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Abstract
Full Text

MATHEMATICS
V. N. FUNTAKOV

ON EXPANSION IN EIGENFUNCTIONS OF
A NON-SELF-ADJOINT DIFFERENTIAL OP-
ERATOR OF ARBITRARY EVEN ORDER ON
THE HALF-AXIS [0, ∞)
(Presented by Academician A. N. Kolmogorov on 21 I 1960)

The present work is an extension of the results obtained in (1) to the case of
operators of arbitrary even order. The work uses methods first applied in (1).
Consider the differential expression:

𝑙(𝑦) = 𝑦(2𝑛) + 𝑝2(𝑥)𝑦(2𝑛−2) + 𝑝3(𝑥)𝑦(2𝑛−3) + ⋯ + 𝑝2𝑛(𝑥)𝑦, (1)

where 𝑝𝑘(𝑥), 𝑘 = 2, 3, … , 2𝑛, are complex-valued functions summable on the
interval [0, ∞). Denote by 𝐷 the set of all functions 𝑦(𝑥) ∈ 𝐿2(0, ∞) such that:
1) the derivatives 𝑦(𝜈)(𝑥), 𝜈 = 1, 2, … , 2𝑛−1, exist and are absolutely continuous
in every finite interval [0, 𝑏], 𝑏 > 0; 2) 𝑙(𝑦) ∈ 𝐿2(0, ∞).
Denote by 𝐷𝛼 the set of all functions 𝑦(𝑥) ∈ 𝐷 satisfying the boundary condi-
tions

𝑢𝜈(𝑦) = 𝛼𝜈0𝑦(0) + 𝛼𝜈1𝑦′(0) + ⋯ + 𝛼𝜈, 2𝑛−1𝑦(2𝑛−1)(0) = 0, 𝜈 = 1, 2, … , 𝑛, (2)

where 𝛼𝜈𝑘 are complex numbers.

Define the operator 𝐿𝛼 as follows: its domain of definition is 𝐷𝛼, and for 𝑦 ∈ 𝐷𝛼

𝐿𝛼𝑦 = 𝑙(𝑦). (3)

The operator 𝐿∗
𝛼, adjoint to 𝐿𝛼, is constructed analogously for the differential

expression adjoint to (1),

𝑙∗(𝑧) = 𝑧(2𝑛) + ( ̄𝑝2𝑧)(2𝑛−2) − ( ̄𝑝3𝑧)(2𝑛−3) + ⋯ + ̄𝑝2𝑛𝑧 (4)
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and for the boundary conditions adjoint to (2),

𝑣𝜈(𝑧) = 𝛽𝜈0𝑧(0) + 𝛽𝜈1𝑧′(0) + ⋯ + 𝛽𝜈, 2𝑛−1𝑧(2𝑛−1)(0) = 0, 𝜈 = 1, 2, … , 𝑛. (5)

Put 𝜌2𝑛 = −𝜆. Let 𝜔1, … , 𝜔2𝑛 be the roots of degree 2𝑛 of −1; divide the
complex 𝜌-plane into 2𝑛 equal sectors 𝑆𝑘, 𝑘 = 0, 1, … , 2𝑛 − 1, defined by the
inequality

𝑘𝜋
𝑛 < arg 𝜌 < (𝑘 + 1)𝜋

𝑛 .

In each sector 𝑆𝑘 one can choose such an arrangement of the numbers 𝜔1, … , 𝜔2𝑛
that for 𝜌 ∈ 𝑆𝑘

Re(𝜌𝜔1) ≤ Re(𝜌𝜔2) ≤ ⋯ ≤ Re(𝜌𝜔2𝑛)

(see (2)). Denote by 𝑇𝑘 and 𝑇𝑘−1 the boundaries of the sector 𝑆𝑘. Suppose that
the functions 𝑝𝑘(𝑥) satisfy the additional condition

𝑒𝜀𝑥|𝑝𝑘(𝑥)| ≤ 𝑐𝑘; (6)

