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Abstract
Full Text
MATHEMATICAL PHYSICS
A. V. ASTAKHOV

ON THE PROOF OF DOUBLE SPECTRAL
REPRESENTATIONS
(Presented by Academician N. N. Bogolyubov, February 24, 1960)

The aim of the present article is to obtain confirmation of the basic assump-
tions made by S. Mandelstam in postulating double spectral representations.
These assumptions reduce to the following: the amplitude of the process is an
analytic function of two complex variables—energy and momentum transfer—
throughout the whole complex domain in these variables, with the exception
of cuts along the real axes. By the existing methods of the general theory of
dispersion relations, double spectral representations cannot be proved, since all
the information available to us in the general theory makes it possible to prove
only the ordinary dispersion relations. Thus, the proof of S. Mandelstam’s rep-
resentations requires the use of some additional information. Usually in such
a situation perturbation theory is used, since for the amplitude corresponding
to a certain Feynman graph we can obtain an exact analytic expression. In the
present work we investigate the contribution to the analytic structure of the
scattering amplitude from the fourth order of perturbation theory. The tool of
the investigation is Dyson’s integral representation for causal commutators.

Consider the scattering of two scalar bosons with masses 𝑚 and 𝜇, described
by the fields 𝜓(𝑥) and 𝜑(𝑥). As independent variables on which the amplitude
will depend, choose

𝑤 = (𝑘1 + 𝑘2)(𝑝1 + 𝑝2)
2√(𝑝1 + 𝑝2)2 , Δ2 = −(𝑝1 − 𝑝2)2

4 , 𝜏 = 𝑘2
1 = 𝑘2

2.

To avoid the unphysical region, 𝜏 is fixed by the condition 𝜏 < −Δ2. The
imaginary part of the scattering amplitude is written in the following form:

Im 𝑇 (𝜔, Δ2, 𝜏) = 1
2 [𝑀(𝜔, Δ2, 𝜏) − 𝑀(−𝜔, Δ2, 𝜏)] ,

where 𝑀(𝜔, Δ2, 𝜏), up to inessential factors, is defined by the expression
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𝑀(𝜔, Δ2, 𝜏) = ∫ 𝑑4𝑥1𝑑4𝑥2 exp 𝑖
2 {𝑥2[𝑝2 − 𝑘2] − 𝑥1[𝑝1 − 𝑘1]}

× ∑
𝑛

⟨0 ∣𝛿𝑗(− 1
2 𝑥2)

𝛿𝜓( 1
2 𝑥2) ∣ 𝑝1 + 𝑘1, 𝑛⟩ ⟨𝑛, 𝑝1 + 𝑘1 ∣ 𝛿𝑗(− 1

2 𝑥1)
𝛿𝜓( 1

2 𝑥1) ∣ 0⟩ ,

(1)

where 𝑗(𝑥) = 𝑖 𝛿𝑆
𝛿𝜑(𝑥)𝑆+, and 𝑆 is the scattering matrix. In what follows, all

integrals of interest to us will be written up to inessential factors. Using Dyson’
s theorem, one can obtain an integral representation for the Fourier transform
of the retarded function

𝐹 ret(𝑞) = ∫ 𝑑4𝑢 ∫
∞

0
𝑑𝜆2 Φ(𝑢, 𝜆2)

(𝑞 − 𝑢)2 − 𝜆2 ; (2)

it is assumed here that

|𝐹 ret(𝑞)| = ∣∫ 𝑑4𝑥 exp[𝑖𝑞𝑥] ⟨0 ∣𝛿𝑗(−1/2𝑥)
𝛿𝜓(1/2𝑥) ∣ 𝑝1 + 𝑘1⟩∣ ⩽ 𝐴(𝛿)

|𝑞0| , Im 𝑞0 > 𝛿

as 𝑞0 → ∞.

