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MATHEMATICS
M. I. KARGAPOLOV, Yu. I. MERZLYAKOV, and V. N.
REMESLENNIKOV

ON COMPLETING GROUPS
(Presented by Academician A. I. Mal’cev on 9 V 1960)

Using the concept of a free product with amalgamated subgroup, B. Neumann
proved (1) that an arbitrary group can be completed, i.e., included as a subgroup
in some complete group. Here and below, by a complete group we mean a group
𝐺 in which the equation 𝑥𝑛 = 𝑔 is solvable for every element 𝑔 ∈ 𝐺 and every
natural number 𝑛. Apparently, of greater interest are theorems on embedding
an arbitrary group of a given class in a complete group of the same class. The
most significant among theorems of this kind are A. I. Mal’cev’s theorems on
completing torsion-free nilpotent and locally nilpotent groups, proved with the
aid of the apparatus of the theory of groups and Lie algebras (2).
In the present note a new method of completing groups is proposed and, with the
aid of this method, it is proved in particular that every solvable (locally solvable,
periodic locally nilpotent) group is contained in some complete solvable (locally
solvable, periodic locally nilpotent) group.

1. Let 𝐺 be some group of transformations of a set 𝑀 , and let 𝑛 be an
arbitrary natural number. For elements of the group 𝐺 we shall use the
notation

𝑔( 𝛼
𝛼𝑔),

meaning that the element 𝑔 sends the symbol 𝛼 to the symbol 𝛼′ = 𝛼𝑔
(𝛼, 𝛼′ ∈ 𝑀). Let, further, 𝑀1, 𝑀2, … , 𝑀𝑛 be pairwise disjoint sets, equipo-
tent to the set 𝑀 , and let 𝜑𝑖 be some one-to-one mapping of the set 𝑀
onto 𝑀𝑖.

We introduce into consideration an isomorphism 𝜏 of the group 𝐺 onto a sub-
group 𝐺 of the group 𝑆 of all transformations of the set ⋃𝑖 𝑀𝑖, assigning to the
element

𝑔 = ( 𝛼
𝛼𝑔)

of the group 𝐺 the element

𝑔 = ( 𝜑1(𝛼)
𝜑1(𝛼𝑔)) ⋯ ( 𝜑𝑛(𝛼)

𝜑𝑛(𝛼𝑔))
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of the group 𝐺 ⊂ 𝑆. We shall call the isomorphism 𝜏 the diagonal 𝑛-isomorphism
of the group 𝐺 into the group 𝑆.
Along with the isomorphism 𝜏 , let us consider also the isomorphism 𝜏𝑖. By
definition, the isomorphism 𝜏𝑖 assigns to an arbitrary element

( 𝛼
𝛼𝑔)

of the group 𝐺 the element
( 𝜑𝑖(𝛼)

𝜑𝑖(𝛼𝑔))

of the group 𝑆. Everywhere below the subgroup of the group 𝑆 generated
by the subgroups 𝜏1(𝐵), 𝜏2(𝐵), … , 𝜏𝑛(𝐵), where 𝐵 ⊂ 𝐺, will be denoted by 𝐵.
Obviously, the group 𝐵 decomposes into the direct product of the subgroups
𝜏𝑖(𝐵).
Let us mark in the group 𝐺 an arbitrary element 𝑎. It is verified directly that
the element

𝑥 = ( 𝜑1(𝑎) 𝜑2(𝑎) ⋯ 𝜑𝑛(𝑎)
𝜑2(𝑎) 𝜑3(𝑎) ⋯ 𝜑1(𝑎𝑎))

of the group 𝑆 satisfies the relation 𝑥𝑛 = 𝑎, where 𝑎 = 𝜏(𝑎).
Lemma 1. If a subgroup 𝑁 is invariant in the group 𝐺, then the subgroup 𝑁
is invariant in the group ⟨𝑥, 𝐺⟩.
Lemma 2. The commutant of the group ⟨𝑥, 𝐺⟩ is contained in the commutant
of the group 𝐺.

Indeed, by Lemma 1 the group 𝐺 and, consequently, its commutant 𝐺′ are nor-
mal divisors in the group ⟨𝐺, 𝑥⟩. Hence, from the known commutator relations

[𝑎, 𝑏𝑐] = [𝑎, 𝑐]𝑐−1[𝑎, 𝑏]𝑐,

[𝑎𝑏, 𝑐] = 𝑏−1[𝑎, 𝑐]𝑏[𝑏, 𝑐]

it follows that, in order to prove the lemma, it is enough to show that all
commutators of the form [ ̃𝑔, 𝑥], ̃𝑔 ∈ 𝐺, belong to the commutant 𝐺′. The latter
is checked directly.