𝑐𝑘 are constants, 𝜀2 is a certain fixed number. It can be shown that the equation
𝑙(𝑦) = 𝜆𝑦 has linearly independent solutions 𝑦𝑘(𝑥, 𝜌), 𝑘 = 1, … , 2𝑛, holomorphic
with respect to 𝜌 for 𝜌 ∈ 𝑆𝑘 and satisfying the asymptotic conditions:

as 𝑥 → +∞,

𝑦(𝜈)
𝑘 (𝑥, 𝜌) = 𝜌𝜈𝑒𝜌𝜔𝑘𝑥 [𝜔𝜈

𝑘 + 𝑂(1)] (7)

uniformly with respect to 𝜌 ∈ 𝑆𝑘;

as 𝜌 → ∞,

𝑦(𝜈)
𝑘 (𝑥, 𝜌) = 𝜌𝜈𝑒𝜌𝜔𝑘𝑥 [𝜔𝜈

𝑘 + 𝑂 (1
𝜌)] (8)

uniformly with respect to 𝑥 ∈ [0, ∞).
In the domain 𝑆𝑘, defined by the relation

|Re(𝜌𝜔𝑛)| ≤ 𝜀1, 0 < 𝜀1 < 𝜀2, 𝜌 ∈ 𝑆𝑘 or 𝑆𝑘+1,

the solution 𝑦𝑛+1 is replaced by ̂𝑦𝑛+1, which also satisfies conditions (7), (8).
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Denote

𝐴(𝜌) =
∣
∣
∣
∣

𝑢1(𝑦1) … 𝑢1(𝑦𝑛−1) 𝑢1(𝑦𝑛)
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑢𝑛(𝑦1) … 𝑢𝑛(𝑦𝑛−1) 𝑢𝑛(𝑦𝑛)

∣
∣
∣
∣
, 𝐴(𝜌) =

∣
∣
∣
∣

𝑢1(𝑦1) … 𝑢1(𝑦𝑛−1) 𝑢1( ̂𝑦𝑛+1)
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑢𝑛(𝑦1) … 𝑢𝑛(𝑦𝑛−1) 𝑢𝑛( ̂𝑦𝑛+1)

∣
∣
∣
∣
.

For simplicity we shall assume that

𝐴(𝜌) ≠ 0, 𝐴(𝜌) ≠ 0 (9)

for 𝜌 ∈ 𝑇𝑘, and that the eigenvalues of the operator 𝐿𝛼 are simple.

Theorem 1. The spectrum of the operator 𝐿𝛼 is continuous for even 𝑛 on
the positive semi-axis (for odd 𝑛, respectively, on the negative semi-axis) and
is discrete in the entire remaining complex 𝜆-plane. The eigenvalues of the
operator 𝐿𝛼 form a finite set. For values of 𝜆 not belonging to the spectrum,
the resolvent (𝐿𝛼 − 𝜆1)−1 of the operator 𝐿𝛼 is a bounded integral operator
with kernel 𝐾(𝑥, 𝜉, 𝜆), satisfying the conditions:

∫
∞

0
|𝐾(𝑥, 𝜉, 𝜆)|2 𝑑𝜉 < +∞, ∫

∞

0
|𝐾(𝑥, 𝜉, 𝜆)|2 𝑑𝑥 < +∞.

Consider the auxiliary boundary-value problem on the interval [0, 𝑏]:

𝑙(𝑦) = 𝜆𝑦,

𝑢𝜈(𝑦) = 𝛼𝜈0𝑦(0) + 𝛼𝜈1𝑦′(0) + ⋯ + 𝛼𝜈, 2𝑛−1𝑦(2𝑛−1)(0) = 0,

𝑢𝜇𝑏(𝑦) = 𝛾𝜇0𝑦(𝑏) + 𝛾𝜇1𝑦′(𝑏) + ⋯ + 𝛾𝜇, 2𝑛−1𝑦(2𝑛−1)(𝑏) = 0, (10)

𝜈, 𝜇 = 1, 2, … , 𝑛.

