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Abstract
Full Text

PHYSICS
UDC Phy-40

AN APPROXIMATE METHOD FOR CALCULATING
THE GROUND STATE OF AN ISOTROPIC ANTIFER-
ROMAGNET
(Presented by Academician N. N. Bogolyubov on 24 X 1959)

Various variants of the “spin-wave”method have been applied by a number
of authors (1) to the development of the theory of antiferromagnetism. The
assumption of a small deviation of the spin from its value in the ground state
restricts the applicability of this method to the region of low temperatures. The
only theory applicable in the region of high temperatures is the molecular theory
of Néel (2). However, the molecular theory cannot be regarded as satisfactory,
since it is very crude, especially in the region of low temperatures. In works
(3,4), using spectral representations of Green’s functions by the method pro-
posed by N. N. Bogolyubov and S. V. Tyablikov (3), a formula was obtained
for the magnetization of a ferromagnet over the entire temperature range. In
the present work, with the aid of the same method, the theory of antiferromag-
netism without allowance for anisotropy is considered. The formula obtained
for the magnetization is valid for all temperatures. In this brief communication
only the results for the ground state are presented.

Using the notation adopted in work (5), we write the Hamiltonian of the system
of an isotropic antiferromagnet as

ℋ = −𝜇 ∑ 𝐻𝛼𝑆𝛼
𝑓 − 𝜇 ∑ 𝐻𝛼𝑆𝛼

𝑔 − 1
2 ∑ 𝐽11(𝑓1 − 𝑓2)𝑆𝛼

𝑓1
𝑆𝛼

𝑓2
−

−1
2 ∑ 𝐽22(𝑔1 − 𝑔2)𝑆𝛼

𝑔1
𝑆𝛼

𝑔2
− ∑ 𝐽12(𝑓 − 𝑔)𝑆𝛼

𝑓 𝑆𝛼
𝑔 . (1)

We perform the transformation* from spin operators to Pauli operators

𝑆𝛼
ℎ = 𝛾𝛼

𝑖 (1 − 2𝑛) + 𝐴𝛼
𝑖 𝑏ℎ +

∗
𝐴𝑖

𝛼𝑏+
ℎ , (2)

where ℎ = 𝑓, 𝑔; 𝑖 = 1 for ℎ ∈ 𝑓, 𝑖 = 2 for ℎ ∈ 𝑔. Under the assumption that
⟨𝑏ℎ⟩ = 0, 𝛾𝛼 have the meaning of the direction cosines of the spin, and
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𝐴𝑥 = −𝛾𝑥𝛾𝑧 − 𝑖𝛾𝑦

√(𝛾𝑥)2 + (𝛾𝑦)2 , 𝐴𝑦 = −𝛾𝑦𝛾𝑧 + 𝑖𝛾𝑥

√(𝛾𝑥)2 + (𝛾𝑦)2 , 𝐴𝑧 = √(𝛾𝑥)2 + (𝛾𝑦)2.
(3)

* This transformation is due to S. V. Tyablikov.

Substituting (2) into (1), we obtain the Hamiltonian in Pauli operators. Follow-
ing the work of [3], we introduce the following Green’s functions

𝐺(1)
ℎℎ′ ≡ ⟨⟨𝑏ℎ(𝑡) ∣ 𝑏+

ℎ′(𝑡′)⟩⟩ = 𝜃(𝑡 − 𝑡′)⟨[𝑏ℎ(𝑡), 𝑏+
ℎ′(𝑡′)]−⟩,

𝐺(2)
ℎℎ′ ≡ ⟨⟨𝑏+

ℎ (𝑡) ∣ 𝑏+
ℎ′(𝑡′)⟩⟩ = 𝜃(𝑡 − 𝑡′)⟨[𝑏+

ℎ (𝑡), 𝑏+
ℎ′(𝑡′)]−⟩, (4)

(ℎ = 𝑓, 𝑔; ℎ′ = 𝑓 ′, 𝑔′).

Using the equations of motion for 𝑏ℎ, 𝑏+
ℎ , we obtain chains of equations for the

Green’s functions. To decouple these equations we assume that

⟨⟨𝑛ℎ1
(𝑡)𝑏ℎ2

(𝑡) ∣ 𝑏+
ℎ3

(𝑡′)⟩⟩ = 𝑛̄𝑖⟨⟨𝑏ℎ2
(𝑡) ∣ 𝑏+

ℎ3
(𝑡′)⟩⟩

⟨⟨𝑛ℎ1
(𝑡)𝑏+

ℎ2
(𝑡) ∣ 𝑏+

ℎ3
(𝑡′)⟩⟩ = 𝑛̄𝑖⟨⟨𝑏+

ℎ2
(𝑡) ∣ 𝑏+

ℎ3
(𝑡′)⟩⟩,

where 𝑖 = 1 for ℎ1 ∈ 𝑓 , 𝑖 = 2 for ℎ1 ∈ 𝑔, 𝑛̄𝑖 = ⟨𝑛𝑖⟩, and we assume that
higher-order Green’s functions may be neglected. Then we obtain a system of
closed equations for the Green’s functions (4). We shall seek their solutions in
the form

