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MATHEMATICS
M. B. KAPILEVICH

ON MIXED BOUNDARY-VALUE PROBLEMS
FOR SINGULAR EQUATIONS OF HYPER-
BOLIC TYPE

(Presented by Academician S. L. Sobolev on 29 I 1960)
Denote by u(z,y, 8, 8") and u(x,y, 8, 5") the solutions of the equation

(y — 2)uy, + f'u, — Pu, =0 (0<B<1/2,0< 3 <1/2), (1)

belonging to the class L, in the domain D(0 < z < y < z;) of the half-plane
y > x and satisfying, on two boundaries of this domain, the boundary conditions

u(0,y) =0, u(z,x) = 7(x), 7(0) = 0; (2a)
u(0,y) =0, u,(z,r) = v(x). (2b)

We assume here that 7(x) and v(z) are twice continuously differentiable func-
tions on the interval (0, z),

_ 1-p-g
y x ) /7 ’
= —FF—— :2 :2 .
n (2_a_a, (a=2B, a’ =25)

Theorem 1. Let the initial values 7, (x) and 7, () be connected by the equality
Ty(z) = P(x)m(z), where P(z) is an arbitrary integrable function on (0, Z,),
(0 < Ty < xy). Then for the corresponding solutions u;, u, of problem (2a), for
By > P =0,

L(B)T(1 =BT (1 = BYT(1 = By = By)xq = —T'(1 = B)l'(1 = B, — B1)

the relation
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UQ(xayaﬁbﬁé) :/ Kl(l'vyvgvﬁl,ﬂiaﬂwﬁé)ul(gvyvﬂlaﬁi)dfv (3)
0

holds, in which

Ky =x,(y — o)1 P2(y — )P +A-1DQ(9),

Q) = /}E Py —t) - e— )% dt (D, = 0/0x, B =B —B).

An analogous connection formula for 85 = 7,

rol'(1—B)I(1 — By — B1) = T(1 = Bo)T'(1 = By — By), Ky (§) = K1|B;:ﬁ/la

has the form

Uy (2, Yy, By, B1) — o P(x)uy(z,y, By, B1) :/ Ky(&ui (& y, By, B dE. (4)
0
If, in particular, P(z) =1, * =05 — 81, w(z —y) =z — ¢,

—)Zlf(ﬁ*)I’(l - Bl)r(l - /32 - 55) = F(l - Bz)r(l - ﬁl - 51)7

then
Ky =X (y —2)l 5P (y — )Ptbi-Y (g — )P LR (B, By, B w),

Ky = —aoBB1(y — ) Py — P FATIE(L 4 B, 1 4 57, 25 w).

The simplest form is assumed by (3) when 8, = 8, 75(z) = 7 (). Namely, here

XoT(B)P(1 =By = B5) =T(A =5, = 1),  B3>p1 =0,

UZ(mvyvﬂlvﬁé) = XZ(y_x)liﬁliﬁé/ (x_g)ﬂlil(y_g)ﬁl+ﬁiilu1(57yvﬁl»ﬁi)dg'
0
(ha)
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Restricting ourselves to the class of initial values 7(z) that are (n + 1)-times
continuously differentiable on the interval (0, z,), one may replace (5a) by the
expansion

n k
’ T — ’ ’ ’
u2(xay7ﬁl?62):x2z( y) Bm/y<k+67 1—]{5—61—B2>D§U1($,y,51,61)+Rn7
k=0

k!
(5b)

in which B,(p,q) = p~'2PF(p,1 — q,1 + p; z) is the incomplete beta function,
and

_1 7L+1x , z / 7 ’
R, = W@—xﬂ‘@l% / €M (y—a+ )P D Ry (1., By, By) d€
. 0

m=x—065 0<6<1).