The boundary-value problem adjoint to (10) is constructed by means of the
differential expression (4) and the boundary conditions adjoint to (10):

𝑣𝜈(𝑧) = 𝛽𝜈0𝑧(0) + 𝛽𝜈1𝑧′(0) + ⋯ + 𝛽𝜈, 2𝑛−1𝑧(2𝑛−1)(0) = 0,

𝑣𝜇𝑏(𝑧) = 𝛿𝜇0𝑧(𝑏) + 𝛿𝜇1𝑧′(𝑏) + ⋯ + 𝛿𝜇, 2𝑛−1𝑧(2𝑛−1)(𝑏) = 0, (11)
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𝜇, 𝜈 = 1, 2, … , 𝑛.

Denote

𝑅𝑛 =
∣
∣
∣
∣

𝑢1𝑏(𝑦𝑛+1) 𝑢1𝑏(𝑦𝑛+2) … 𝑢1𝑏(𝑦2𝑛)
⋅ ⋅ ⋅
⋅ ⋅ ⋅

𝑢𝑛𝑏(𝑦𝑛+1) 𝑢𝑛𝑏(𝑦𝑛+2) … 𝑢𝑛𝑏(𝑦2𝑛)

∣
∣
∣
∣
, 𝑅𝑛+1 =

∣
∣
∣
∣

𝑢1𝑏(𝑦𝑛) 𝑢1𝑏(𝑦𝑛+2) … 𝑢1𝑏(𝑦2𝑛)
⋅ ⋅ ⋅
⋅ ⋅ ⋅

𝑢𝑛𝑏(𝑦𝑛) 𝑢𝑛𝑏(𝑦𝑛+2) … 𝑢𝑛𝑏(𝑦2𝑛)

∣
∣
∣
∣
.

We shall assume that for 𝜌 ∈ 𝑇𝑘, 𝑅𝑛 ≠ 0, 𝑅𝑛+1 ≠ 0. For 𝜌 ∈ ̄𝑆𝑘 define the
single-valued holomorphic function 𝜔(𝜌) by the relations:

𝜔(𝜌) = ln [ 𝑅𝑛
𝑅𝑛+1

𝐴(𝜌)
̄𝐴(𝜌)] , lim

𝜌→∞
𝜔(𝜌) = 𝑖 arg 𝜃−1

𝜃1
, (12)

𝜃1 =
∣
∣
∣
∣

𝜔2𝑛−1
1 … 𝜔2𝑛−1

𝑛−1 𝜔2𝑛−1
𝑛+1

⋅ ⋅ ⋅
⋅ ⋅ ⋅

𝜔𝑛
1 … 𝜔𝑛

𝑛−1 𝜔𝑛
𝑛+1

∣
∣
∣
∣
⋅
∣
∣
∣
∣

𝜔2𝑛−1
𝑛 𝜔2𝑛−1

𝑛+2 … 𝜔2𝑛−1
2𝑛

⋅ ⋅ ⋅
⋅ ⋅ ⋅

𝜔𝑛
𝑛 𝜔𝑛

𝑛+2 … 𝜔𝑛
2𝑛

∣
∣
∣
∣
,

𝜃−1 =
∣
∣
∣
∣

𝜔2𝑛−1
1 … 𝜔2𝑛−1

𝑛
⋅ ⋅
⋅ ⋅

𝜔𝑛
1 … 𝜔𝑛

𝑛

∣
∣
∣
∣
⋅
∣
∣
∣
∣

𝜔2𝑛−1
𝑛+1 … 𝜔2𝑛−1

2𝑛
⋅ ⋅
⋅ ⋅

𝜔𝑛
𝑛+1 … 𝜔𝑛

2𝑛

∣
∣
∣
∣
.

