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Consider, on some compact set @, the space C(Q) of real continuous functions
f(z), x € Q, with norm

Ifle = max|f(z)|
zeQ
and the space B(Q) of real bounded functions ¢(x), x € @, with norm

lel s = sup [p(z)].
T€Q

It is obvious that C(Q) is a subspace of B(Q). Let L, (n = 1,2,...) be a
sequence of linear positive operators mapping C(Q) into B(Q). (An operator L
is called positive if, for every nonnegative function f(z) € C(Q), the function
o(x) = L(f,x) € B(Q) is also nonnegative.)

Definition 1. A system of continuous functions

S = o), [i(@), oo, (@)}

will be called a K-system on the compact set @ if, for any sequence of linear
positive operators L, , from

”Ln(fmx)ij’z(gj)”B*)O (i:07172a'--5m)

as n — 0o, it follows that

ILy, (f,2) = f(2)|p — 0O

for every f(x) € C(Q). The number m is called the order of the system S

m*

The properties of K-systems have been studied by P. P. Korovkin (}2) (see also
(3)) in the case when the compact set @ is an interval or a circle; by V. I. Volkov
(45) in the case of a closed domain in the plane; and by E. N. Morozov (°) in
the case of the two-dimensional torus.

In this article we shall consider only such K-systems for which f,(z) = 1.
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Definition 2. It is said that a system of continuous functions

S = {fo(x),fl(x)a ,fm(.%)}

has Chebyshev rank equal to r (0 < r < m) on the compact set @ if, for any

m — 7+ 1 distinct points zy,...,x,,_,.., of the compact set @, the rank of the
matrix
fo(xq) fi(zq) fin (1)
fo(xs) fi(z2) fin(22)
fO(xmferl) fl (mmf'rdﬁl) fm(xmfﬂrl)

is equal to m — r + 1, and there exist m — r + 2 distinct points of the compact
set for which the rank of the corresponding matrix is less than m —r + 2. In
particular, if » = 0, then S,, is called a Chebyshev system. This definition of
Chebyshev rank is equivalent to the original one (see, for example, (7%)).

Theorem 1. In order that on a compactum @ there exist at least one K-system
of finite order, it is necessary and sufficient that the compactum ) have finite
dimension.

Theorem 2. In order that the system S,, = {f,(z) =1, fi(a), ..., ..., fi ()}
be a K-system on the compactum @), it is necessary and sufficient that, for
every point z, € @, a linear positive functional ® in the space C'(Q) be uniquely
determined by the conditions ®(f;) = f;(zy), i =0,1,...,m.

This theorem can be formulated in other terms:

Theorem 3. In order that the system S,, be a K-system on the compactum
@, it is necessary and sufficient that the mapping F' of the compactum @ onto
a subset M of m-dimensional Euclidean space E™, defined by this system,

F(ac):(fl(x),fQ(x),...,fm(x))GE”H T €Q,
be homeomorphic and that one of the following mutually equivalent conditions
be satisfied:
each point of the set M is an extreme point of its convex hull;

no point of the set M belongs to the convex hull of the remaining part of this
set;

whatever simplex of positive dimension with vertices from the set M may be
taken, all its interior points do not belong to this set.

From Theorem 3 there follows

Corollary (%). The order m and the Chebyshev rank r of a K-system on any
compactum are related by the relation m > r + 2.
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Denote by m(Q) the minimal order of K-systems on the compactum ). Nat-
urally the question arises of computing m(Q) for any finite-dimensional com-
pactum. In this direction one can prove the following theorem.

Theorem 4. If the compactum @ is homeomorphic to an n-dimensional sphere
or to a subset of it, then m(Q) < n+1. If there exists a nonempty subset U C @,
open relative to @, such that the difference Q \ U is not homeomorphically
embedded in (n — 1)-dimensional Euclidean space E" !, then m(Q) > n + 1.

Proof. The first assertion of the theorem follows from the fact that on the
n-dimensional sphere there exist systems of functions of order n + 1 which are
K-systems on the entire sphere and on any of its closed subsets, for example:

fO = 17
f1 =cosxy,

fo =sinx; cos z,

f, =sinz sinay --sinz,,_; cosz,,,
frp1 =sinz, sinz, --sinz, ;sinz,
0<z;<m i1=1,2,...,n—1; 0<z, <2m).

The second assertion follows from a theorem of K. Borsuk (9).

Corollary. If @ is the closure of an open subset of the n-dimensional sphere or
of n-dimensional Euclidean space, then m(Q) =n + 1.

Theorem 5. Let @ be homeomorphic to the closure of an open and connected
subset (i.e., a domain) of the n-dimensional sphere. In order that the system
Spi1=1folx) =1, fi(x),..., f,.1(x)} be a K-system on the compactum @,

necessary and sufficient that it have Chebyshev rank equal to m(Q)—2 =n—1.
In the proof of this theorem the following is used.

Lemma. Let the compact set @ satisfy the conditions of Theorem 5, and let
the system S, ; have Chebyshev rank n—1 on Q). Then for every interior point
Zo € @ there exists a polynomial

n+1

p(z,2g) = ZQ‘fi(@
i=0
with respect to the system S, ,; such that

p(x07$0):07 p(xamo) >07 $€Q7 x:/éxO'
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One can verify from examples that the conditions imposed on the compact set
are essential in Theorem 5; moreover, the following theorem is valid.

Theorem 6. For every disconnected compact set () containing more than three
points, there exists a system of functions of order m = m(Q) and Chebyshev
rank 7 = m(Q) — 2 which is not a K-system.

For the set consisting of the intervals [0,7/2] and [m, 37/2], such a system will
be, for example, the following Chebyshev system of second order:

_ Jcosu, x €1[0,7/2], _ Jsingz, xz € 10,7/2],
filw) = {Q—I—Cosx, x € [m,3m/2]; fa@) = {2+sinx, x € [m,3m/2].

Let us now consider K-systems in the space of periodic functions of n variables
or, in other words, in the space C(T™), where T™ is the n-dimensional torus. It
is not difficult to see that m(T™) = n + 2 (for n > 2). It is also clear that any
system of the form

folz) =1, f1(55)»--~7fn+1($>7
foio(@) = f{(@) + f3(x) + -+ foii(x),  xzeT™,

where the functions f,(z), ..., f,.; () realize a homeomorphic embedding of the
torus T into (n + 1)-dimensional Euclidean space, for example:

fi=aycosxy,

fo = (ag + aq sinzy) cos xq,

n — (an + (a’n—l + -+ (a2 + aq Sin‘rl) Sian ) Sinxn—l) CoOS Ty,

Joi1 = (a, + (a,_; +-+(ay +aysinz;)sinz, ) sinz, ;)sinz,,
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k—1
<0<.TZ-<27T, 1=1,2,...,m; a; >0, ak>Zai, k:2,3,...,n>.
i=1
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