In the case of an infinitely differentiable function 7(z), (5b), as n — oo, gives a
double series, uniformly and absolutely convergent in the domain D, which in
symbolic notation reduces to Humbert’ s function ®,(a, 3,7, X,Y) (1}):

UQ(‘T»y»ﬂlvﬁé) = I'Qﬁ/ CI)1<B/3 1 _51 _ﬂia 1+ﬁ/, —pP, —5I)U1(.’E,y, ﬁlvﬁi) (6)

Here p(y —x) =z, 0, = xD,, x5’ = 4. A direct consequence of the equalities
(5) is:

Theorem 2. If on the interval (0, z,) the derivative 7' (x) is positive, then, for
B = const, at any fixed point (z,y) of the domain D the function u(z,y, 5, 5")
decreases as the parameter 8" increases.

Theorem 3. The solutions @y, Uy, for which 8y > 8, > 0, vy(z) = P(x)v;(x),
are related by the equality

ﬂg(x,y,ﬂz,ﬁé):/ Ky(2,5,€, By, B Bo, B T (€, B, BL) A, (7)
0

where now

25 T(B)T(B)T(1 — By)T(By + BL)(2 — ay — af)Prthi

= —T(B)T (B, + B;)(2 — ay — ab)P=tP2,

sovietrxiv.org/items/ru-196001.12951 Machine Translation


https://sovietrxiv.org/items/ru-196001.12951

K3 = w3D¢ /; P(t)(z —t) 2 (y — )7 (t — &) at.

When 3, = (3, the left-hand side of formula (7) should be replaced by the
expression

Uy + 23T (B))T(1 = By)(y — x)~7 P(a)uy,

and for the values v, (z) = v;(z) one must put there

F3 = $4(y—$)_ﬁ/ (x—f)6_1F<5’7 1—f,, B;w); $4F<5) = _F(ﬁl)r<1_62)m3'

Under transformation of the integrals w, as above for u, alongside the case of the
unchanged parameter §, one should single out another special case of constant
values of §’. Namely, if 85 = 1, the kernel K5, being expressed, gives

Uy(x,y, B2, B1) =f4/ (@ =&y (& y, 1, B € (Ty=4lg—)- (8a)
0

Assuming here that v(z) C L,,,,(0, ), we further find

— N == B S (7‘T>k — ’
u2(z7y762a61) = Tyx ; k|(k+ﬁ)D§ul(x7yvﬁlaﬂl) +Rn7 (8b)
Rn = %/ (il? _f)n+ﬁB§/(§fx)<1 + n7ﬁ>D2+1ﬂ1(§7yvﬁlaBi) df
©J0

In the limit, when n — oo, the sum (8a) in the class L (0, z,) of functions v(x)
may be replaced by the infinite series

EQ(x?ya ﬁ2761) = E4F(B)xﬁ’y*(ﬁ7 5a;)ﬂ1(x7y7ﬁ1761)? (8C)

where 8; > By > 0; v(p,2z) = I'(p)z?y*(p, z) is Euler’ s incomplete gamma
function.

Theorem 4. Let 7(x) = P(z)u(), B, > 0, B > 0, fy > 0, 3} > 0,

M1F(51)F(51)F(5§)F(1 — By — Bé)@ —a; — a1)61+6/1 =2I'(1 - 52)”51 + 51),
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and let the function M, be defined by the expression

My =y =)' [P~ 0 — i - 9
3
Then @, (x,y, B;, 51) is transformed into uy(z,y, 5y, B5) by the relation
o 55) = [ MDA 0. ) (9n)
In particular, if P(x) =1,
My =T (y —2) 7 (x = BTN (1= B — By, B3, By + B w),

ﬁlr(ﬁl + B85) = 1 L(B)T(53)-

This kernel becomes elementary for S, = 1 — /31, when p, = ﬁl‘ﬂflfﬁ;’

uy(z,y,1— B, By) = po(y —2)™% / (x — &P ID g, (€, y, By, B1) dE. (9D)
0

Solving the integral equations (9) with respect to % and assuming v(x) =
P(z)7(z), P(x)P(x) = 1, we obtain inverse relations. Thus, in the case S5+ 0] <
1