𝐺(𝑖)
ℎℎ′(𝑡−𝑡′) = ∫

∞

−∞
𝐺(𝑖)

ℎℎ′(𝐸)𝑒−𝑖𝐸(𝑡−𝑡′) 𝑑𝐸, 𝐺(𝑖)
ℎℎ′(𝐸) = 1

𝑁 ∑
(𝜈)

𝑒𝑖(ℎ−ℎ′,𝜈)𝐾(𝑖)
𝑙𝑙′ (𝜈)

(5)

(𝑖 = 1, 2),

where 𝑙 = 1 for ℎ ∈ 𝑓 , 𝑙 = 2 for ℎ ∈ 𝑔′; 𝑙′ = 1 for ℎ′ ∈ 𝑓 , 𝑙′ = 2 for ℎ′ ∈ 𝑔; 𝜈 is a
reciprocal-lattice vector. As a result we obtain a system of linear equations for
𝐾(𝑖)

𝑙𝑙′ .
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In what follows we assume that 𝐽11 = 𝐽22 = 𝐽 , 𝑛̄1 = 𝑛̄2 = 𝑛̄, and 𝐻𝑥 = 𝐻𝑦 =
0, 𝐻𝑧 = 𝐻, 𝛾𝑥

1 = −𝛾𝑥
2 = √1 − 𝛾2, 𝛾𝑧

1 = 𝛾𝑧
2 = 𝛾, 𝛾𝑦

1 = 𝛾𝑦
2 = 0. In this case one

can verify that 𝐾(1)
11 = 𝐾(1)

22 , 𝐾(1)
21 = 𝐾(1)

12 , 𝐾(2)
11 = 𝐾(2)

22 , 𝐾(2)
21 = 𝐾(2)

12 , and the
solutions for them can easily be found. Following the principal formula of [3] and
taking into account the relations [5] 𝐽12(𝜋𝑏 − 𝜈) = −𝐽12(𝜈), 𝐽(𝜋𝑏 − 𝜈) = 𝐽(𝜈),
(𝐽(𝜈) is the Fourier component of the exchange integral), after passing from the
sum to an integral we obtain the formulas

⟨𝑏ℎ1
𝑏+

ℎ2
⟩ = 𝜎

2 𝛿ℎ1ℎ2
+ 𝜎

2
𝑣

(2𝜋)3 ∫ 𝑒𝑖(ℎ1−ℎ2,𝜈) 𝐹𝜈 + 2𝛾2𝜎𝐽12
𝐸𝜈

cth 𝐸𝜈
2𝜃 𝑑𝜈,

⟨𝑏+
𝑓 𝑏+

𝑔 ⟩ = 𝜎
2

𝑣
(2𝜋)3 ∫ 𝑒𝑖(𝑔−𝑓,𝜈) 2(1 − 𝛾2)𝜎𝐽12

𝐸𝜈
cth 𝐸𝜈

2𝜃 𝑑𝜈, (6)

where 𝑣 is the volume of the elementary cell; 𝜎 = 1 − 2𝑛̄;

𝐹𝜈 = 2[𝜇𝐻𝛾 + 𝜎( ̄𝐽 − 𝐽 + (2𝛾2 − 1) ̄𝐽12)],

𝐸𝜈 = 2{[𝜇𝐻𝛾 + 𝜎( ̄𝐽 − 𝐽) + 𝜎((2𝛾2 − 1) ̄𝐽12 + 𝐽12)]×

×[𝜇𝐻𝛾 + 𝜎( ̄𝐽 − 𝐽) + 𝜎(2𝛾2 − 1)( ̄𝐽12 + 𝐽12)]}1/2.

Substituting ℎ1 = ℎ2 into the first formula (6), we obtain

1
𝜎 = 𝑣

(2𝜋)3 ∫ 𝐹𝑧 + 2𝛾2𝜎𝐽12
𝐸𝑣

cth 𝐸𝑣
2𝜃 𝑑𝑣. (7)

Suppose that the mean value of an odd number of Pauli operators is equal to
zero and ⟨𝑛ℎ𝑛ℎ′⟩ ≅ 𝑛̄2. From the condition for the minimum of the free energy
⟨ 𝜕ℋ

𝜕𝛾 ⟩ = 0 and (6) we obtain

1
𝛾 = 2

𝜇𝐻 { 𝑣
(2𝜋)3 ∫ 𝐹𝑣 + 2𝜎𝐽12

𝐸𝑣
cth 𝐸𝑣

2𝜃 𝑑𝑣 − 𝐽12𝜎} (8)

and the expression for the mean energy

𝐸 = −𝑁𝜇𝐻𝛾 − 𝑁𝜎2(𝜇𝐻𝛾 + 𝐽 + (2𝛾2 − 1)𝐽12)−

− 2𝜎𝑁 𝑣
(2𝜋)3 ∫ 𝐽 𝐹𝑣 + 2𝛾2𝜎𝐽12

𝐸𝑣
cth 𝐸𝑣

2𝜃 𝑑𝑣−
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− 2𝜎𝑁 𝑣
(2𝜋)3 ∫ 𝐽12

2(1 − 𝛾2)2𝜎𝐽12 − 𝛾2(𝐹𝑣 + 2𝛾2𝜎𝐽12)
𝐸𝑣

cth 𝐸𝑣
2𝜃 𝑑𝑣. (9)

