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ING OF DIRAC PARTICLES
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Physics

1. As Mott showed, the exact formula for the angular distribution of a par-
tially polarized beam of Dirac particles contains a factor of the form (1)

D) = i[f(9)g"(9) — f*(9)g(I)]. (1)

In the case of purely Coulomb scattering by a point center, D(d) was computed
by Mott to first-order accuracy. With the aid of damping theory, A. A. Sokolov
succeeded in generalizing Mott’ s results to the case of scattering by a force
center possessing not only an electric charge but also a magnetic moment, and
also in considering the case of an arbitrary potential (?).

In the present paper, starting from the values of the phases in the first approxi-
mation (>%), D(¥9) is calculated for an arbitrary spherically symmetric potential.
The differential cross section for an unpolarized beam, corresponding to this ap-
proximation, was calculated in (5).

2. As is known, in the first Born approximation f() and g(«#) are real and
D(9) = 0, i.e., the scattering has no azimuthal asymmetry. In order to
obtain complex scattering amplitudes, it is necessary in the exact formulas,
when expanding the exponents, to take into account the quadratic terms
as well:

f) = % i [(1+1) (tgo +itg? o) +1(tgo” +itg® 0> )] P(cos),

g(¥) = i [(tg0) +itg?0))) — (tg6,” +itg® 6> )] Pl(cos®).  (2)
=1

El i

It is easy to show that in this case there is no need to take into account the values
of the phases in the second approximation; it is sufficient to restrict oneself to
the phase values in the first approximation (formulas (19) in (®)), which, by
means of the Laplace transformation
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V() = /0 Ve rtdt, Vi) = —— /7 Vertdr  (3)

2mi c—1i00

can be represented in the form

o__ K v L /“ L
tgo, = 2chk{a/0 V(t)Q, <1+2k2> dt+50 V(t)Q11 1+2k2 dt ¢,

K g t2 - 2
tgs)”) = ——— /Vt 14— | dt /Vt 14— | dty.
g9, oenk 1 ¢ O Q1+ 22 + 5 0 Q1 [ 1+ 2
(4)
where V (t) is the transform of the function 7V (r); Q,(z) is a Legendre function
of the second kind. The remaining notation here and below coincides with that

adopted in (3). Substituting these phase values into (2) and carrying out the
summation over [, we obtain

f(9) = fre(?) + ifin (D), 9(0) = gre(V) + gy, (9), (5)

where the real parts fr,(¥) and gg.(¥) coincide with the scattering amplitudes
in the first Born approximation (see, for example, (°)):

dt
12 + 4k2 sin®(9/2)’

fre(¥) = —%(a + [ cos 19)/0 V(t)

dt _
12 4+ 4k2 sin” (9/2)

n0) = s [ V() (52)

and for the imaginary parts fi,,(¢) and gy, (9), taking formulas (7a)—(7 ) into
account, we obtain the values

K2 00 00 ) , ) ,
S (9) = 402h2k:3/0 /0 {(a + 2Bz’ 4+ % cosV)E(x, 2", ¥) — afln

r+1
—1

" ] V)V () dtdt,

(5)

K? 9 [ , v , r+1 =, =, ,
glm(ﬁ)thz/o /O [<2aﬂx + 232 cos? 5) Y(z,x ,ﬂ)faﬂlnx_l} V(V(t')dtdt,

where
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— A
r=1t5m =115

and X(z,z’,9) is defined by formula (8).

Using (1) and (5), (5), we finally find that in the presence of an arbitrary
spherically symmetric scatterer D(9) is expressed as follows:

D) = 2 [fre(9)g1m (V) = frum () gre ()] - (6)

The integrals in (5a), (5) are easily evaluated when V(¢) is proportional to
a d-function (see below) or to its derivative (exponential potential). In the
remaining cases numerical integration is necessary. Let us note that, in order
to obtain D(¢) in the next approximation, it is necessary to know the phases
in the second approximation (formulas (23) in (3)). However, the difficulties
arising here in the summation have not been overcome.

3. The results obtained can also be applied to the Coulomb field. However,
it is first necessary to consider the screened Coulomb field (a Yukawa-type
potential)

Ze? — 9
V(r) = ———e Xo", V(t) = —Ze?d(t — xq)-
r
In this case the d-functions remove the integration in formulas (5a) and (5 ). Fur-
ther, in the expressions for the Yukawa amplitudes one may make the limiting
transition to the purely Coulomb field:

vy =25 T = —zea).

Taking into account the limiting value
2 2
X0 Xo

2(1_’_2]@'2)1—"_2](}2719) as XO_>07

from (5 ) we obtain the imaginary parts of the Coulomb scattering amplitudes

fIm (19)
and ¢ (9) (the real parts are obtained automatically from (5a))

. Ze N K2 [ , 1 2 sin(1/2) 2%
flm(ﬁ) = (2ch> ? {(Oé + 20{ﬁ + ﬁ COSs 19) Sln2(19/2) In ” — 20[ﬁ In %70 s
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2 2 .
Iim (V) = <Z€> K tg = v { (2015 + 232 cos? 2) . 1 In 2k sin(v/2)
sin

2ch ) k3 2

(9/2) o

whence it is easy to obtain the well-known Mott formula

2
v
D(19)<Z62>32K3 avVi—ve

2ch ) k5 sin(0/2) cos(9/2) Insin(9/2).

—20451n2k}7
Ao

4. In the work® sums containing products of three Legendre functions of
the first kind were calculated. Using the values of these sums and Heine’
s integral representation for Legendre functions of the second kind®, we

obtain the values of the following sums:

3@+ D@ ()Qu ) Pi(cosd) = S 2, 9),

=0

1. xz+1

ZQ; [([+1)Qy 1 (2")+1Q, 1 (2)] Py(cos V) = x/2($7x/’ﬁ)_§ln

r—1

(7)

(7)

S I0HD)Qp 1 (2)Qu (&) +1Qy 1 (2)Qy (27)] Py(cos V) = cos? B, 2',9), (7)

=0

1

' +1 cosﬂ1 r+1

ZQl (@ (27)—Qur (a)] P (cos9) = T8V 5y ot 9y

sin ¥

o0

!
where

1
Sz, 2", 9) = = X
2\/33’ — 222’ cost) + 22 — sinZ ¥

2sin v

Ql+1 )Qu1(2") — Qlfl(f)qu(x/)]le(COS V) = sind X(x, 2’, 1),
-1

nx’—1+251n19 R

(7)

(7)
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| (z’ —cosﬂ)(\/x’Q — 2z’ cos V) 4+ 22 —sin® 9 + ') — (1 — 2’ cos¥) —sin® I z + 1
x In

(z' + cos19)(\/:r’2 — 2xa’ cos V) + 22 —sin’ 9 + 27) — (1 + 2’ cos¥) — sin” 9 T L
(8)
In passing to the Coulomb field it is necessary to use the limiting value

"3 "3 1 2ksin(9/2)
lim 21+ 142 9| = )
%iglo ( * 2k2’ + 2k2’ ) sin’(19/2) "o
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