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A natural question arises: to what approximation does the summation of dia-
grams of a special type, appearing in the statistical variational principle (see
(1)), correspond? It seems to us that the chief merit of this kind of summation,
which restructures formal perturbation theory, consists in the fact that with its
aid one can construct asymptotic expansions, at weak interaction, of the quanti-
ties of interest to us; i.e., it provides us with a regular method for constructing
expansions of this type.

Fig. 1

In the first approximation, corresponding to taking into account the two first-
order diagrams shown in Fig. 1, we must solve simultaneously the following
system of nonlinear integral equations:
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e*(p) = A*(p) — B*(p). (3)

Knowing its solution, we can calculate
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Solving asymptotically, for small v and fixed n,, the nonlinear equations (1),
(2), (3), we obtain, in the case § = 0,
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The terms v and 2 in (6) are obtained in ordinary perturbation theory. The
terms %2 are in agreement with those obtained by Lee, Huang, and Yang (?).
The terms v/* coincide with those obtained by Girardeau (*). The terms v7/? and
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v* are not guaranteed in the first approximation, since there are contributions

of this type from the second approximation.

In the case 6 # 0, asymptotically for small v and fixed n, we obtain
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The terms ©? are not guaranteed, since there are contributions of this type from

the second approximation.

Let us note that, in the modified formulation,
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In the case 6 # 0, using (10), asymptotically for small v and fixed n we obtain
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where F. P. denotes the finite part of the integral divergent at small p*.

We pass to the second approximation. The starting formula for its calculation
is
B T1
~BAF = [, [ dry (7% (7)o (12)
0 0

Fig. 2

where the subscript conn means that only connected diagrams are to be taken
into account,

Qint (T) = eTQO Qinte_TQO’ <> = Sp 6_690 / Sp e_ﬁﬂo.

For the contribution from the most important diagram in second order, shown
in Fig. 2 (the second-order diagram leading to logarithmic terms in the interac-
tion), we have

1+n, ) 1+n, ) 14+n,)—n, n, n

n
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where symm denotes two more terms obtained by the cyclic permutation (1, 2, 3);
T, denotes the following operation, referring to the momentum p;: e(p;) —

—&(py) and u, 2 v, .

sovietrxiv.org/items/ru-196001.25552 Machine Translation


https://sovietrxiv.org/items/ru-196001.25552

A study of the asymptotics of (13) for small v and fixed n, leads to the following
formulas. In the case of temperature 6 = 0,

AFg 1 m3/2n(5)/21)3/2(0) 1 v2(p) 1 3,3, 4 4 V3
=Sy R T B =T Sl el R
(14)

The second term on the right-hand side exactly corresponds to that obtained by
Wu (5), Hugenholtz and Pines (6), and Sawada (4). In the case of temperature

0+ 0,

AF, n, V3 nyv(0
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The results obtained can be generalized in two directions:

1. To carry out a “ladder” summation, i.e., to replace the interaction by
that renormalized as a result of the “ladder” summation, and thereby con-
nect our treatment with the so-called pair-collision approximation often
discussed in the literature.

2. To carry out a “density” summation for the study of collective excitations,
equivalent to the random-phase approximation well known in plasma the-
ory.

1 flp) _ 1<~ flp)— f(0)
For example, F.P. v zp: 2oV zp: TEo) (see (3)).

It seems to us, however, that improvements of this kind do not eliminate the
principal shortcoming of the expansions under consideration: namely, their in-
adequacy, revealed upon more detailed study, in the range of temperatures close
to the critical one.

Note added in proof. At present we have succeeded in making a more accurate
estimate of AF/V in the case § = 0, which made it possible to write out in the
chemical potential (and also in the ground-state energy) all terms of order v%.
These terms were partly investigated by Wu (°). In view of the cumbersome
nature of the indicated terms, we do not present them here.
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