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MATHEMATICS
V. 1. LEVENSHTEIN

ON ONE CLASS OF SYSTEMATIC CODES

(Presented by Academician M. V. Keldysh, 9 XII 1959)

In the present note a class of systematic codes with detection and correction of
errors is considered, obtained by using one of the algorithms for constructing
codes proposed by V. I. Siforov (?). The power of the codes of the class under
consideration lies within the same bounds that are presently known for the
maximal power of codes. Some properties of these codes are investigated, and
a method is indicated by means of which one can reduce the search in their
practical construction.

1. Consider the sets B, (n = 0,1,...) of all n-digit binary sequences* and
their union, the set B. To denote the operation of digitwise addition of
arbitrary sequences a = (ay, @y, ...) and b = (54, By, ...) from B, as well as
of binary symbols modulo 2, we shall use the sign @ (}_), and we shall
omit the multiplication sign:

a®b=(a; @ f,0y® P, ..), aa = (aayg, aay, ...).

The value |a| of the sequence a = (ay, i, ...) will mean the integer whose binary
representation is the sequence a, i.e.

la| = Z a2
i—1

The norm |a| of the sequence a is defined as the number of unit digits of this
sequence:
lall = Z ;-
i1

With this definition of the norm, the Hamming distance () between any
two sequences a and b from B, i.e. the number of noncoinciding digits of these
sequences, can be expressed as follows:

pla,b) = la@b].

For arbitrary sequences a, b, and ¢ of the set B the following hold:
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Lemma 1. p(a,b) = p(a®c,b®c).

Lemma 2. The inequalities |a| < [b@® ¢/, |b] < |a ® ¢|, and || < |a & b| are
incompatible.

A subset of sequences from B such that the distance between any two of them
is not less than a certain number d will be called a d-code; a d-code will be
called systematic if it forms a group with respect to the operation of digitwise
addition of sequences modulo 2. We shall also agree to call a d-code all of whose
sequences belong to B, complete in B,, if no sequence from B,, can be adjoined
to it so that it remains a d-code, and maximal in B,, if there does not exist in
B,, a d-code of greater power.

2. Arrange all sequences of the set B,, in a definite order and consider the
following algorithm for constructing a set S, possessing—

* In the note it is assumed that appending and deleting zeros on the right does
not change sequences, so that they may be regarded as infinite. In particular,
one may consider the set B, to consist of the single sequence (0,0, ...), and the

set
B=|]JB,
n=0

of all infinite binary sequences with a finite number of unit digits.

---possessing some property I'. As the first word a, of the set S, one takes
the first, in order, word of the set B, possessing property I'. If the words
Gy, G1, ..., a;_; have already been chosen, then as the word a; one chooses the
first, in order, word of the set B,, (if there still is one), different from those
already chosen and such that the words agy,ay,...,a;_1,a; possess property I'.
The algorithm described above for constructing the set S will be called trivial.
In particular, the trivial algorithm for constructing a d-code means that as the
first word a, of the d-code one chooses the first, in order, word of the set B,;
if the words ag,ay, ..., a;_; have already been chosen, then as the word a; one
chooses the first, in order, word of the set B,, that is at distance at least d
from each of the words ag,a,...,a;_;, if such a word still exists. It is easy to
observe that a d-code obtained by the trivial algorithm is maximal in B,,. As
V. 1. Siforov showed (2), the cardinality of such a d-code, generally speaking,
depends on the order in which the words of the set B,, are arranged.

The order in the set B, (or B) according to which the words are arranged in
increasing order of their values will be called natural. The trivial construction
algorithm in the case when the words of the set B are arranged in the natu-
ral order will also be called the natural algorithm. Denote by S, ; the code
obtained from B, by the natural algorithm for constructing a d-code, and let

Sd = Un:() Sn,d'
The main result is the following theorem.

