taylor expansion of a certain function

of 𝑞 + 1 variables.

An analogous result will also hold in the case when not all elements of the
matrix Λ(𝑥) are positive (but preserve their sign on the segment [0, 1]), and the
boundary conditions (2) are irregular.

Received
27 VI 1960
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