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(Presented by Academician I. M. Vinogradov on 23 IV 1960)

N. M. Korobov proved, (3), that if

𝛼1, 𝛼2, … , 𝛼𝑝, … (1)

is a completely uniformly distributed sequence, then the sequence

[𝛼1𝑞], [𝛼2𝑞], … , [𝛼𝑝𝑞], …

is a normal sequence of digits*.

In the present work we prove a theorem extending this theorem.

Theorem. The system of sequences

𝜀1, 𝜀2, … , 𝜀𝑝, … ,
𝛿1, 𝛿2, … , 𝛿𝑝, … , (2)

where

𝜀𝑗 = [𝛼𝑗𝑞1], 𝛿𝑗 = [𝑞2{𝛼𝑗𝑞1}],

is jointly normal.

Proof. Let 𝑠 = 1. Take the one-column matrix

(𝜀
𝛿),

0 ⩽ 𝜀 ⩽ 𝑞1 − 1, 0 ⩽ 𝛿 ⩽ 𝑞2 − 1. The occurrence of such a matrix in the system
of sequences (2) in the 𝑗-th place is possible if and only if the number 𝛼𝑗 falls
into the half-interval

(𝜀𝑞2 + 𝛿
𝑞1𝑞2

, 𝜀𝑞2 + 𝛿 + 1
𝑞1𝑞2

) .

Observe that the length of this half-interval is
1

𝑞1𝑞2
.
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Since the sequence (1) is completely uniformly distributed, the asymptotic fre-
quency of occurrence of the matrix

(𝜀
𝛿)

in the system of sequences (2) is equal to

1
𝑞1𝑞2

.

Similarly, it is proved that for any natural number 𝑠 and any 𝑠-column matrix

( ̄𝜀1, ̄𝜀2, … , ̄𝜀𝑠̄𝛿1, ̄𝛿2, … , ̄𝛿𝑠
) ,

where 0 ⩽ ̄𝜀𝑘 ⩽ 𝑞1 −1, 0 ⩽ ̄𝛿𝑘 ⩽ 𝑞2 −1, 𝑘 = 1, 2, … , 𝑠, the asymptotic frequency
of occurrence in the system of sequences (2) is equal to

1
𝑞𝑠

2𝑞𝑠
1

.

Consequently, the system of sequences (2) is jointly normal.

In the paper (2)** the following problem was solved.

* For the concepts of a normal sequence, jointly normal sequences, and a com-
pletely uniformly distributed sequence, see (1), §§ 1, 7, 12.

** For an exposition of this paper, see (1).
Let there be given a normal sequence consisting of the symbols 0, 1, … , 𝑞1 − 1,

𝜀1, 𝜀2, … , 𝜀𝑃 , … (3)

Construct a sequence, consisting of the symbols 0, 1, … , 𝑞1 − 1,

𝛿1, 𝛿2, … , 𝛿𝑃 , … (4)

so that the system of sequences

𝜀1, 𝜀2, … , 𝜀𝑃 , … ,
𝛿1, 𝛿2, … , 𝛿𝑃 , … (5)

is jointly normal.
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In § 7 of paper 1 a method is presented for constructing, for a given sequence,
any number 𝑙 of sequences consisting of the symbols 0, 1, … , 𝑞1 − 1, such that
the system of sequences

𝜀1, 𝜀2, … , 𝜀𝑃 , … ,

𝜀(1)
1 , 𝜀(1)

2 , … , 𝜀(1)
𝑃 , … ,

⋯ ⋯ ⋯ ⋯ ⋯

𝜀(𝑙)
1 , 𝜀(𝑙)

2 , … , 𝜀(𝑙)
𝑃 , …

is jointly normal.

With the aid of the theorem proved in the present paper, from the sequence (3)
we shall construct a sequence consisting of the symbols 0, 1, … , 𝑞2 − 1,

𝛿1, 𝛿2, … , 𝛿𝑃 , …

such that the system of sequences will be jointly normal.

In paper 1, § 15, the construction is given of a completely uniformly distributed
sequence

𝛼1, 𝛼2, … , 𝛼𝑃 , … ,

such that 𝜀𝑗 = [𝑞1, 𝛼𝑗]. Taking 𝛿𝑗 = [𝑞2{𝑞1𝛼𝑗}], we obtain a sequence
𝛿1, 𝛿2, … , 𝛿𝑃 , … such that the system of sequences (5) is jointly normal.
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