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Abstract
Full Text

MATHEMATICS
N. M. KOROBOV

ESTIMATES OF TRIGONOMETRIC SUMS WITH
COMPLETELY UNIFORMLY DISTRIBUTED FUNC-
TIONS
(Presented by Academician I. M. Vinogradov on 5 IV 1960)

A function 𝑓(𝑥) is called completely uniformly distributed (1) if, for every 𝑠 ⩾ 1,
for any choice of integers 𝑚1, … , 𝑚𝑠 not all simultaneously equal to zero, the
estimate

𝑃
∑
𝑥=1

𝑒2𝜋𝑖𝐹𝑠(𝑥) = 𝑂(𝑃), (1)

holds, where the function 𝐹𝑠(𝑥) is defined by the equality

𝐹𝑠(𝑥) = 𝑚1𝑓(𝑥 + 1) + ⋯ + 𝑚𝑠𝑓(𝑥 + 𝑠). (2)

In the paper (2), completely uniformly distributed functions are indicated for
which the estimate

𝑃
∑
𝑥=1

𝑒2𝜋𝑖𝐹𝑠(𝑥) = 𝑂(𝑃 3/4 ln𝑃) (3)

is valid.

In the present paper completely uniformly distributed functions are constructed
for which the estimates of the corresponding trigonometric sums are sharper
than estimate (3), and the result obtained no longer admits any further sub-
stantial improvement. The proof is based on a combination of considerations
contained in the papers (3,4).
Let, for 𝑘 = 1, 2, …, primes 𝑝𝑘 be given from the interval (2𝑘 + 1)𝑘 < 𝑝𝑘 <
2(𝑘 + 1)𝑘. It is easy to show that there exist integers 𝑎𝑘,𝜈 (𝜈 = 1, 2, … , 𝑘) such
that, for |𝑥𝜈| ⩽ 𝑘, the congruence

𝑎𝑘,1𝑥1 + ⋯ + 𝑎𝑘,𝑘𝑥𝑘 ≡ 0 (mod 𝑝𝑘)
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has no solutions except the trivial one*. Further, let 𝜓(𝑘) > 𝑘2 be an arbitrary
integer-valued function, 𝜏0 = 0 and 𝜏𝑘 = 𝜏𝑘−1 + 𝑘𝜓(𝑘)𝑝𝑘. Every integer 𝑥 ⩾ 1
can, evidently, be represented uniquely in the form

𝑥 = 𝜏𝑘−1 + 𝑘𝑦 + 𝑧,

where 𝑘 ⩾ 1, 0 ⩽ 𝑦 ⩽ 𝜓(𝑘)𝑝𝑘 − 1 and 1 ⩽ 𝑧 ⩽ 𝑘.
Theorem 1. The fractional parts of every function 𝑓(𝑥) defined by the equali-
ties

𝑥 = 𝜏𝑘−1 + 𝑘𝑦 + 𝑧, 𝑓(𝑥) = 𝑎𝑘,𝑧
𝑝𝑘

𝑦,

are completely uniformly distributed.

* One may, for example, choose 𝑎𝑘,𝜈 = (2𝑘 + 1)𝜈−1.

Proof. Suppose that for 𝜈 = 1, 2, … , 𝑠 at least one of the quantities 𝑚𝜈 is
nonzero and |𝑚𝜈| ≤ 𝑚. Consider the sum

𝑆𝑘 =
𝑟𝑘𝑝𝑘

∑
𝑢=1

𝑒2𝜋𝑖𝐹𝑠(𝜏𝑘−1+𝑢), (4)

where 𝑟 ≤ 𝜓(𝑘)−1 and the function 𝐹𝑠 is defined by equality (2). We shall show
that for 𝑘 ≥ 𝑘0, where 𝑘0 = max(𝑚, 𝑠), the sums 𝑆𝑘 vanish. Indeed, noting that
for 0 ≤ 𝑦 ≤ 𝜓(𝑘)𝑝𝑘 − 2 and 1 ≤ 𝑧 ≤ 𝑘, for 𝜈 = 1, 2, … , 𝑠 the equalities

𝑓(𝜏𝑘−1 + 𝑘𝑦 + 𝑧 + 𝜈) =
⎧{
⎨{⎩

𝑎𝑘,𝑧+𝜈
𝑝𝑘

𝑦, if 𝜈 ≤ 𝑘 − 𝑧,
𝑎𝑘,𝑧+𝜈−𝑘

𝑝𝑘
(𝑦 + 1), if 𝜈 > 𝑘 − 𝑧,

hold, we obtain

𝐹𝑠(𝜏𝑘−1 + 𝑘𝑦 + 𝑧) = (5)

=
⎧{{
⎨{{⎩

(𝑚1𝑎𝑘,𝑧+1 + ⋯ + 𝑚𝑠𝑎𝑘,𝑧+𝑠
)𝑦

𝑝𝑘
, if 𝑧 ≤ 𝑘 − 𝑠,

(𝑚1𝑎𝑘,𝑧+1 + ⋯ + 𝑚𝑘−𝑧𝑎𝑘,𝑘)𝑦 + (𝑚𝑘−𝑧+1𝑎𝑘,1 + ⋯ + 𝑚𝑠𝑎𝑘,𝑧+𝑠−𝑘
)(𝑦 + 1)

𝑝𝑘
, if 𝑧 > 𝑘 − 𝑠.

