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Abstract

Full Text
MATHEMATICS
B. S. RIMSKII-KORSAKOV

ON AN ANALOGUE OF THE POISSON FOR-
MULA FOR COSINE FOURIER TRANS-
FORMS

(Presented by Academician V. I. Smirnov on 30 V 1960)
1°. In the theory of Fourier transforms the Poisson formula is known (1):

ﬁ{;f(O) +§f1f<mc>} - \/f{;mm W (2””)} ,

n=

where

Fl(x) = \/Z /0 () cosat dt.

In his work (?) Meijer obtained an analogue of the Poisson formula for an integral
transform, first considered by Bhatnagar (), with Fourier kernel

t)t 2

By (@) = \/5/000 g, (5) % (1w >—5).

where J,(t) is the Bessel function of the first kind.

The present article is devoted to the construction of another analogue of the
Poisson formula, connected with generalized integral Fourier transforms, for
sums of the form

3" F(n) f(na),

n=1

where F'(n) is the number of integral ideals with norm n of an algebraic field
Q, with fundamental number A, of order x = r; + 2ry (r; is the number of
real fields conjugate to €, 7, is half the number of imaginary conjugate fields).
Below we consider the rational field (r; = 1, r, = 0), an imaginary quadratic
field (r, =0, r, = 1), and a real quadratic field (r; = 2, r, = 0).
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2°. To each of the fields under consideration there corresponds a function

defined by the equality

"1 (s/2)"2(s) [T 2 . 3
G(l—s) = Tr (1= s), 2T (1 —3) /O ;L(:p)x Ldx, 0<Res< 1

The functions %LTM2 () are Fourier kernels. This is easy to see, taking into
account that

2 2 2
—L = — 2 —L =Q =J,(2
. 1,0(95) \/;TCOS €T, T 0,1(95) W1/2,71/2(35) ol \/E),

%Lz,o( ) =20 1/2, 1/2 (4z) *{Ko (4Vz) — *Yo(4\f)}

where K(z) is the Macdonald function, and Yj(x) is the Neumann function.

3°. Theorem. If: 1) the function F(s) of the complex variable s = o + it is
regular in the strip —a <o <1+ 8 (0 < a < 1; 8 > 0), except for the point
s = 0, where it has a pole of first order; 2) symmetri-

there is a ¢ > 0 such that, uniformly with respect to ¢ in the indicated strip,

(s) = O(e™°"l) as [t| = oo; 3) there exists the finite limit lim 8(s). 4)

s—0 F(S) ’

1 1+p+ico
flz) = 7/ F(s)x5ds, x>0,

270 14 pico
then
> o 2 nt
S F(n)f(na) = By + Ry + ZF e (ATJU) dt, (1)
n=1

where

S i (s — 1)Ga(s)),

Tr s—l1

= Go(0) lim{s3(s)}, Ry =

Cqo(s) is the Dedekind zeta-function, A = /|A]/2"wX/2,

Proof. Consider the series

0o oo 14 B+ico
F(n F(n) F(s)(nx) *ds. 2
> Fn) ) = > Fn) - C 2)
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On the right-hand side of (2) it is permissible to change the order of integration
and summation, by virtue of the finiteness of

/ IF(1+ B+ it)| dt,

which follows from the estimate in the second condition of the theorem, and of
the absolute convergence, for 8 > 0, of the series

. F(n
y o

n=1

Therefore

00 14-B+ico 00 n
> F(n)f(nz) = Zim / 3(s) {Z FTE ) } S ds —
1 n=1

n=1 +B—ico

1 1+pB+ioco

=5 3(s)Cals)z™" ds. 3)

270 )iy pios
Since the Dedekind zeta-function is regular in the whole plane except at the
point s = 1, where it has a pole of the first order, the function

p(s) = F(s)Cals)z™,

by the first condition of the theorem, is regular in the strip —a < o < 14
(0 <a<1, 8>0),except at the points s = 0 and s = 1, where it has first-order
poles with residues

3(1)

x

Fo =GO lim{s3()}, Ry = 2 T (s — 1)Gas)}:

Therefore, if I" is the perimeter of the rectangle with vertices at the points
A(l1+ g —it), B(1+ g +it), C(—a +it), D(—a — it), then

1

5 Fw(s)ds:RO—FRl.

Hence it follows that

1 1 1
— ds = Ry+R{+— ds—— d ds|.
i | et = b [ awa o ([ awase [ atoas)

In the strip under consideration
75 =0(1) for fixed z > 0;
Ca(s) = O(t?) uniformly, where @ depends on — a (%);

therefore, also taking into account the second condition of the theorem, we have
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@(s) =0 (e7t?)  as |t| — cc.