𝜑(𝑢, 𝜆2) is an arbitrary function in some region 𝐺 and is equal to zero outside
it. The region 𝐺 is defined by the relations

[1/2(𝑝1 + 𝑘1) ± 𝑢]2 ⩾ 0; [1/2(𝑝0
1 + 𝑘0

1) ± 𝑢0] ⩾ 0,

𝜆 ⩾ max {0, 3𝜇 − √[1/2(𝑝1 + 𝑘1) + 𝑢]2; 𝑚 + 𝜇 − √[1/2(𝑝1 + 𝑘1) − 𝑢]2} .
(3)

Fig. 1
Fig. 1

Fig. 2
Fig. 2

Then, taking (1) and (2) into account, we obtain

𝑀(𝜔, Δ2, 𝜏) = ∫ 𝑑4𝑢1𝑑4𝑢2𝑑𝜆2
1𝑑𝜆2

2 Φ(𝑢1, 𝜆1, 𝑢2, 𝜆2, 𝑝1 + 𝑘1)
{[1/2(𝑘1 − 𝑝1) − 𝑢1]2 − 𝜆2

1}{[1/2(𝑘2 − 𝑝2) − 𝑢2]2 − 𝜆2
2} , (4)
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where

Φ(𝑢1, 𝜆1, 𝑢2, 𝜆2, 𝑝1 + 𝑘1) = ∑
𝑛

𝜑𝑛(𝑢1, 𝜆1, 𝑝1 + 𝑘1)𝜑∗
𝑛(𝑢2, 𝜆2, 𝑝1 + 𝑘1).

Let us consider the Feynman graph represented in Fig. 1. The imaginary part
of the scattering amplitude corresponding to the graph in Fig. 1 is

Im 𝑇 (4) = ∫ 𝑑4𝑞 𝜃(𝑞0)𝜃(𝑝0
1 + 𝑘0

1 − 𝑞0)𝛿(𝑞2 − 𝜇2)𝛿[(𝑝1 + 𝑘1 − 𝑞)2 − 𝑚2]
[(𝑝1 − 𝑞)2 − 𝑚2][(𝑝2 − 𝑞)2 − 𝑚2] , (5)

where 𝜃(𝑥) = 1 for 𝑥0 > 0 and 𝜃(𝑥) = 0 for 𝑥0 < 0.

In order that Im 𝑇 (4) be representable in the form (4), it is sufficient, as is clear
from (5), to define 𝜆1, 𝜆2, 𝑢1, and 𝑢2 as follows:

𝜆2
1 = 𝜆2

2 = 𝑚2, 𝑢1 = 1/2(𝑘1 + 𝑝1) − 𝑞, 𝑢2 = 1/2(𝑘2 + 𝑝2) − 𝑞.

Then the weight function is determined by the expression

Φ(𝑢𝑖, 𝜆𝑖, 𝑝1 + 𝑘1) = ∫ 𝑑4𝑞 𝜃(𝑞0)𝜃(𝑝0
1 + 𝑘0

1 − 𝑞0)𝛿(𝑞2 − 𝜇2)𝛿[(𝑝1 + 𝑘1 − 𝑞)2 − 𝑚2]×

× 𝛿(𝜆2
1 − 𝑚2)𝛿(𝜆2

2 − 𝑚2)𝛿[𝑞 + 𝑢1 − 1/2(𝑘1 + 𝑝1)]𝛿[𝑞 + 𝑢2 − 1/2(𝑘2 + 𝑝2)].

Carrying out the integration over 𝑞 and taking into account the conservation
law 𝑘1 + 𝑝1 = 𝑘2 + 𝑝2, we obtain

Φ(𝑢𝑖, 𝜆𝑖, 𝑘1 + 𝑝1) = 𝜃[1/2(𝑘0 + 𝑝0) − 𝑢0
1] 𝜃[1/2(𝑘0 + 𝑝0) + 𝑢0

1] 𝛿(𝑢1 − 𝑢2)×

×𝛿{[1/2(𝑘 + 𝑝) − 𝑢]2 −𝜇2} 𝛿{[1/2(𝑘 + 𝑝) + 𝑢]2 −𝑚2} 𝛿(𝜆2
1 −𝑚2)𝛿(𝜆2

2 −𝑚2). (6)

Let us choose the center-of-mass system, determined by the condition 𝑝1 + 𝑘1 =
𝑝2 + 𝑘2 = 0, and introduce new variables