For simplicity, let us consider a simple cubic lattice and take 𝐽12 = −|𝐽12|, 𝐽 = 0.
To study the ground state we put 𝜃 = 0 in (7), (8), and (9). Let us introduce
the dimensionless quantity ℎ = 𝜇𝐻

|𝐽12| ; then, after some calculations, we obtain
the solutions A and B.

A. Solution for ℎ ≪ 1:

𝜎 = 𝜎0 + 𝜎1ℎ2 lnℎ + 𝑂(ℎ2); (10)

𝛾 = 𝛾1 + 𝛾2ℎ3 lnℎ + 𝑂(ℎ3); (11)

𝐸 = 𝑁|𝐽12|(𝑒1 + 𝑒2ℎ2 lnℎ + 𝑂(ℎ2)), (12)

where

𝜎0 = 1
𝐽 = 0.865; 𝜎1 = −

√
2

4 𝐴 𝐽2(1 + 2𝐽(𝐽 − 𝐼))
(1 + 𝐽(𝐽 − 𝐼))2 = −0.168;

𝛾1 = 𝐽
2(1 + 𝐽(𝐽 − 𝐼)) = 0.445; 𝛾2 = −

√
2

4 𝐴 𝐽4

(1 + 𝐽(𝐽 − 𝐼))2 = −0.108;

𝑒1 = − 1
𝐽 { 1

𝐽 + 2(𝐽 − 𝐼)} = −1.186;

𝑒2 = −2{𝜎0𝜎1 + 𝜎1(𝐽 − 𝐼) +
√

2 𝐴𝛾1(1 − 𝜎0𝛾1)} = 0.01;

𝐴 = 63/2

𝜋3
𝜋
4 ; 𝐽 = 1

(2𝜋)3 ∫
Γ

𝑑𝑣
√1 − (𝑄/3)2 , 𝐼 = 1

(2𝜋)3 ∫
Γ

√1 − (𝑄/3)2 𝑑𝑣

(𝑑𝑣 = 𝑑𝑥 𝑑𝑦 𝑑𝑧; Γ is the region − 𝜋 < 𝑥, 𝑦, 𝑧 < 𝜋; 𝑄 = cos𝑥 + cos 𝑦 + cos 𝑧).

We note that spin-wave theory gives the values 𝜎0 = 2−𝐽 = 0.844, 𝑒1 = 2𝐼−3 =
−1.194.
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B. Solution for 2 − ℎ ≷ 0:

𝜎 = 1 + 𝜎1(2 − ℎ) + 𝜎2(2 − ℎ)3/2 + 𝑂((2 − ℎ)2 ln(2 − ℎ)); (13)

𝛾 = 1 + 𝛾1(2 − ℎ) + 𝛾2(2 − ℎ)3/2 + 𝑂((2 − ℎ)2 ln(2 − ℎ)); (14)

𝐸 = 𝑁| ̄𝐽12|{−3 + 𝑒1(2 − ℎ) + 𝑒2(2 − ℎ)3/2 + 𝑂((2 − ℎ)2 ln(2 − ℎ))}, (15)

where

𝜎1 = 𝐾(1 − 𝐾)
2𝐾2 − 5𝐾 + 4 = −0.770; 𝛾1 = 𝐾 − 2

2(2𝐾2 − 5𝐾 + 4) = −0.238;

𝜎2 = 2
√

2𝐴 (−13𝐾3/2 + 6𝐾1/2 + 8𝐾−1/2)
3(2𝐾2 − 5𝐾 + 4)1/2 = −3.54;

𝛾2 = 2
√

2𝐴 (7𝐾3/2 − 8𝐾1/2 − 4𝐾−1/2)
3(2𝐾2 − 5𝐾 + 4)1/2 = 6.65;

𝑒1 = 2 − 2𝜎1 − 2(1 − 𝐾) (1
2 + 𝜎1 + 3𝛾1) = 2.52;

𝑒2 = −2𝜎2 − 8
3𝐴 (2𝛾1 + 2𝜎1 + 1)

√−2 − 4𝜎1 − 8𝛾1
− 2(1 − 𝐾)(𝜎2 + 3𝛾2) = 17.4;

𝐾 = 1
(2𝜋)3 ∫

Γ

𝑑𝑣
1 − 𝑄/3.

When ℎ ≷ 2, 𝛾 = 1, and the substance behaves as a ferromagnet. In conclu-
sion, the author expresses his deep gratitude to S. V. Tyablikov, and also to T.
Shiklosh for valuable discussions.

V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
16 IX 1959
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