Let us split the interval of summation of the sum 𝑆𝑘 into parts:
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|𝑆𝑘| = ∣
𝑘

∑
𝑧=1

𝑟𝑝𝑘−1
∑
𝑦=0

𝑒2𝜋𝑖𝐹𝑠(𝜏𝑘−1+𝑘𝑦+𝑧)∣ ≤

≤
𝑘−𝑠
∑
𝑧=1

∣
𝑟𝑝𝑘−1
∑
𝑦=0

𝑒2𝜋𝑖𝐹𝑠(𝜏𝑘−1+𝑘𝑦+𝑧)∣ +
𝑘

∑
𝑧=𝑘−𝑠+1

∣
𝑟𝑝𝑘−1
∑
𝑦=0

𝑒2𝜋𝑖𝐹𝑠(𝜏𝑘−1+𝑘𝑦+𝑧)∣ .

Using the choice of the quantities 𝑎𝑘,𝑧, from (5) we obtain

|𝑆𝑘| ≤
𝑘−𝑠
∑
𝑧=1

∣
𝑟𝑝𝑘−1
∑
𝑦=0

𝑒2𝜋𝑖
𝑚1𝑎𝑘,𝑧+1+⋯+𝑚𝑠𝑎𝑘,𝑧+𝑠

𝑝𝑘
𝑦∣ +

+
𝑘

∑
𝑧=𝑘−𝑠+1

∣
𝑟𝑝𝑘−1
∑
𝑦=0

𝑒2𝜋𝑖
𝑚1𝑎𝑘,𝑧+1+⋯+𝑚𝑘−𝑧𝑎𝑘,𝑘+𝑚𝑘−𝑧+1𝑎𝑘,1+⋯+𝑚𝑠𝑎𝑘,𝑧+𝑠−𝑘

𝑝𝑘
𝑦∣ = 0.

Now estimate the sum

𝑆 =
𝑃

∑
𝑥=1

𝑒2𝜋𝑖𝐹𝑠(𝑥).

Define 𝑛 from the condition 𝜏𝑛−1 < 𝑃 ≤ 𝜏𝑛 and represent 𝑃 in the form

𝑃 = 𝜏𝑛−1 + 𝑟1𝑛𝑝𝑛 + 𝑟2 (0 ≤ 𝑟1 ≤ 𝜓(𝑛) − 1, 1 ≤ 𝑟2 ≤ 𝑛𝑝𝑛).

Choosing in (4) 𝑟 = 𝜓(𝑘) − 1 for 𝑘 < 𝑛 and 𝑟 = 𝑟1 for 𝑘 = 𝑛, we obtain

|𝑆| ≤ 𝜏𝑘0−1 +
𝑛−1
∑
𝑘=𝑘0

∣
𝜓(𝑘)𝑘𝑝𝑘

∑
𝑢=1

𝑒2𝜋𝑖𝐹𝑠(𝜏𝑘−1+𝑢)∣ + ∣
𝑟1𝑛𝑝𝑛

∑
𝑢=1

𝑒2𝜋𝑖𝐹𝑠(𝜏𝑛−1+𝑢)∣ + 𝑛𝑝𝑛 ≤

≤
𝑛

∑
𝑘=𝑘0

|𝑆𝑘| + 𝜏𝑘0−1 + 𝑘0𝑝𝑘0
+ ⋯ + 𝑛𝑝𝑛. (6)

Using the choice of 𝑝𝑘, it is easy to verify that 𝑝𝑘−1 ≪ 1
𝑘𝑝𝑘, and, consequently,

𝑘0𝑝𝑘0
+ ⋯ + 𝑛𝑝𝑛 ≪ 𝑛(𝑛 − 1)

2 𝑝𝑛−1 + 𝑛𝑝𝑛 ≪ 2(𝑛 − 1)𝑝𝑛.

