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SOME REMARKS ON THE RIGIDITY OF
SURFACES OF POSITIVE CURVATURE
WITH BOUNDARY
(Presented by Academician P. S. Aleksandrov on 27 XI 1959)

Let a surface of positive Gaussian curvature 𝐾 with boundary be given. Assum-
ing that it is referred to an isometric system of coordinates, in which the linear
element is represented in the form

𝑑𝑠2 = Λ(𝑥, 𝑦)(𝑑𝑥2 + 𝑑𝑦2),

we write the Gauss—Peterson—Codazzi equations in the following form:

𝜕Λ𝑤
𝜕 ̄𝑧 + 𝜕√𝐾 + |𝑤|2

𝜕𝑧 = 0, (1)

where 𝑤(𝑧) = 1
2 (𝑏2

2 − 𝑏1
1) + 𝑖𝑏2

1; 𝑏𝑖
𝑗 are the mixed components of the tensor of the

second quadratic form; 𝑧 = 𝑥+𝑖𝑦. Suppose that the radius vector of the surface
𝑟(𝑥, 𝑦) ∈ 𝐷3,𝑝(Γ), 𝑝 > 2 (1), where Γ is the domain of definition of the metric of
the surface. Differentiation in (1) is understood in the generalized Sobolev sense.
The present note is devoted to the study of the behavior of the function 𝑤(𝑧)
—a solution of equation (1)—under continuous bendings of the surface. Since
this function, together with the metric, determines the form of the surface, the
uniqueness of the solution of equation (1) for a given function Λ(𝑧) and under
one or another set of conditions on the solution means the uniqueness, up to
trivial transformations, of the determination of the surface by the metric and
these conditions.

Let the surface (Λ, 𝑤1) be subjected to a bending and be transformed thereby
into the surface (Λ, 𝑤2). Forming the equation satisfied by the difference of
solutions of equation (1), 𝑤∗ = 𝑤2 − 𝑤1, we see that it is a uniformly elliptic
homogeneous equation of the form

𝜕𝑤∗

𝜕 ̄𝑧 + 𝜇1(𝑧)𝜕𝑤∗

𝜕𝑧 + 𝜇2(𝑧)𝜕𝑤∗

𝜕𝑧 + 𝑎(𝑧)𝑤∗ = 0, (2)
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where 𝜇1 and 𝜇2 are measurable functions in Γ; 𝑎 ∈ 𝐿𝑝(Γ), 𝑝 > 2, if the
functions 𝑤1 and 𝑤2 belong to 𝐷1,𝑝(Γ), 𝑝 > 2; |𝜇1| + |𝜇2| ≤ 𝜇0 < 1, 𝜇0 is a
number. Consequently, for 𝑤∗(𝑧) there is a representation of the form

𝑤∗(𝑧) = Φ(𝜁(𝑧))𝑒𝜑(𝑧),

where Φ is a function analytic in the domain 𝜁(Γ); 𝜁(𝑧) is a certain homeomor-
phism of the 𝑧-plane onto the 𝜁-plane; 𝜑(𝑧) is a function bounded in modulus.

It follows that

Lemma 1. If a solution of equation (2) vanishes at the points of some set
having a limit point inside Γ, then 𝑤∗(𝑧) ≡ 0 everywhere.

Suppose that Γ belongs to the class 𝐶(1)
𝛼,𝛾1…𝛾𝑘(𝑙), 0 < 𝛼 ⩽ 1, 𝛾𝑖 > 0. Then the

following holds.

Lemma 2. If 𝑤∗ = 0 on some set of contour points of positive linear measure,
then 𝑤∗ = 0 everywhere.

Let 𝑏 be the normal curvature of the surface in some direction, and 𝑏⟂ in the
perpendicular direction. We shall call

𝐸′ = 𝑏 − 𝑏⟂
2

the Euler difference in the given direction, and 𝐾′ = 𝑏𝑏⟂ the curvature in the
given direction. If 𝐻 is the mean curvature of the surface, then 𝐸′ =

√
𝐻2 − 𝐾′.

