Soviet-era science, translated into English

MATHEMATICS

Corresponding Member of the USSR Academy of Sciences I. M.
GELFAND and M. I. GRAEV

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.12224

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.12224

Abstract

Full Text
MATHEMATICS

Corresponding Member of the USSR, Academy of Sciences I. M. GELFAND and
M. I. GRAEV

INTEGRALS OVER HYPERPLANES OF BA-
SIC AND GENERALIZED FUNCTIONS

1. To each rapidly decreasing function f in an n-dimensional real or complex
affine space we associate its integrals over all possible hyperplanes. The resulting
function, defined on the set of hyperplanes, will be called the Radon trans-
form of the function f and denoted by the symbols f or P[f] (for the precise
definition see below). In real space the Radon transform is closely connected
with the Fourier transform; namely, each of them is obtained from the other
by a one-dimensional Fourier transform. However, while in the real case the
advantage of the Radon transform over the Fourier transform consists mainly
in the fact that, while preserving almost all the merits of the Fourier trans-
form, it is more geometric, in the complex case the Radon transform already
has an unquestionable advantage over the Fourier transform. An analogue of
the Radon transform can be defined, besides affine space, also in other homo-
geneous spaces, where this transform is the basis of representation theory (°).
From this more general point of view the advantage of the Radon transform over
the Fourier transform becomes quite clear. If one regards the ordinary Fourier
transform as consisting of two transforms—the Radon transform and the one-
dimensional Fourier transform—then, whereas an analogue of the Radon trans-
form exists in all homogeneous spaces, the second transform is typical only for
Euclidean space. Strictly speaking, an analogue of this second transform also
exists in other homogeneous spaces, but it is already connected with the theory
of infinite-dimensional representations and is carried out differently for differ-
ent spaces. Thus there is a definite reason to try to construct an operational
calculus on the basis of the Radon transform.

In the present note an analogue of the Paley-Wiener theorem is formulated for
the Radon transform in affine space, and a definition is given of the Radon
transform of a generalized function. Since this is analysis, the apparatus itself
is very important. Several formulas are given as examples.

2. The Radon transform of a function f(z), x = (x4, ...,2,,), in an n-dimensional
real affine space is given by the formula

F(ers) = / F() 6(s — (€, 2)) da;! 1)
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where § = (§1,...,&,), (§&,2) = &y + - + &0, do = dxy---dx,, and i(s)
is the delta function. It is clear that (1) may also be written as the integral
of the function f(x) over the hyperplane (¢,2) = s. The Radon transform of
a function f(z), z = (#,...,2,), in an n-dimensional complex affine space is
given by the analogous formula

f(Gs) = / F(2)8(s — (¢, 2)) dzdz,

where ¢ = (¢y,...,(,)s ((,2) = G2 + oo + (un, dz = dzy ... dz,, §(s) is a gener-
alized function of the complex variable s, defined by the equality (d(s), ¢(s)) =
©(0). We shall assume the functions f to be infinitely differentiable and rapidly
decreasing, together with all derivatives, with respect to x4, ..., z,, (respectively,
with respect to zq, ..., 2, 215 - s 2p)F.

n

The function f(z) is expressed in terms of its Radon transform by the following
inversion formula:
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The integral is taken over an arbitrary surface = of real dimension 2n — 2 in
the space of (, intersecting at one point every complex line passing through the
point ¢ = 0 (with the possible exception of a set of lines of lower dimension).
For example, for = one may take any hyperplane not passing through the origin.
The differential form %wc expresses the volume of the “solid angle” with vertex
at the point ¢ = 0, based on an element of the surface (the “solid angle” is
the collection of all possible points A{, where  runs through an element of the

surface and |A| < 1)**. The inversion formula for real space is well known (1-3),

Theorem 1. In order that the function p(&;s) be the Radon transform of an
infinitely differentiable function in real space, rapidly decreasing together with
all derivatives, it is necessary and sufficient that the following conditions be
satisfied: 1) p(a&;as) = |a|1p(¢;s) for any a # 0; 2) the function (&;s) is
infinitely differentiable with respect to &, ...,§, and s for (&4,...,&,) # 0; 3)
for any derivative D¢ of the function ¢ with respect to &, s and any m > 0, as
|s] — oo we have

|De(&;8) = of|s|™™)

uniformly in &, when £ ranges over a compact domain in the space with the
point £ = 0 removed; 4) the integral

/OO o(&;5)s" ds

sovietrxiv.org/items/ru-196001.12224 Machine Translation


https://sovietrxiv.org/items/ru-196001.12224

is a homogeneous polynomial in £ of degree k (k=0,1,...).

Theorem 2. In order that the function ¢(¢;s) be the Radon transform of an
infinitely differentiable function in complex space, rapidly decreasing together
with all derivatives, it is necessary and sufficient that the following conditions
be satisfied: 1) p(al;as) = a ta 1¢((;s) for any complex a # 0; 2) the function
©(¢; 5) is infinitely differentiable with respect to (i, ...,¢,, s and (i, ..., (,, 5 for
({14, ¢,) # 0; 3) for any derivative Dy of the function ¢ with respect to ¢, s
and ¢, 5, and for any m > 0, as |s| — oo we have

[De(C58)] = ofls|™™)

uniformly in ¢, when ( ranges over a compact domain in the space with the
point ¢ = 0 removed; 4) the integral

/ap((; s)sksl dsds
is a homogeneous polynomial in ¢ of degree k and a homogeneous polynomial
in ¢ of degree ! (k,1=0,1,...).

