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MATHEMATICS
Yu. L. Daletskii

ON THE REPRESENTABILITY OF SOLU-
TIONS OF OPERATOR EQUATIONS IN THE
FORM OF CONTINUAL INTEGRALS*
(Presented by Academician A. N. Kolmogorov on 6 V 1960)

1. Let ℌ be a Hilbert space and let 𝑇 be a self-adjoint positive-definite op-
erator with domain 𝐷, dense in ℌ. Assuming the operator 𝑇 −1 to be
bounded, introduce in ℌ a new metric by means of the scalar product
(𝑥, 𝑦)∗ = (𝑇 −1𝑥, 𝑇 −1𝑦). The space 𝑁 , obtained by completing ℌ with
respect to the norm ‖𝑥‖∗ = √(𝑥, 𝑥)∗, will be called the space of gener-
alized elements. Introducing in the linear set 𝐷 the norm generated by
the scalar product (𝑥, 𝑦)∗ = (𝑇 𝑥, 𝑇 𝑦), we turn it into a complete space—
the space of basic elements (1,2 ). The spaces 𝐷 and 𝑁 are conjugate. The
values of the functional generated by a generalized element 𝜉 on a basic
element 𝑥 can be obtained by means of the formula 𝜉(𝑥) = (𝑇 𝑥, 𝑇 −1𝜉),
where 𝑇 is the closure of the operator 𝑇 in the space 𝑁 .

If 𝑈 is an operator in ℌ such that the operator 𝑇 𝑈𝑇 −1 is bounded, then the
operator 𝑈 is bounded also in the space 𝐷. The operator 𝑈 ∗ conjugate to it
in the space 𝑁 is an extension of the operator 𝑈∗, conjugate to 𝑈 in ℌ. The
operator 𝑈 is defined analogously. For 𝑈 = 𝑈 ∗ the relation 𝑈 = 𝑈∗ holds.

Lemma 1. Let the operator 𝑇 𝑈𝑇 be bounded in the space ℌ:

‖𝑇 𝑈𝑇 ‖ < ∞. (1)

Then the operators 𝑈 and 𝑈 ∗ map the space 𝑁 into 𝐷, and for any generalized
elements 𝜉 and 𝜂 the equality

𝜂(𝑈𝜉) = 𝜉(𝑈 ∗𝜂). (2)

is valid.
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Let 𝐵 be a self-adjoint operator in ℌ with a resolution of the identity 𝐸𝜆 and
spectral function 𝜎(𝜆). Suppose that for every finite interval [𝑎, 𝑏) the condition

∥(𝐸𝑏 − 𝐸𝑎)𝑇 −1∥𝐻 < ∞, (3)

is fulfilled, where ‖𝑆‖𝐻 is the absolute norm of the operator 𝑆 (‖𝑆‖𝐻 = ∑∞
𝑘=1 ‖𝑆𝑒𝑘‖2

for some orthonormal basis {𝑒𝑘} in the space ℌ). Then, as G. I. Kats showed
(1), for any element 𝑓 ∈ ℌ there is a representation in the form of a weakly
convergent integral in the space 𝑁 ,

𝑓 = ∫
∞

−∞
𝑓𝜆 𝑑𝜎(𝜆), (4)

where 𝑓𝜆 is a one-parameter family of generalized eigen-elements of the operator
𝐵. Moreover, if 𝑛(𝜆) is the multiplicity of the spectrum of the operator 𝐵 at
the point 𝜆, then there exists a set of elements 𝜉1, … , 𝜉𝑘, … , 𝑘 ≤ 𝑛(𝜆),

* The results set forth here were reported at the Fourth All-Union Conference
on Functional Analysis in Odessa in October 1958.

such that for 𝜑, 𝜓 ∈ 𝐷 the equalities

𝜑𝜆 =
𝑛(𝜆)
∑
𝑘=1

𝜉𝑘𝜆(𝜑)𝜉𝑘𝜆, (5)

(𝜑, 𝜓) = ∫
∞

−∞

𝑛(𝜆)
∑
𝑘=1

𝜉𝑘𝜆(𝜑)𝜉𝑘𝜆(𝜓) 𝑑𝜎(𝜆) (6)

hold.

2. Let 𝐴 be a self-adjoint positive-definite operator in ℌ. Suppose that, for
some 𝑚 > 0, the domain of definition 𝐷𝐴𝑚 of the operator 𝐴𝑚 is contained in
𝐷, and that for 𝑥 ∈ 𝐷𝐴𝑚 the estimate

‖𝐴𝑚𝑥‖ ≥ 𝑀‖𝑇 𝑥‖ (7)

holds. Applying Lemma 1 to the operator 𝑈(𝑡) = 𝑒−𝐴𝑡, we obtain that, for
𝜉 ∈ 𝑁 and 𝑡 > 0, the vector-function 𝑥(𝑡) = 𝑈(𝑡)𝜉 is strongly differentiable in
ℌ and satisfies the differential equation

𝑑𝑥
𝑑𝑡 = −𝐴𝑥. (8)
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Let 𝜉𝜆 be a family of generalized eigen-elements of the operator 𝐵, whose spec-
trum, for simplicity of exposition, we shall for the time being regard as simple.
The family of vector-functions 𝑥𝜆(𝑡) = 𝑈(𝑡)𝜉𝜆 will be called a family of fun-
damental solutions of equation (8), generated by the operator 𝐵.