Theorem 1. For any n and d, the codes S; and S,, ; are systematic.
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Proof. To prove the theorem it is enough to show that, for the words a;
(i = 0,1,...) obtained successively by the natural algorithm for constructing a
d-code, the formula

o0 o0
_ _ C_ j—1
a; = g 0 jAgi-1, when i = E o, ;2770 (1)
J=1 J=1

is valid. We shall prove this formula by induction on the number i. For ¢ = 0,
and also i = 2™ (m =0, 1,...), it is trivial. Consequently, to prove formula (1)
it is enough to show that

Gom . = Qom D a,, 1<r<2m—1, (2)

under the assumption that formula (1) is valid for all ¢ < 2™ 4 r. To prove
equality (2), suppose the contrary, i.e.

Ggm iy F Gom © 0. (3)

Relying on the induction hypothesis and Lemma 1, it is easy to show that

pagm .y ® Agm, aj) = p(a2m+r,a2m+j) >d, 0<j<m (4)
pagmr ® a,,a;) = plagm,,ap) > d, o</ <2m—1; (5)
plagm ® a,,a;) > d, 1< 2™ 41 (6)

From the definition of the natural algorithm and inequalities (3)—(6), the fol-
lowing three inequalities follow:

|ar| < |a2m+7" 69a2m|7 |(l2m| < |a2’"+7" @ar|v |a2m+r| < ‘a2m @ar|7

which are incompatible by Lemma 2. The theorem is proved.
From formula (1) there follow two important properties of the codes 5, ;.

1°. The word a4 (i = 1,2,...) has zeros in the positions with numbers n(j),
1 < j <, where n(j) denotes the number of the last unit position of the word
Agj-1.

2. If 1 <r <2 —1, then agi , = ay D a,.

Proceeding from these properties, it is easy to show that the codes S,, ; can also
be constructed by the following algorithm.
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As the first tuple a, one takes the tuple (0,0, ...,0). If the tuples ag, aq, ..., agi_;
have already been chosen, then as the tuple a,: one takes the smallest, in value,
tuple of the set B,, having zeros in the positions with numbers n(j), 1 < j <14,
and lying at distance at least d from each of the tuples a;, 0 < [ < 2¢ — 1, if
such a tuple still exists; and the tuples agi ., 1 <r < 2! — 1, are defined by the
formula ayi,, = ay: @ a,.

The latter algorithm differs advantageously from the natural algorithm under-
lying the definition of the codes S, ; in that in it the search is considerably
reduced, both by reducing the length of the tuples searched through and by
reducing their number.

To formulate the assertion that the natural order is, in a certain sense, the only
order under which systematic codes are always obtained, let us introduce the
notion of equivalence of orders. Two orders by, by, ..., b,, ... and by, b1, ..., b, ... of

arranging the tuples of the set B will be called equivalent if from b, & b, = b,
it follows that b} & by, = b;.

Theorem 2. In order that, for every order of arrangement of the tuples of the
set B equivalent to the given one, the trivial algorithm for constructing a d-code,
applied to the first 2" tuples, should yield systematic codes for every n, it is
necessary and sufficient that the given order be equivalent to the natural one.

3°. To estimate the size of the code S, ;, denote by m(n,d) the number of
generators of this code. Then the size of the code S,, ; will be equal to 2m(n.d),
It can be shown that the quantity m(n,d) satisfies the very same relations that
are known (13) for the number of generators of the maximal systematic code

m(n,2s +1) =m(n+1,2s + 2); (7)

271

2n
1
RS e

lo
B2 CL | 4y O]

]gm(n,Zs—i—l)S[ },(8)

Hence, in particular, it follows that the codes S, 5 and 5, , are maximal in the
class of systematic codes, and

m(n,3) =m(n+1,4) = [log2 %} . (9)

Lemma 3. The code S, 3 coincides with the Hamming code (*).

Proof. The Hamming code H,, with correction of one error can be defined in
another way as the aggregate of all tuples a = (ay, @, ..., a,,) for which

e= Zaiei = (0,0,...), (10)
=1
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where e, = (0, 1,0, 5,...), when i = Zj:l 0;;2771. Let us first prove by induction
that if a; € S, 3, then a; € H,,. For the tuple ay = (0,0, ...,0) this is obvious.
Suppose that this is true for all tuples a,, 0 < r <[ —1, and show that it is
then true also for the tuple a; = (o 1,09, -, )

Assume the contrary; in this case

e= ;auei # (0,0, ...).