𝑤2 = (𝑝 + 𝑘)2, Δ2 = −1/4(𝑝1 − 𝑝2)2, 𝜏 = 𝑘2
1 = 𝑘2

2.
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It is seen from (6) that Φ satisfies (3). In addition, Φ does not depend on Δ2

and 𝜏 . We shall consider all expressions in spherical coordinates

u1 = 𝑢1{cos 𝜑1 sin 𝛽1; sin 𝜑1 sin 𝛽1; cos 𝛽1},

u2 = 𝑢2{cos 𝜑2 sin 𝛽2; sin 𝜑2 sin 𝛽2; cos 𝛽2}, 𝛼 = 𝜑1 − 𝜑2, 𝜒 = 𝜑1,

𝜃 is the scattering angle (see Fig. 2). In this system

𝑀(𝑤, Δ2, 𝜏) =

= ∫ 𝑑4𝑢1 𝑑4𝑢2 𝑑𝜆2
1 𝑑𝜆2

2 Φ(𝑢1, 𝜆1, 𝑢2, 𝜆2, 𝑤)
[( 𝑚2−𝜏

2𝑤 + 𝑢0
1)2 − (k1 − u1)2 − 𝜆2

1] [( 𝑚2−𝜏
2𝑤 + 𝑢0

2)2 − (k2 − u2)2 − 𝜆2
2]

= 1
𝐾2(𝜏) ∫ 𝑑𝑢0

𝑖 𝑢𝑖 𝑑𝑢𝑖 𝑑𝜆2
𝑖 ∫

2𝜋

0
𝑑𝛼 𝑑𝜒 ∫

𝜋

0
𝑑𝛽1 𝑑𝛽2

Φ(𝑢0
𝑖 , 𝑢𝑖, 𝜆2

𝑖 , 𝑤)
[𝑋1(𝜏) − cos(𝜃 − 𝜒)][𝑋2(𝜏) − cos(𝜒 − 𝛼)] ,

(7)

where

𝑋𝑖(𝜏) =
𝐾2(𝜏) + 𝑢2

𝑖 + 𝜆2
𝑖 − [ 𝑚2−𝜏

2𝑤 + 𝑢0
𝑖 ]

2

2𝐾(𝜏)𝑢𝑖 sin 𝛽𝑖
, 𝐾2(𝜏) = (𝑤2 + 𝑚2 − 𝜏)2 − 4𝑚2𝑤2

4𝑤2

is the square of the momentum of the center of inertia of two particles with
masses 𝑚 and

√𝜏 . Taking (6) into account, we see that Φ(𝑢𝑖, 𝜆𝑖, 𝑤) is an
invariant function in the space of the vectors u1 and u2. Thus, Φ does not
depend on the polar angle 𝜒, and therefore in expression (7) one may integrate
over it:

∫
2𝜋

0
𝑑𝜒 1

[𝑋1(𝜏) − cos(𝜃 − 𝜒)][𝑋2(𝜏) − cos(𝜒 − 𝛼)] =

=
2𝜋 {𝑋1(𝜏)/√𝑋2

1(𝜏) − 1 + 𝑋2(𝜏)/√𝑋2
2(𝜏) − 1}

𝑋1(𝜏)𝑋2(𝜏) + √𝑋2
1(𝜏) − 1√𝑋2

2(𝜏) − 1 − cos(𝜃 − 𝛼)
.

On the mass surface 𝜏 = 𝜇2 we introduce a new variable

𝑦 = 𝑋1(𝜇2)𝑋2(𝜇2) − √𝑋2
1(𝜇2) − 1√𝑋2

2(𝜇2) − 1.
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Then all the integrations in (7), except the integrations over 𝛼 and 𝑦, will give
a new weight function Φ̃(𝑦, 𝑤, cos 𝛼), i.e. (7) can be transformed to the form

𝑀(𝑤, Δ2) = ∫
∞

min𝐺 𝑦
𝑑𝑦 ∫

2𝜋

0
𝑑𝛼 Φ̃(𝑦, 𝑤, cos 𝛼)

𝑦 − cos(𝜃 − 𝛼) . (8)

The domain 𝐺 in our particular case is determined by the relations

𝑢1 = 𝑢2 = 𝑢, 𝜆2
1 = 𝜆2

2 = 𝑚2,

( 1
2 𝑤 + 𝑢0)2 − 𝑢2 = 𝑚2, ( 1

2 𝑤 − 𝑢0)2 − 𝑢2 = 𝜇2, ( 1
2 𝑤 ± 𝑢0) ⩾ 0. (9)

Since Φ̃ does not depend on Δ2, the domain of analyticity of 𝑀(𝑤, Δ2) as a
function of Δ2 can be determined by investigating the zeros of the denominator
of the integrand in (8). Taking (9) into account, we see that

𝑋1 = 𝑋2 = 1 + 2 𝑚2𝑤2 − (𝑚2 − 𝜇2)2

(𝑤2 + 𝑚2 − 𝜇2)2 − 4𝑚2𝑤2 , i.e. 𝑦 = 2𝑋2 − 1.

