Soviet-era science, translated into English

MELTING OF A
SEMI-INFINITE BODY
IN A PLANE AND
AXISYMMETRIC FLOW
OF AN
INCOMPRESSIBLE GAS

View the original and related papers at https://sovietrxiv.org/items/ru-196001.31914

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.31914

Abstract
Full Text

HYDROMECHANICS
G. A. TIRSKII

MELTING OF A SEMI-INFINITE BODY IN A
PLANE AND AXISYMMETRIC FLOW OF AN
INCOMPRESSIBLE GAS

(Presented by Academician L. 1. Sedov on 20 I 1960)

Experiments (1'2) show that if, under a steady flow regime, an axisymmetric
solid body has begun to melt, then under certain conditions—for example, a
body with a high coefficient of thermal conductivity—a steady melting regime
also sets in: the front of the melting wave in the neighborhood of the forward
critical point moves with constant velocity.

In the present note it is shown that the complete equations—the Navier—Stokes
equations and the equation of heat inflow without allowance for dissipation—with
the corresponding boundary conditions on the discontinuity surfaces admit an
exact solution giving a steady melting regime in the neighborhood of the critical
point of a body occupying a half-space in a plane and axisymmetric flow of an
incompressible fluid. In the latter case the body may rotate with constant
angular velocity w about the axis of the flow.

The plane problem of finding the steady melting regime in the neighborhood of
the critical point of a solid heat-conducting body occupying a half-space (y < 0),
in a flow of an incompressible fluid, reduces to the simultaneous solution of the
unsteady Navier—Stokes and heat-inflow equations for the gas near the melting
body

d 1 dT
d—‘tf = —;gradp—l—VAV, divv =0, oy = xAT (1)

(yo(t) <y < oo, —o0o<t, —oo<z<00),
the unsteady Navier—Stokes and heat-inflow equations in the melt film

dv 1 : dT;
ditl = —Egradpl + 1 Avy, divvy =0, T; =x1AT (2)

(Y1 (t) <y <yplt), —oo<t, —oo<z<00),
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and the equation of thermal conductivity in the solid body

IT, /0t = x, AT, (—o0<y<y(t), —oco<t, —oo<z<oo) (3)

with the following additional conditions:

1) at infinity in the fluid and in the body

limu=p0zx, lmT=T,, lim T,=T _; (4)
y*}oo

Y—00 Y——00

2) on the contact surface of discontinuity fluid—melt (%)

y=1yo(t) (—oo<t, —oo<z<0)

DOI/U:’U]-’ U= U, M(au—i-@):ul(%—&—%)’

87/ Or dy ox
ov ov, oT o1,
— 20— = — 20—, T =T, A— = —;
D+ Nay D1+ 21 oy’ 1 oy 1oy (5)

3) on the melting surface y = y,(t) (—oo <, —oo < T < 00)

aT, . AT

p1(Dy —vy) =poDy, uy =0, Ty =T,=T a—y—Ala—yl

o Ag = pa D 0.

(6)

Here quantities without a subscript refer to the liquid, subscript 1 to the melt
film, and subscript 2 to the solid body; v = wi 4+ vj is the absolute-velocity
vector; p is pressure; p is density; T is temperature; p and v are respectively
the coefficients of absolute and kinematic viscosity; A and y are respectively
the coefficients of thermal conductivity and thermal diffusivity; D, and D, are
the normal velocities of displacement of, respectively, the contact surface and
the melting surface; T, and 1___ are prescribed constant temperatures; T,
is the melting temperature; ¢ is the latent heat of melting per unit mass of
the body. In writing the last equation of conditions (6) we have neglected the
work of the pressure forces and the kinetic energy of the melt, since these terms
are negligibly small in comparison with the heat fluxes and the latent heat of
melting. If it is assumed that p; = p,, then the last relation in conditions (6)
will be exact, since in this case v; = 0.

Since in what follows we shall seek a stationary melting regime, we do not impose
initial conditions (the problem without initial conditions).

Proceeding from the form of the boundary conditions (4) and taking into account
that the solution giving the stationary melting regime must be a solution of the
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type of uniformly propagating waves, we shall seek the solution of the problem
formulated above in the form:

for the liquid (0 < 1 < 00)

2 14
u=Bry'(n), v=—Brle(n+ad, p:po*%{fﬂ”ng(m}*ﬁw’(n),

1/2

a B
=T, +ATHn). o= AT=T. T, n=(}) @+a; (D
for the melt film (—n* <ny <0)
uy = Bwpy(n), v = —v/ By [pr(my) + oyl
:015% 2, "1 9 ’
Po=Po1— —5 |7 + E%(m) — B (m), (8)
“ 3 1/2
Tl :Tm+AT01(771)’ o = ) = (1> (y+at)7
VB Vi
for the body (—oo < 1, < —1*)
T, =T, — AT0y(ny). 9)

The laws of motion of the contact surface and of the front of the melting wave
for the stationary melting regime will be

Yo(t) = —at, y,(t)=—at—s, Dy=D; =—a, n" =s\pB/v,. (10)