The Euler difference and the curvature in the direction of the lines of curvature
coincide with the ordinary Euler difference and the Gaussian curvature. It is
easy to obtain the formula (2)

𝐴𝑤 = 𝐸′ = 𝑖√𝐾′ − 𝐾, (3)

where 𝐴 is a coefficient depending on the direction.

Consider two isometric surfaces of positive Gaussian curvature 𝐹1 and 𝐹2. Sup-
pose that on these surfaces, at corresponding points and in two fixed correspond-
ing directions, the Euler differences and curvatures are equal. From formula (3)
it then follows that 𝑤1 = 𝑤2 at corresponding points. From Lemmas 1 and 2
we obtain the following propositions.

Theorem 1. If the sets of corresponding points of the surfaces 𝐹1 and 𝐹2 at
which 𝐸′

1 = 𝐸′
2 and 𝐾′

1 = 𝐾′
2 have limit points on these surfaces, then 𝐹1 and

𝐹2 are congruent or symmetric.

Theorem 2. If 𝐸′
1 = 𝐸′

2 and 𝐾′
1 = 𝐾′

2 on sets of positive measure of corre-
sponding points of the boundaries of the isometric surfaces 𝐹1 and 𝐹2, then the
surfaces 𝐹1 and 𝐹2 are congruent or symmetric.
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From these theorems, in particular, there follows an analogue of Vekua’s theorem,
proved for infinitely small bendings: if an arbitrarily small arc is fixed on a
surface of positive curvature, the surface admits no continuous bendings. (This
arc may coincide with a part of the boundary of the surface, or may lie on the
surface itself.) Indeed, in this case along the arc the spatial curvatures 𝐾1 and
𝐾2 of the arcs on 𝐹1 and 𝐹2 and the torsions 𝜘1 and 𝜘2 are equal. Consequently,
along the arc 𝑏1 = 𝑏2. Hence it follows that 𝐸′

1 = 𝐸′
2 and 𝐾′

1 = 𝐾′
2 in the

direction of the arc.

Let us also note that a surface with fixed boundary is unbendable. To fix
the boundary completely means at the same time to fix on the boundary the
functions 𝐸′ and 𝐾′ in the direction of the boundary. From the work (2) it
follows that, in order to achieve the same result, it is enough to fix on the
boundary one of these functions. From Theorems 1 and 2 it follows that, in
order to achieve the same goal, it is enough to fix 𝐸′ and 𝐾′ on an arbitrarily
small arc of the boundary. Moreover, it follows from this that the theorems of
the work (2) are also true when the conditions occurring in them are prescribed
not on the boundary, but on an arbitrary closed Jordan curve of class 𝐶1

𝛼,𝛾1…𝛾𝑘
lying on the surface itself. In this case such a condition may be regarded as a
boundary condition for the part of the surface lying inside this curve. From the
unique determination of this part there then follows the unique determination
of the whole surface.

Theorem 3. Let a surface 𝐹1 be given which contains a set of umbilic points
having a limit point inside the surface. If the points of the surface 𝐹2 cor-
responding under the isometry are umbilic, then 𝐹1 and 𝐹2 are congruent or
symmetric.

Theorem 4. Let there lie on the boundary of the surface 𝐹1 a set of umbilic
points of positive linear measure. If the corresponding points of the isometric
surface 𝐹2 are umbilic, then the surfaces are congruent or symmetric.

This means, for example, that when an arbitrarily small part of a piece of a
spherical surface is bent, the bending propagates to the entire

surface, and the Euler difference
√

𝐻2 − 𝐾 becomes everywhere nonzero, except
perhaps on a set of points of the surface having no limit points on it, or on a
set of boundary points of measure zero.

Theorem 4 may be regarded as a strengthening of Theorem 5 (2), where the
unique determination of a surface of positive curvature whose boundary consists
of umbilic points is asserted.

In conclusion, I take this opportunity to express my gratitude to I. N. Vekua
and N. V. Efimov for their attention to my work and for useful advice.
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