Let the number of the last unit position of the tuple e be t. Then there exists
such a p that o; , =1, 0,,, = 1, and, consequently, the tuple e & e, is equal to
some tuple e,, where 0 < ¢ < p < n. Consider the tuple b = (3, B, ..., 3,),
where 8, =0, 8, =, ,®1 (if ¢ #0), and 3; = o ; in

remaining cases. It is clear that |b| < |g;|, and at the same time, because the
words ag, @, ...,a;_; and, as is easy to verify, b belong to H,,, the inequalities
p(b,a;) >d, i =0,1,...,1 — 1, hold. We have arrived at a contradiction with
the fact that the word a; of the code S,, 3 was chosen by the natural algorithm
after the words ay,ay,...,a; ;. Thus, S, 3 C H,. On the other hand, since a
maximal d-code cannot be a proper part of another d-code, S,, 3 = H,,, and the
lemma is proved.

Table 1

‘Words

11111

11000111

1010010011
01010010101
011001000011
11010010000101
110101001001001
1011001010010001
11100110100100001
111001000000000011
1001001000000000101
111000001001000001001

Table 2

Words

11111
11000111
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Words

1010010011
01010010101
011001000011
11010010000101
110101001001001
1011001010010001
11100110100100001
100101000000000011
1011001000000000101
01000100100000001001
1100000000010000010001

The supposition that all codes S, ; are maximal in the class of systematic codes
turned out to be incorrect. A more detailed investigation showed that the codes

S

.5, for example for n < 21, are indeed maximal in the class of systematic

codes, with the possible exception of Sig 5, whereas the code Sy, 5 is no longer
such. Table 1 gives the generators of a maximal systematic code Sy, 5; Table 2
gives the generators of a maximal systematic code for n = 22 and d = 5.

Table 3

Words

1111
110011
1010101
0101011
01101001
11010101
11011011
10110111
11101111
111010001
100101001
111000111
1001100001
1011010001
0100101001
1100000101
1100010011
1111101011
0110011111
11011000001
01110100001
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Words

00011010001
10001001001

4. In the practical construction of the codes S, 4, it is useful to take into
account properties 19 and 2° and to perform the search only over the
generators of these codes and only over those digits of the generators
whose numbers are not of the form n(j). This can be achieved by means
of the following device.

Denote by C

n,a the set of words having the property that, for any pairwise

2

distinet words ¢!, 2, ..., c?~! from this set, the inequalities are satisfied (cf. (3))

e >d—1, |ct@c?|>d—2, .. | & e & >1,
and obtained from B,, by the natural algorithm. Let

C,=JCha

n=0

From the first m words ¢; = (75,15 %25 -+ Viw(i))» 1 < @ < m (k(i) denotes the
number of the last unit digit of the word ¢;) of the set C;, form the words

¢ = ('7;,1’7;,27 e ;ik(i)+i>’ L<i<m,
putting
0, j=k()+1, 1<l<y
’Y;j =9 Vi1 ED+l<j<k(l+1)4+1+1, 0<I<i(k(0)=0); (11)
1, j=k(i)+1.

The group, with respect to the operation of componentwise addition modulo 2,

*

generated by the words cf, c3, ..., ¢j,,, will be denoted by C7, ;.

y - m

Lemma 4. S, ; = C}, ;, where k(m) +m <n < k(m+1)+m+ 1, with

m,d?

Ggi_y =c;, 1=12,...,m.

On the basis of Lemma 4, the problem of constructing the codes S, ; can be
reduced to the problem of finding several first words of the set C,;. On a com-
puter the first 23 words of the set Cy were found (Table 3); with their help, by
formula (11), one can determine the generators of all codes 5,, 5 for n < 34 and
thereby construct these codes.
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