It follows from this that 𝑦 ⩾ 1. 𝑀(𝑤, Δ2) will be singular where

𝑦 = cos(𝜃 − 𝛼) or cos 𝜃 = 𝑦 cos 𝛼 ± 𝑖√𝑦2 − 1 sin 𝛼. (10)

But in our case 𝛼 = 0, i.e. the curve of singularities will be the real curve
𝑦 = cos 𝜃 (𝑦 is real for real 𝑤2).

Let us relate the result obtained to the usual dispersion relations. As already
mentioned, in the proof of the usual dispersion–

relations, in order to bypass the unphysical region, the variable 𝜏 = 𝑘2
1 = 𝑘2

2 is
introduced, fixed by the condition 𝜏 < −Δ2. The dispersion relations proved
for such 𝜏 are then analytically continued to the physical value 𝜏 = 𝜇2. Such a
procedure will be valid if the imaginary part of the scattering amplitude is an
analytic function of 𝜏 in a narrow strip near the real axis up to the value 𝜇2 + 𝜀.
In this case, as has been shown by the methods of the general theory of dispersion
relations, a restriction on momentum transfer arises, i.e., the dispersion relations
turn out to be valid only for Δ2 < Δ2

max. However, such a restriction, as is seen
from Lehmann’s work (2), is a consequence of the fact that in the general theory
one has to regard the vectors u1 and u2 as independent, i.e., the angle 𝛼 can
take all possible values from 0 to 2𝜋. In our case there are no such possibilities,
since 𝛼 = 0. Then, as is not difficult to see, analytic continuation in 𝜏 to the
values 𝜏 = 𝜇2 does not lead to a restriction on momentum transfer.
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Fig. 3

Figure 1: Fig. 3

Fig. 3

Let us recall that in the dispersion relation the imaginary part of the amplitude
corresponding to the graph in Fig. 1 enters into a dispersion integral specified
on the segment of the real axis from the values 𝑤2 = (𝑚 + 𝜇)2 to +∞. We
have found that for real 𝑤2 the imaginary part of the amplitude is an analytic
function of cos 𝜃 in the entire complex plane, with the exception of a cut along
the real axis.

Let us compute the boundaries of the cut in momentum transfer. For simplicity
let us consider the scattering of particles with equal masses 𝑚 = 𝜇. In this case

𝑋 = 1 + 2𝑚2

𝑤2 − 4𝑚2 , 𝐾2 = 1
4 [𝑤2 − 4𝑚2𝑤2].

Taking into account that cos 𝜃 = 1 − 2Δ2/𝐾2, we obtain the equation of the
curve of singularities of the imaginary part of the amplitude as a function of
Δ2:

Δ2 = 𝑚2 3𝑚2 − 𝑤2

𝑤2 − 4𝑚2 , 𝑤2 ⩾ 4𝑚2.

It follows from this that the cut in the complex Δ2-plane begins at the point
Δ2 = −𝑚2 and goes to −∞. Then, applying to the imaginary part of the
scattering amplitude entering the dispersion integral Cauchy’s theorem with
the contour in the complex Δ2-plane shown in Fig. 3, we obtain a double
spectral representation.

Let us summarize. By combining Dyson’s theorem and perturbation theory
it is possible quite simply, at least in the fourth order of perturbation theory,
to prove the absence of complex singularities of the imaginary part of the scat-
tering amplitude in Δ2 for real 𝑤2. Relating the result obtained to the usual
dispersion relations, we see that the absence of complex singularities in Δ2 is
closely connected with the absence of a restriction on momentum transfer in
the usual dispersion relations. The absence of complex singularities of the imag-
inary part of the scattering amplitude in Δ2 for real 𝑤2 makes it possible to
prove the existence of a double spectral representation in the fourth order of
perturbation theory.

In conclusion, the author expresses his deep gratitude to V. S. Vladimirov and
M. K. Polivanov for discussing the results obtained.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR
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