For sufficiently large 𝑏, to each of the eigenvalues 𝜆1, 𝜆2, … , 𝜆𝑟 of the opera-
tor 𝐿𝛼 there corresponds exactly one eigenvalue 𝜆1(𝑏), 𝜆2(𝑏), … , 𝜆𝑟(𝑏) of the
boundary-value problem (10) such that 𝜆𝑘(𝑏) → 𝜆𝑘 as 𝑏 → ∞. All the re-
maining eigenvalues of the boundary-value problem (10) satisfy the asymptotic
relation

𝜆 = −𝜌2𝑛
𝑘 , 𝜌𝑘𝜔𝑛 = 𝑘𝜋𝑖

𝑏 + 1
2𝑏𝜔 ( 𝑘𝜋𝑖

𝜔𝑛𝑏) + 1
𝑏 𝑜(1) (13)

as 𝑏 → ∞, uniformly with respect to 𝜌𝑘 in the region

| Re(𝜌𝑘𝜔𝑛)| ≤ 𝜀1, 0 ≤ |𝜌𝑘| ≤ 𝑁.

Let 𝑦𝑘(𝑥) be an eigenfunction of the operator 𝐿𝛼 corresponding to the eigenvalue
𝜆𝑘, 𝑘 = 1, 2, … , 𝑟;
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𝑦𝑘(𝑥) = −
𝑛−1
∑
𝑖=1

Δ𝑖
Δ0

𝑦𝑖(𝑥, 𝜌) + 𝑦𝑛(𝑥, 𝜌), (14)

where

Δ𝑖 =
∣
∣
∣
∣

𝑢1(𝑦1) … 𝑢1(𝑦𝑖−1) 𝑢1(𝑦𝑛) 𝑢1(𝑦𝑖+1) … 𝑢1(𝑦𝑛−1)
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅

𝑢𝑛−1(𝑦1) … 𝑢𝑛−1(𝑦𝑖−1) 𝑢𝑛−1(𝑦𝑛) 𝑢𝑛−1(𝑦𝑖+1) … 𝑢𝑛−1(𝑦𝑛−1)

∣
∣
∣
∣
,

Δ0 =
∣
∣
∣
∣

𝑢1(𝑦1) … 𝑢1(𝑦𝑛−1)
⋅ ⋅
⋅ ⋅

𝑢𝑛−1(𝑦1) … 𝑢𝑛−1(𝑦𝑛−1)

∣
∣
∣
∣
,

𝑧𝑘(𝑥, 𝜌), 𝑦𝑘(𝑥, 𝑏), 𝑧𝑘(𝑥, 𝑏), 𝑘 = 1, 2, … , 𝑟, are the eigenfunctions of the opera-
tor 𝐿∗

𝛼 and of the boundary-value problems (10) and (11), constructed in an
analogous way. Then, as 𝑏 → ∞, the relation

𝑦𝑘(𝑦, 𝑏) ̄𝑧𝑘(𝜉, 𝑏)

∫
𝑏

0
𝑦𝑘(𝑥, 𝑏) ̄𝑧𝑘(𝜉, 𝑏) 𝑑𝑥

= 𝑦𝑘(𝑥) ̄𝑧𝑘(𝜉)

∫
∞

0
𝑦𝑘(𝑥) ̄𝑧𝑘(𝑥) 𝑑𝑦

+ 𝑜(1), 𝑘 = 1, 2, … , 𝑟, (15)

holds.

uniformly with respect to 𝑥, 0 ≤ 𝑥 ≤ 𝑐, 𝑐 > 0. Denote by 𝑦(𝑥, 𝜌𝑘), 𝑧(𝑥, 𝜌𝑘),
𝑘 = 1, 2, …, the eigenfunctions of problems (10), (11) corresponding to the
eigenvalues (13). Then, as 𝑏 → ∞,

1
𝑏 ∫

𝑏

0
𝑦(𝑥, 𝜌𝑘) 𝑧(𝑥, 𝜌𝑘) 𝑑𝑥 = − [𝐴(𝜌𝑘)

𝐴(𝜌𝑘)
+ 𝐵(𝜌𝑘)

𝐵(𝜌𝑘)
] + 𝑜(1), (16)

where 𝐵(𝜌), 𝐵(𝜌) are functions constructed analogously to the functions 𝐴(𝜌),
𝐴(𝜌) for 𝐿∗

𝛼.

