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MATHEMATICAL PHYSICS
V. S. BULDYREYV and I. A. MOLOTKOV

INVESTIGATION OF EXACT SOLUTIONS OF
NONSTATIONARY DIFFRACTION PROB-
LEMS IN THE NEIGHBORHOOD OF SLID-
ING FRONTS

(Presented by Academician V. I. Smirnov, 27 V 1960)

In the present note, by the method of separating out the nonanalytic parts (1),
we investigate the properties of the wave field u(P,t) (P is a point of space, t is
time) in the region of geometrical shadow arising in a two-component acoustic
medium with cylindrical or spherical interfaces.

1. Let r = R be the equation of the interface in cylindrical (r, z, ¢) or spher-
ical (r,0,¢) coordinates. We shall assume that the wave field u(P,t) is
produced by the action at the point @ of a linear (r = R;, ¢ = 0) or point
(r =Ry, 8 = ¢ =0) source (respectively for the cases of a cylindrical or
spherical boundary) of intensity a(t) = t“e(t); £(t) is the unit Heaviside
function. The field u(P,t) is the solution of the problem

Au—c2(r)uy, = a(t)d(Q), uly—g = yly—o =0,

N1U|T:R70 = ﬂ2u|r:R+01 ur‘r:Rfo = ur|r:R+07 (1)

in which ¢(r) = ¢; for r < R and ¢(r) = ¢, for r > R, where ¢y, fiq, Cy, 15 are
constant propagation velocities and densities of the inner (r < R) and outer
(r > R) media; 6(Q) is the delta function.

2. Let [ be an extremal of the integral 7 = [ P ¢=1ds from the class of piece-
wise continuous curves, one or several of whose links are situated on the
interface between the media on the side of the greater value of the velocity.
We shall call the sliding front the geometric locus of points P for which
the equality 7 = 1 holds, under the condition that the integral is taken
along an extremal I.* The distance of an arbitrary point P from the sliding
front, computed along the extremal [ passing through the point P, will
be denoted by . The link of this extremal situated on the interface will
be called the sliding arc 6. At points of the sliding front v = 0; in front
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of the sliding front v < 0, behind it v > 0; for all points of the region of
geometrical shadow § > 0.

3. On the basis of an investigation of exact solutions (2~#) of problems with
cylindrical or spherical boundaries for the nonstationary wave field u(P, t),
in a neighborhood of a sliding front (outside other fronts) one can obtain
the representation

u(P,t) = Re i i T, liv(n)] + f(P,1) | , (2)

* For example, in the case of a cylindrical boundary with ¢, > ¢;, the sliding
fronts corresponding to waves that have undergone different numbers of reflec-
tions are cylindrical surfaces parallel to the z-axis, whose directrices are the
evolvents of the circle r = R.

in which f(P,t) is a function regular in a neighborhood of v = 0. In formula (2)
the following notation has been introduced: T, (iv) is the product of the residue
of a certain combination of cylindrical functions at the root z,(iv) of one of the
equations

HP (—iz) =0, (3)
HP (—iz) =0, (4)

/ b ’
HM (—iz)HY (—iaz) — —HM (—iz2)HY (—iaz) =0, a= -2
a

by eT¢ in the case of a cylindrical boundary and by

v

21
b [Py—l/Z(COS p) + ;Qu_l/Q(cos ®)

in the case of a spherical boundary. In equations (3)—(5), Hf,l’z)(f) are Hankel

functions of the first and second kinds; P,(£) and Q,, (&) are Legendre functions*.
Equation (5) corresponds to conditions (1), and equations (3) and (4) to the
same conditions for ; = 0 and p; = co. For a cylindrical boundary v(n) = n,
for a spherical one v(n) = n + 1/2. Finally, m = 2s — 1 in the case of equation
(4) and m = 2s in the cases (3) and (5).

4. For large |v| in the sector |argv| < 7/2 there is the asymptotic represen-
tation
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T,(iv) = v P exp {iuv — ng(y + S)p/3eim/6 #} x

3N—1
x lz a\” (P, t)(vei™/2)~k/3 4 Réﬁ@(P,t,iu)(z’y)Nl (6)
k=0

with real agf). In equality (6) the numbers », (s = 1,2,3,...) are the zeros of
the Airy function W (2/3%¢'™/3) or of its derivative, %‘2/2 for s > 1 being pro-
portional to s; B is a constant depending on the constant « characterizing the
function a(t). It can be shown that the coefficients agf)(PJ) and the remain-
der term Résj\),(P,t,iz/) are regular functions of P and t in a neighborhood of
the creeping front that contains no boundaries of geometrical shadow and no
interface of media. One can also prove the inequalities

i (P,6) < cD(k/3+1)a%, RGP, iv)] < CNI®Y, (1)

in which ¢, C, o are constants independent of k¥ and N, and I'(z) is the gamma
function.