Here the functions ¢(n), ¢1(n1), 0(n), 01(n,), 05(n;) and the constant a (the
velocity of displacement of the melting front and of the contact surface), n* =
sy/B/v; (the dimensionless distance between these surfaces), f;, py; must be
found in the process of solving the problem. To this end we substitute expres-
sions (7)—(10) for the unknown quantities into equations (1)—(3) and conditions
(4)—(6). Omitting straightforward calculations, we obtain the following nonlin-
ear boundary-value problem for determining the 5 functions ¢, ¢4, 6, 6,, 65 and

the 4 parameters o; = a/+/Svy, S\/B1/V1, By, and py;:
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" +1=9%—pp", O + 1= — 1] (11)

1/2

¢'(00) =1, ©(0) = ¢,(0) =0, ©"(0) = "7} (0),
¢ (0) = m 121 (0), i () =0; (12)
0" +opt =0, 07 + 0,9,07 =0, 05 = oy, 05; (13)

floo) =1,  6(0)=6,(0),  1,'(0) =n"2ry"9;(0),
91(—7]*) = 62(—77*) =0, 92(_00) = k; (14)

Top1(—1") = —ay, 05(—n") + 1,07 (—n*) = —ry Ay (—0*); (15)

Br=Br" o1 =po+ B (0)(1— py). (16)

Here the following notation has been introduced:

g = K 0’1 = Vl 0'2 = l/l 7"1 = ﬁ ’[“2 = pl l]. = i
’ X1 X2 pr’ Py’ A
T -T. 5
m=+ = an=XZ [ — A= ap
251 vy Too - Tp )‘2 (Too - Tp)

The system of equations (11) and (13) is a nonlinear system of ordinary differ-
ential equations of the 12th order with 12 boundary conditions (12) and (14).
From the last two equations (15), two parameters, «; and n*, must be deter-
mined. Therefore one may expect that the solution of problem (11)—(15), and
consequently also of problem (1)—(6), is determined uniquely.

The axisymmetric problem of the melting of a solid body occupying a half-space
and rotating with constant angular velocity w about the axis of an incident flow
of incompressible fluid admits an exact solution for the stationary melting regime
in the form: for the gas (0 < ¢ < o)

v, = pre’(Q), v, =—Vpr[20(¢) +al,  vy=prg({),

P:po_pﬁZ[

- [P e0] -~ T=T,48700).  (19)

B
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for the melt film (—¢* < ( < 0)

Vg = B1r91(C)s v, = —V/ By [201(C) + oy, Vg1 = wrgy (1),

p = = P2 [+ 428060 — 2 ) (19)
Ty =T, + AT0,(¢), G = <fi> (2 4 at);
for the body (—oo < ¢; < —(7)
T, =T, — AT0,((,). (20)

The laws of motion of the contact surface and of the melting-wave front for the
stationary melting regime are

zo(t) = —at, 2 (t) = —at — s, Dy =D, = —a. (21)

Here v = v,.i4+vyj+wv_ k is the absolute-velocity vector; r is the radial coordinate;
z is the axial coordinate; the parameters 0;,py;,a, (" = sv/01 /vy —

unknowns; the remaining notation coincides with the notation of the plane prob-
lem. Substituting the solution (18)—(21) into equations (1)—(3) and conditions
(4)—(6), written in a cylindrical coordinate system, we obtain, for determining

7 functions ¢, ¢4, g, 91,0, 0;, 0, and 4 parameters aq, & = sv/B; /vy, By, and pyy,
the nonlinear boundary-value problem

" +1=¢7=200" — g%, o +1=0P 20,07 — g, Q=w/p;; (22)

P(o0) =1, 9(0) = (0)=0, ¢ (0)=r(0),

1/4 _ *
" (0) =y m 1201 (0), @i (—) =0 (23)
9" +209 —209=0, g{+209] —2¢19; =0; (24)

g(00) =0, g(0) = Qrl/?g,(0), wmaw%ﬂ%w»mF@:?>
25
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0" + 2000 =0, 0] 420,007 =0, 05 =050,05; (26)

0(c0) =1, 0(0) =6,(0), 5,0'(0)=n"r""0;(0),
01(=C") = 05(—C") =0, 0Oy(—00) =k; (27)

2ryp1 (=€) = —aq,  05(—=C") + 107 (—C) = —2r3Ap; (—E€7); (28)

By = 6@/2’ Po1 = Po + 269" (0)(p — ), Q= ﬂ% = %7;1/2- (29)

The notation for the dimensionless parameters in this problem coincides with
the notation (17) in the plane problem. The system of equations (22), (24), and
(26) is a nonlinear system of ordinary differential equations of the 16th order
with 16 boundary conditions (23), (25), and (27). From the last 2 equations
(28), the 2 parameters a; and £* must be determined. Therefore one may expect
that the solution of problem (22)—(28) is determined uniquely.

The actual construction of solutions of the boundary-value problems (11)—(15)
and (22)—(28) can be carried out numerically or approximately, by expanding
the solution in a series in the parameter ri/ 2, which for metallic bodies melting
in an air stream is of order 1072. We note that the general solution of each of
the linear equations (13) and (26) is written in quadratures. The exact solution
constructed is readily generalized to the case of a compressible gas with variable
viscosity and thermal-conductivity coefficients both in the gas and in the melt
film. It is also possible to take into account the dependence of the body’ s
thermal-conductivity coefficient on temperature (*).
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