We shall call a group 𝐺 limit with respect to a certain class of groups 𝐾
if 𝐺 belongs to the class 𝐾 or coincides with the union of a system, completely
ordered by inclusion, of subgroups belonging to this class.

If 𝐺 is an arbitrary group, then by 𝐾0(𝐺) we denote the class of groups isomor-
phic to the group 𝐺. Suppose that for every ordinal 𝛽 < 𝛼 the class 𝐾𝛽(𝐺)
has already been defined. Then, as 𝐾𝛼(𝐺), we take the class of groups that are
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limit with respect to the class of subgroups of all possible direct products of
groups belonging to the union of the classes 𝐾𝛽(𝐺), 𝛽 < 𝛼.
Theorem 1. An arbitrary group 𝐺 is contained in such a complete group 𝐺1
whose commutant 𝐺′

1 belongs to the class 𝐾𝛼(𝐺′) for some ordinal 𝛼.
Corollary 1. Every solvable group 𝐺 is contained in some complete solvable
group of the same degree of solvability as the group 𝐺.

Corollary 2. Every group 𝐺 possessing a normal solvable system is contained
in some complete group that also possesses a normal solvable system.

From the proof of Theorem 1 the following proposition follows.

Every group 𝐺 possessing an invariant solvable system is contained in some
complete group that also possesses an invariant solvable system.

Let us note that Theorem 1 contains both the theorem on the possibility of
completing an arbitrary group and the theorem on the possibility of embedding
an abelian group in a complete abelian group.

2. Let Σ denote a group property satisfying the following conditions: 1) every
subgroup of a Σ-group is a Σ-group; 2) an extension of a Σ-group by means of
a Σ-group has property Σ.

Following the terminology adopted in (3), we shall call an 𝐿Σ-group any group
that locally has property Σ.

Lemma 3. An extension of an 𝐿Σ-group by means of a locally finite 𝐿Σ-group
is an 𝐿Σ-group.

Let 𝜋 be an arbitrary set of prime numbers. We shall call a group 𝐺 𝜋-complete*,
if in it, for any element 𝑔 ∈ 𝐺 and any natural number 𝑛 such that the set 𝜋(𝑛)
of prime divisors of 𝑛 is contained in 𝜋, the equation 𝑥𝑛 = 𝑔 is solvable.

* In (4), by a 𝜋-complete group is meant any group 𝐺 in which, for any element
𝑔 ∈ 𝐺 and any natural number 𝑚, the equation 𝑥𝑝𝑚 = 𝑔, 𝑝 ∈ 𝜋, is solvable.
Theorem 2. If the class of Σ-groups contains all possible cyclic 𝜋-groups, then
every 𝐿Σ-group 𝐺 is contained in some 𝜋-complete 𝐿Σ-group.

Let the group 𝐺 and, consequently, the group 𝐺 (see the notation in § 1) be
𝐿Σ-groups, and let 𝜋(𝑛) ⊂ 𝜋. Since, by Lemma 1, the group 𝐺 is invariant in
the group {𝑥, 𝐺}, the intersection

𝑁 = {𝐺, 𝑥} ∩ 𝐺

is invariant in {𝑥, 𝐺}, and moreover 𝐺 ⊂ 𝑁 . In view of the isomorphism

{𝑥, 𝐺}/𝑁 = {𝑥, 𝑁}/𝑁 ≃ {𝑥}/⟨𝑥𝑛⟩
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and the hypothesis of the theorem, the factor group {𝑥, 𝐺}/𝑁 has the property
𝐿Σ. It follows from Lemma 3 that the group {𝑥, 𝐺}, being an extension of the
𝐿Σ-group 𝑁 by means of the 𝐿Σ-group {𝑥, 𝐺}/𝑁 , will itself be an 𝐿Σ-group.

Thus, the 𝐿Σ-group 𝐺 can be embedded in such an 𝐿Σ-group in which the 𝑛-th
root of an arbitrarily chosen element 𝑎 ∈ 𝐺 is extracted. Hence, by the usual
method (see, for example, 5, p. 437), we embed the group 𝐺 in a 𝜋-complete
𝐿Σ-group, as was required.

Corollary 1. Every locally solvable group is contained in some complete locally
solvable group.

Corollary 2. Every (locally finite) 𝑝-group is contained in some complete
(locally finite) 𝑝-group.
Since the class of periodic locally nilpotent groups coincides with the class of
groups decomposable into a direct product of locally finite 𝑝-groups, from Corol-
lary 2 we easily obtain:

Corollary 3. A periodic locally nilpotent group is contained in some complete
periodic locally nilpotent group.
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