)

Uy(2,y, B2, B) = / My(&)uy (& y, By, BY) dE, (10a)
0
My = pi(y — £)’31+55_1D5/ P(t)(x—t) Py —t) P Ba(t — )F dt,
3

20,0 (11T (1= 1)L (1=B) T (By+55) = —T(85)D (15, —B7) (2—ay—aj) P72

For /3, + 37 = 1, in the nonintegral term of the analogous relation formula there
appears, as in (4), the function P(x)u;. Now the value P(z) = 1 corresponds
to the kernel
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My = Fiy(y—2) P2 (3 —€) P12 (y—&) A1 F (B + 85 —1, 1— By, 1— B —By; w);

H,0(1— 31 — By) = —T'(1 — By)T'(1 — B7) 1o,

which gives, for 52 =1- 517 ﬂi > 07 52 > 07 ﬂi + ﬂQ < 17 M3 = ﬁ2|ﬂ2zlfﬁl7

Uy (2, Y, By 1 — B1) = pig / (2 —&) PP (y— &)+ 1uy (€,y, By, B7) dE. (10b)
0

From the equalities (9b), (10b), under sufficient smoothness of the functions
7(x) and v(z), expansions of the form (5b), (6), (8b), (8¢c) may be obtained.

More complicated forms are exhibited by similar representations for the other
transformation operators found. Namely, introduce the notation

X5 = kyp? @y (81— B.1+ 55 —p, —6,);
Yg’ — ko8 PO (1 — B, 5,2 — By —p, 5, ):
ET(1+8)1—-p-8)=T(1-48),

2k, T(2—BT(B+B)=T(8)2—a—a ),
and consider the inverse operators
(Xg/)71 = k3(y - I)liﬁDac [l‘ﬁpliﬁiﬂ/@l<1 - ﬂ/7 1 - /B - B/a 2 - /8/7 - P, 76$):| )
=B

where
ksT(1—-p)T2—-p5)=T(1-5-p),

kD(B)(2—a—a)*P =20(B+B).
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Then, assuming 7(z) and v(x) € L (0,z,), we obtain, for example,
/ I _ b5 B\ _1—
uy = X5 | P(2)(X51) 1u1] . Uy =Xy |P) (X ) |

It is of interest, as in (1), to investigate the confluent cases of equation (1). Let
us replace z in (1) and (2a) by ez, and then, putting 5 = —a/e, pass to the limit
as ¢ — 0. This will give, for the function z(z,y, 8) = lim__,y u(ex,y, —a/e, 5’),

Y2uy + B2, +az, =0;  2(0,y) =0, 2(z,0)=7(z), 7(0)=0. (11)

Carrying out the same passage to the limit in the equalities (5), (6) and taking
into account that lim, , [2%T'(2)]"'I'(2 + a) = 1, we find connection formulas
(?) for solutions of the singular Goursat problem (11):

ax

2o, By) = (y)ﬂ (8 ) B (5= =5 > 0)

e = g (L) [ o-0 e S22 e ae

The functions u and z can also be connected in another way. For example, the
relation

B1 ;[T
w85 = (£) " =0 [ Q@a(ennde (2)

0
holds, where o (2) = P(z)7 (),
AoL(B5)T(1 = BT (1 = By — By) = —=T'(1 = Ba),
B> 520, Qe [ oty 0 - PO
3

For 5 = (1, an additional term appears on the right-hand side of (12):

T(1— B,) y 1" ,
TRy [a@—x)] Pl

if P(x) = 1, then Q(§) reduces to the function ®,. By similar equalities one
also effects the inverse transformation of the integrals u; into the solutions z,.
The connection formulas obtained, as a result of a suitable particular choice of
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the values of 7(x), v(z), and P(z), make it possible to compute a number of
integrals with known or new special functions.

Also worthy of attention are the initial problems considered for the functions

/ 1 / 1
(u—2)""u (x,z + 7> and y 72 (x, 7> .
y—x )

Received
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