Since t does not change on BC,

/ o(s)ds :/ O (e=t?) ds = O (e “t?) — 0 as |t| — oo
BC BC

similarly,

/ p(s)ds =0 as |t| = oo.
DA

Therefore, after passing to the limit as |[t| — oo, equality (3) may be rewritten
as

o0 —a+1ioco
ZF f(nz) R0+R1+f/ F(8)Cq(s)x2ds,
n=1 a—100

or, after the obvious change of variable, also as

1+a+ico

ZF =Ry+ Ry + — 7 F(1—38)Co(1—s)z*Lds.
i

n=1 1+a—ioco

Taking into account the functional equation of the Dedekind zeta-function

(o1 —s) = A*1G(1 = 5)¢q(s),

we obtain

o 1 1+a+ioco
ZF = Ry+ R+ o / F(1—5)AZ1G(1—5)(o(s)x* T ds =

14+a—ico

1 1 1+a+ioco [e%s) F(TL) 1 —s
— Ry+ Ry + A?;Tm'/ Fl-sG1-5Y (ATJ;) ds. (4)

S
1+a—ico n=1 n

On the right-hand side of (4) it is permissible to change the order of summation
and integration, by virtue of the absolute convergence of the series
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and the finiteness of the integral

/.

This last fact follows from the second condition of the theorem and from the
validity, on the line s = 1+ a + it for [¢| > 1, of the estimate

1 N~ (atit)
)

Fl—a—it)Gl—a—it) (E

G(1—s) = O ([tx+2)),

obtained, on the basis of the definition of the function G(s), with the help of
the known properties of the gamma-function and the estimates

‘sin %‘ —0(eb ), cos % — 0(ebr),

I(s) = O (e 37ll|r-12) . _1<o<2, [t >1. 5)

Changing in (4) the order of summation and integration, we obtain:

NgE

1 00 1 1+a+ico n —s
F(n)f(nx) = R0+R1—|—ﬂ ZF(n)%mfl . F(1-s)G(1-s) (E) ds.
n=1 +a—100
(5)

By virtue of the third condition of the theorem, the value of the integral on the
right-hand side of (5) will not change if, as the contour of integration, we take
the straight line s =y +it (0 <y < 3/,, —00 <t < o). Therefore

Il
—

n

00 1 & 1 y+ioco —s
;F(n)f(nx)=R0+R1+M;F(n)2m[_im F(1—5)G(1—s) (AL%) ds.

(6)

In the theory of Mellin transforms the formula

1 k—+ioco

2 | A(l—s)B(s)chs:/O a(x)b(cx) dx
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is known (where A and B are the Mellin transforms of the functions a and b,
respectively), valid when certain known conditions are satisfied (°). Since in
the case under consideration these conditions are satisfied, equality (6) can be
rewritten in the form (1), as was required to prove.

Remark. A consequence of (1) is the expansion of Koshlyakov’s sigma-function
into partial fractions (7):

ALZF T1T2(%):RO+R1+§27F(TL; z>0. (7)

™ n=1 n=1

To verify this, one should note (taking into account formulas 2.4—6 from (7) and
8.13(2), 10.3(50) from (®)) that, for

1 T 1 a—+100 AQS 1
=—K (7> = 1—s)z—%ds, 7 ’
/(@) An "2 \ A2 2mi /a_ioo 2cos %5 s Gl=s)27*ds >0, z>0

A:c/ 7 )d _;ﬁ ®)

independently of which field is being considered (rational, imaginary quadratic,
or real quadratic).

Another consequence of (1) is also the following formula of N. S. Koshlyakov
("), p- 119):

f:F (A) Ry+ Ry +— ZF (%) z>0, (9)

n=1 nfl

where

- 27

To verify this, one should note (using formulas (4.3) from (7) and 1.4(11), 8.6(10),
9.4(25), 10.3(52) from (®)) that

/m X2 L(zt) dt = X (),
0 v
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i.e. the functions X, , (z) are self-reciprocal under integral transformations

2
with Fourier kernels —L, . (z).
e 1
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