Let 𝐺(𝑥, 𝜉, 𝜆) be the resolvent kernel of the boundary-value problem (10). If 𝜆
does not belong to the spectrum of the operator 𝐿𝛼, then, as 𝑏 → ∞,

𝐺(𝑥, 𝜉, 𝜆) = 𝐾(𝑥, 𝜉, 𝜆) + 𝑜(1) (17)

uniformly with respect to 𝑥, 𝜉 in every finite square 0 ≤ 𝑥, 𝜉 ≤ 𝑐, 𝑐 > 0.
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Denote

̃𝑦(𝑥, 𝜌) = −
𝑛−1
∑
𝑖=1

Δ𝑖
Δ0

𝑦𝑖(𝑥, 𝜌) + 𝑦𝑛(𝑥, 𝜌) + 𝐴(𝜌)
𝐴(𝜌)

[
𝑛−1
∑
𝑖=1

Δ′
𝑖

Δ0
𝑦𝑖(𝑥, 𝜌) − ̂𝑦𝑛+1(𝑥, 𝜌)] ,

(18)

where

Δ′
𝑖 =

∣
∣
∣
∣

𝑢1(𝑦1) ⋯ 𝑢′
1(𝑦𝑖−1) 𝑢1( ̂𝑦𝑛+1) 𝑢1(𝑦𝑖+1) ⋯ 𝑢1(𝑦𝑛−1)

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑢𝑛−1(𝑦1) ⋯ 𝑢𝑛−1(𝑦𝑖−1) 𝑢𝑛−1( ̂𝑦𝑛+1) 𝑢𝑛−1(𝑦𝑖+1) ⋯ 𝑢𝑛−1(𝑦𝑛−1)

∣
∣
∣
∣
,

and let ̃𝑧(𝑥, 𝜌) denote the function constructed analogously for the operator 𝐿∗
𝛼.

Then the following holds.

Theorem 2. Suppose that conditions (6) and (9) are satisfied, and let 𝐾(𝑥, 𝜉, 𝜆)
be the resolvent kernel of the operator 𝐿𝛼. For any point 𝜆 not belonging to
the spectrum of the operator 𝐿𝑥:

𝐾(𝑥, 𝜉, 𝜆) =
𝑟

∑
𝑘=1

𝑦𝑘(𝑥)𝑧𝑘(𝜉)

(𝜆 − 𝜆𝑘) ∫
∞

0
𝑦𝑘(𝑥)𝑧𝑘(𝑥) 𝑑𝑥

+ 𝜔𝑛
𝜋𝑖 ∫

Γ𝑘

̃𝑦(𝑥, 𝜌) ̃𝑧(𝜉, 𝜌) 𝑑𝜌
(𝜌2𝑛 + 𝜆) [ 𝐴(𝜌)

𝐴(𝜌) + 𝐵(𝜌)
𝐵̃(𝜌) ]

,

(19)

where the integral converges absolutely and uniformly with respect to 𝑥, 𝜉 in
the region 0 ≤ 𝑥, 𝜉 < ∞.

Denote by 𝔐𝛼 the totality of all functions 𝑔(𝑥) satisfying the conditions: 1) 𝑔(𝑥),
𝑙(𝑔) are summable on the interval [0, ∞); 2) 𝑔(𝜈)(𝑥), 𝜈 = 1, … , 2𝑛 − 1, exist and
are absolutely continuous on each finite interval [0, 𝑎]; 3) 𝑢𝜈(𝑔) = 0, 𝜈 = 1, … , 𝑛.
Then, with the aid of formula (19) and by repeating the arguments given in (1),
it is easy to obtain the expansion of the function 𝑔(𝑥) in the eigenfunctions of
the operator 𝐿𝛼 and an analogue of Parseval’s equality.

In conclusion, the author expresses his deep gratitude to M. A. Naimark for
valuable advice and comments.

Moscow Institute of Physics and Technology
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28 XII 1959
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