5. Let us separate out the nonanalytic part of the series

Re i T [iv(n)]. (8)

Using the properties of the coefficients a? and applying Watson’ s summation

method, one can obtain for (8), when —o 3 < v < 073, a representation in the
form of the sum of a convergent series and a regular function g,(P,t) (see theo-

* For example, in the case of a cylindrical boundary, for r > R > R, a(t) = &(t),
for the creeping front corresponding to the first refracted wave,

ibHY (—iR,R17) y
2m2 HY (—iz)

s(in) =

Hy(f) (—irR_laz)Hff)(—iaz) exp(—iny + ¢ R~ 1tz)
a2(1— b)22[HY (—iaz)]2 + bln2(b — 1) + (b — a2)22][HY (—iaz)|?| _

)

where z, is a root of equation (5).

rem 2 from (1)):
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Re 3 T [iv(n)] = uy (P 1) =(7) + g, (P, 1), (©)

23% S O (), (10)
1 coei™/3 t3 3/2<’Y+6)3/2
w = — t—4 — —t dt = -
.(p) P /Ooe L, e {p ( 3 ﬂ ;o Dy Nezl

For p > 0, ¢ > 0, the function Wq(p) admits the asymptotic representation

2 exp(—2/spx +q/3) 1
Walp) = 2px + 3¢ (p;)q*1 {IJFO (2px+3qﬂ’ (1)

in which

2 1 , 2 1
NP | [ Y G N (R
2p 4p 27 2p 4p 27

From (11) and (7) it follows that, for 0 < v < o2 and fixed § > 0, the series (10),
as well as the series obtained from it by termwise differentiation with respect to
~ any number of times, converge uniformly with respect to v. Using (11), we
obtain

3N5 _ _ —36—N
u(Pot) = 53 a7 g (rH0) P W (p,) e o720 (p7 77N (12)
0

k=

whence, for N = 0,

=T ] e[ 3 o)

Formula (12) establishes the behavior of u,(P,t) near v = 0. From formula
(13), in view of the uniform convergence with respect to 7 of the series obtained
by termwise differentiation with respect to 7 of the series (10), it follows that
the function wuy(P,t), with all derivatives, is continuous in a neighborhood of
the sliding front v = 0. For v = 0, the functions u,(s > 1) have singularities of

S
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the form exp(—a,s677/2), a; > 0. Thus, as s increases, the contribution of the
terms of the outer series (2) to the singularity of the wave field at the sliding
front decreases exponentially.

6. In the cases p; = 0 or pu; = oo, using the properties of H£2>(—iz) and
T,(iv) for imaginary v *, one can obtain another representation for the
series (8):

in/3

Re>- Tfiv(w) = —3 [ T(€)€decl) +Reg (P, (19

n=m

in which g,(P,t), as well as Z g,(P,t), are regular in a neighborhood of v = 0.

s=1

Thus the field u(P, t) is split into the analytic function f(P,t) —|—Z g,(P,t) and
s=1
0087;7‘-/3

3 o]
the function D) g / T, (€3)£%d¢€ - e(vy), which has a singu-
s=1 Yoo

e—im/3

* It can be shown that equations (3) and (4), for Rev = 0, have an infinite set
of real roots on the interval 0 < z < | Imv|, with a point of accumulation z = 0.
These roots have no roots in the domain |arg z| < /2. For Rev =0 and z > 0,
the function H,@(—iz) is imaginary and is expressed in terms of the tabulated
function (5). The expressions T, (iv) in cases (3) and (4) are also imaginary for
imaginary v.

--ness for v = 0. If the sliding front under consideration propagates through a
medium that has not yet been disturbed, then the analytic part of the field is
identically equal to zero.

7. Formula (12) makes it possible to compute approximately the values

u(P,t) in the neighborhood of a sliding front. We give the values of

several first coeflicients agﬁ";) in various diffraction problems*.

A. Cylindrical boundary, ¢, > ¢;, 7 > R, Ry > R, a(t) = t%e(t).

N =R (CQt— R§—1—\/7~2—32)—5,

5
§ = ¢ —arccos RRy! — arccos Rr— 1, B=a+ 3

Co

(s) F(Oé+1> (R)O‘ R|W/(21/3Xseiﬂ'/3)|72 . < Sa )
a - — 7 < __da_ 7
0 21/3 1 V(R% —R?)(r? — R?) p a2
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ags).

2
(s) _ Xs 1 1
a; == |3(y+96) —5R +
L0 [ r+9) <\/R§—R2 \/TQ—R2>

B. Cylindrical boundary, ¢, > ¢;, 7 > R > Ry, a(t) = t%e(t).

v =(aR)™! (clt—va —a?+/R? —a?R? — aVr? —R2> — 0,

11

§ = ¢ —arccos(Rr~1) + arccos(a ' RRy!) — arccosa™ !, B=a+ 5
NN al'(a+ 1)(Reg H)*Rexp(da/bV1 — a?)
" e W x| (R RO )
2

(s) _ Xs a aR R (s)
a;’ =22 |3(y+6)—5 — + ay .

! 10 [ (v+9) (\/1—@2 VR? —a?R? \/’I"Q—R2> 0

C. A plane wave u = e[t —c5 ' (R—r cos p)] is incident on a cylindrical bound-
ary (1, = ).

y=R*'(t—R-Vr?—R?)—4, S=¢-—m/2—arccosRr!, B=_

—~1/4

¥

NONENE ﬁ—l al? =2 7+5—7R
O T 2.x, \ R? ’ 1 § V2 — R2

One may conjecture that also in more complicated problems (variable propaga-
tion speeds, an interface boundary—sufficiently smooth cylindrical surfaces of
arbitrary cross-section), in a neighborhood of sliding fronts the wave field will
have a singularity of the same type as the singularities of the functions u/(P,t).

The authors express their gratitude to G. I. Petrashen and V. M. Babich for
discussion of the results.
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