Analogous theorems hold for the Radon transforms of finite functions. One need
only replace condition 3) of rapid decrease in s

* A function f(2) is called rapidly decreasing if, as |z| = (|z;|? + ... + |2, |?)"/? —
o0, we have |f(2)| = o(|z|7%) for any k > 0.

** The function ¢(¢) = ¥((; (¢, 2z)) satisfies the homogeneity condition: p(al) =
a "a "p(C) for any a # 0. It follows from this that the integral fE ¢(¢)w, does
not depend on the choice of the surface =. It is natural to call it the residue of
the homogeneous function ¢(¢) (see (3)).

condition of finiteness. Theorems of this type we shall call analogues of the Paley
—Wiener theorem. It is essential that, in addition to the natural conditions on
decay and differentiability, the function ¢ satisfies additional relations (condi-
tion 4)). These relations are connected with the existence of finite-dimensional
representations of the group of motions of affine space.*

3. For functions f(z) in complex space and their Radon transforms there is
an analogue of the Plancherel formula

Jirizas = s |

An analogue of the Plancherel formula for the real case was given by Yu. G.
Reshetnyak. In this case the formula is written differently for spaces of even

n—1f(¢. 2
o (& s)

85”*1

we ds ds, (4)
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and odd dimension, and in the simplest (odd-dimensional) case it is analogous
to formula (4).

4. We define the Radon transform of a generalized function in complex space
so that for test functions the definition coincides with the usual one. We
shall start from the formula

e = G [Fes Bt s dsas, )

which follows directly from (4). We write formula (5) in the form (F, f) =
(13‘, Vén_l’"_l)). By the Radon transform of the generalized function F

we shall mean the functional F, given on the set of functions fﬁ"*’"*”, where f
runs through the Radon transforms of test functions, and defined by the equality
(F, f"~1n=Y) = (F, f). For the time being the functional F is defined on the
subspace of “test functions” satisfying the additional relations. It can then be
extended in various ways to the whole space of test functions. Thus the Radon
transform of a generalized function is a generalized function in the usual sense
of the word, defined nonuniquely. It is easy to show that the Radon transform
of a generalized function is determined up to a summand of the form

i Skflglflafk,fz(f)-

k=1

Here, when k& < n or I < n, a_; _,(§) is an arbitrary function satisfying the
homogeneity condition:

a_p(af) =a*ata_, (€.

When k > n and [ > n, the function a_, _,(&) additionally satisfies the following
condition: for every homogeneous polynomial Py, ; (&) (of degree k —n with

respect to £ and of degree | — n with respect to &),

Res [Pkfn,lfn(f)afk,fl (&) =0.

The Radon transform of a generalized function in real space is defined anal-
ogously. In contrast to the complex case, here it is necessary to distinguish
between spaces of even and odd dimension.

5. Examples (real space is assumed to be odd-dimensional).

1) P[1] = (1) D/22ngn=11-1(n) s 1g(¢), where a(€) is an arbitrary even
homogeneous function of degree of homogeneity —n with residue 1.

2) Plo(zq,...,x,)] = d(s).
3) Plo(zy,...,xp)] = o k12D (A=t ) Dt (5 || k16 (8 L )
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* Just as, for analogues of the Radon transforms in the group of motions of
Lobachevsky space, the relations are connected with the existence of degenerate
representations of the group of motions [4].

for odd k (k < n);

P (601, )] = ()b ggnokotapt (B2 D) pot (BB okt (g6,

for even k.

4)

PloG)] = 2 9P (1= 3 T (B ) s (60 + 50 (€)1 0(6an ),

where 6(z,) =1 for ; > 0 and 6(x,) = 0 for z; < 0.

5)

-1

P[P} = (—1)(n=1/2g(n=1)/2 {()\Jr 1).. ()\Jr n;1> VIA] sinﬂ)\} X

x|s|2AHn-1 {sinw <g n A) le\fn/z ~sin % Q:)\fn/2] ’

where P(z) is a quadratic form in a real space with discriminant A # 0, having
in its canonical representation p positive and ¢ negative squares; Q(&) is the
dual form (it is assumed that X is neither an integer nor a half-integer)*.

6)

-1

P[(P + )}] = (—1)(n-1/2g(n-1)/2 [(x L) </\ 2 1) JIA] sin m} «

< [sinm (34 0) @262 4 QT —sin QA 4 @)}V

m(p—1)

5 Q;Ain/Q(SQ + cQ)i"r(’!L—l)/Q

—1
+sinm (L 5 + )\) Q"2 (s% + Q)M D2 _gin
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7) The Radon transform of the characteristic function of the cone z? — 23 —

=22 >0,

1
Pl(22—a2—..—a2)0] = (—1)(m+1)/29x(n-3)/2p-1 (%) smUln || (€2—€2—...—€2) /24 P[1].

1
Pl(a? — 23 — .. — a2 —1)2] = (—1)(+D)/22(n-8)/2p1 (%) »

X(E—G— .. =&)AL -G+ &+ ... +&) V2 |s| + P[1).

n

—1
P§(a2—ad—.—a2)] = (—1)(n=1/2gx(n=3)/2p1 (%) smB 1 [s] (2—g2—.. —£2) /21,

—p—n/2

P[.’}))‘?#] _ C()\, U) ‘A‘7182>\+n71§2u+n7197)\7n/2§ ,
where P(z) is a quadratic form in a complex space with discriminant A # 0,

and Q(¢) is the dual form (it is assumed that A — p is an integer and that A and
p are not integers).
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* For the definition of the generalized functions P, (P + ¢)?}, etc., see (3).
Note: Figure translations are in progress. See original paper for figures.
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