Further, in view of the fact that for 𝑘 ≥ 𝑘0, 𝑆𝑘 = 0, from (6) we obtain
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|𝑆| ≪ 𝜏𝑘0−1 + 2(𝑛 − 1)𝑝𝑛. (7)

On the other hand, using the fact that

𝑝𝑛 < 2(2𝑛 + 1)𝑛 = 2(2𝑛 + 1) (1 + 2
2𝑛 − 1)

𝑛−1
(2𝑛 − 1)𝑛−1 <

< 30(𝑛 − 1)𝑝𝑛−1 ≤ 30 (𝑛 − 1)𝜓(𝑛 − 1)𝑝𝑛−1
(𝑛 − 1)2 < 30

(𝑛 − 1)2 𝑃 ,

we obtain

|𝑆| < 𝜏𝑘0−1 + 60
𝑛 − 1𝑃 = 𝑂(𝑃),

which proves the theorem.

Theorem 2. Whatever monotone function 𝜑(𝑃), tending arbitrarily slowly to
infinity as 𝑃 → ∞, there exists a completely uniformly distributed function
𝑓(𝑥) such that

𝑆 =
𝑃

∑
𝑥=1

𝑒2𝜋𝑖𝐹𝑠(𝑥) = 𝑂(𝜑(𝑃)).

For no completely uniformly distributed function can this estimate be improved
to 𝑂(1).
Proof. Denote by 𝜑(𝑘) the function inverse to the function 𝜑(𝑘), and choose
𝜓(𝑘) = [𝜑(𝑘2𝑝𝑘+1)] + 1. Obviously, defining 𝑛, as before, by the condition
𝜏𝑛−1 < 𝑃 ≤ 𝜏𝑛, we obtain

𝜑(𝑛 − 1)2𝑝𝑛 < 𝜓(𝑛 − 1) < 𝑃 , (𝑛 − 1)2𝑝𝑛 < 𝜑(𝑃).

Hence, in view of (7), the first assertion of the theorem follows:

|𝑆| ≪ 𝜏𝑘0−1 + 2
𝑛 − 1𝜑(𝑃) = 𝑂(𝜑(𝑃)).

Suppose that the second assertion of the theorem is false. Then there exists a
completely uniformly distributed function 𝑓(𝑥) such that, for every 𝑃 ≥ 1, the
estimate

∣
𝑃

∑
𝑥=1

𝑒2𝜋𝑖𝐹𝑠(𝑥)∣ < 𝑀, (8)
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holds, where 𝑀 does not depend on 𝑃 .

Choose 𝑛 > 2𝑀 . Since the function 𝑓(𝑥) is completely uniformly distributed,
for any natural numbers 𝑠 and 𝑛 the fractional parts of the system of functions
𝑓(𝑥+1), … , 𝑓(𝑥+𝑛+𝑠) are uniformly distributed in the unit (𝑛+𝑠)-dimensional
cube. Consequently, there exists 𝑥0 such that the inequalities

{𝑓(𝑥0 + 𝜈)} < 1
2𝜋(𝑛 + 1)𝑚𝑠 (𝜈 = 1, 2, … , 𝑛 + 𝑠), (9)

hold, where 𝑚 = max1≤𝜈≤𝑠 |𝑚𝜈|. Denote by 𝜎𝑛 the sum

𝜎𝑛 =
𝑥0+𝑛
∑

𝑥=𝑥0

𝑒2𝜋𝑖𝐹𝑠(𝑥).

Using estimate (8), we obtain

|𝜎𝑛| = ∣
𝑥0+𝑛
∑
𝑥=1

𝑒2𝜋𝑖𝐹𝑠(𝑥) −
𝑥0−1
∑
𝑥=1

𝑒2𝜋𝑖𝐹𝑠(𝑥)∣ < 2𝑀. (10)

By (9), for every 𝑥 in the interval 𝑥0 ⩽ 𝑥 ⩽ 𝑥0 + 𝑛 it follows that

∣1 − 𝑒2𝜋𝑖𝐹𝑠(𝑥)∣ = 2 ∣sin𝜋(𝑚1{𝑓(𝑥 + 1)} + ⋯ + 𝑚𝑠{𝑓(𝑥 + 𝑠)})∣ < 1
𝑛 + 1.

But then

|𝜎𝑛| = ∣𝑛 + 1 −
𝑥0+𝑛
∑

𝑥=𝑥0

(1 − 𝑒2𝜋𝑖𝐹𝑠(𝑥))∣ ⩾

⩾ 𝑛 + 1 − (𝑛 + 1) max
𝑥0⩽𝑥⩽𝑥0+𝑛

∣1 − 𝑒2𝜋𝑖𝐹𝑠(𝑥)∣ > 𝑛.

Hence, by (10), the inequality 𝑛 < 2𝑀 follows, contradicting the choice of 𝑛,
and the theorem is thereby completely proved.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR
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