Under certain assumptions concerning the operator 𝐶, fundamental solutions of
the equation

𝑑𝑥
𝑑𝑡 = −𝐴𝑥 + 𝐶𝑥 (9)

are constructed analogously.

In any case, they exist if, for some 𝑚 > 0, the conditions

‖𝐶‖ < ∞, ‖𝐴𝑚𝐶𝐴−𝑚‖ < ∞ (10)

are satisfied.

Using the results of [3], one can consider the more general case when the operator
𝐶 has a fractional degree relative to 𝐴.

3. Let 𝑀(𝜆0, 𝜈) be the space of bounded functions 𝜆(𝑡), defined for 0 ≤ 𝑡 ≤ 𝑙 and
satisfying the conditions 𝜆(0) = 𝜆0, 𝜆(𝑙) = 𝜈. If 𝑞 is a partition of the interval
[0, 𝑙] by the points 0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛 < 𝑙, and 𝑅 is an ordered system
of finite or infinite intervals [𝑎𝑖, 𝑏𝑖) (𝑖 = 1, 2, … , 𝑛), then by 𝑄(𝑞, 𝑅) we denote
the set of functions 𝜆(𝑡) ∈ 𝑀(𝜆0, 𝜈) satisfying the conditions 𝑎𝑖 ≤ 𝜆(𝑡𝑖) < 𝑏𝑖
(𝑖 = 1, 2, … , 𝑛) (a cylindrical set). If conditions (3) and (7) are fulfilled, and
if for any interval [𝑎, 𝑏) the set of principal elements into which the operator
𝐸𝑏 − 𝐸𝑎 maps 𝐷 is dense in 𝐷, then on cylindrical sets there is defined a
function (generally speaking, complex-valued)

𝜇𝐴,𝐵𝑄(𝑞, 𝑅) = ∫
𝑏𝑛

𝑎𝑛

⋯ ∫
𝑏1

𝑎1

𝜉𝜆1
(𝑒−𝐴𝑡1𝜉𝜆0

)𝜉𝜆2
(𝑒−𝐴(𝑡2−𝑡1)𝜉𝜆1

) ⋯

⋯ 𝜉𝜈(𝑒−𝐴(𝑙−𝑡𝑛)𝜉𝜆𝑛
) 𝑑𝜎(𝜆1) ⋯ 𝑑𝜎(𝜆𝑛). (11)

For any measurable bounded function 𝜑(𝜆1, 𝜆2, … , 𝜆𝑛), decreasing sufficiently
rapidly at infinity (if ‖𝑇 −1‖𝐻 < ∞, its boundedness is sufficient), there exists
the integral

∫
𝑅𝑛

𝜑(𝜆1, … , 𝜆𝑛) 𝜇𝐴,𝐵𝑄(𝑞, 𝑑𝜆)

with respect to the complex-valued measure generated by the set function
𝜇𝜉

𝐴,𝐵𝑄(𝑞; 𝑅) for a fixed partition 𝑞 in the 𝑛-dimensional space 𝑅𝑛.
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Definition. Let Φ[𝜆(𝑡)] be a continuous functional on the space 𝑀(𝜆0, 𝜈). For
a partition 𝑞 of the interval [0, 𝑙], construct the step function 𝜆𝑞(𝑡), defined by
the equalities

𝜆𝑞(𝑡) = 𝜆(𝑡𝑘) = 𝜆𝑘 for 𝑡𝑘−1 < 𝑡 ≤ 𝑡𝑘 (𝑘 = 1, 2, … , 𝑛); 𝜆𝑞(𝑡) = 𝜈 for 𝑡 > 𝑡𝑛.

Set

Φ[𝜆𝑞(𝑡)] = Φ𝑞(𝜆1, … , 𝜆𝑛), 𝐼𝑞(Φ) = ∫
𝑅𝑛

Φ𝑞(𝜆1, … , 𝜆𝑛) 𝜇𝐴,𝐵𝑄(𝑞, 𝑑𝜆).

If there exists the limit 𝐼(Φ) = lim{𝑞} 𝐼𝑞(Φ) along the directed set formed by
the (finite) partitions of the interval [0, 𝑙], then we shall call it the continual
integral of the functional Φ[𝜆(𝑡)] and denote it conditionally by the symbol

𝐼(Φ) = ∫
𝑀(𝜆0,𝜈)

Φ[𝜆(𝑡)] 𝑑𝜇𝐴,𝐵. (12)

The question arises of describing the classes of functionals for which the contin-
ual integral (12) exists. In the simplest case, when for all values 𝑡 > 0, 𝜆, and
𝜈 the condition

(𝑒−𝐴𝑡𝜉𝜆, 𝜉𝜈) ≥ 0, (13)

is satisfied, the set function 𝜇𝐴,𝐵 generates a nonnegative measure on a certain
Borel field of sets containing all cylindrical sets. In this case the construction
given above is completely analogous to the classical construction of the continual
integral with respect to Wiener measure, which exists, in any case, for bounded
continuous functionals Φ. In the general case we cannot draw such a conclusion.
But if Φ[𝜆(𝑡)] depends only on the values of the function 𝜆(𝑡) at some finite set
of points, then the integral 𝐼(Φ) exists. This fact may be interpreted as follows.
We shall call the “space of basic functions on 𝑀(𝜆0, 𝜈)”the linear topological
space of functionals Φ on the space 𝑀(𝜆0, 𝜈), each of which depends only on
the values of 𝜆(𝑡) at a finite number of points and decreases sufficiently rapidly
at infinity. Convergence is then defined for sequences of functionals depending
on the values of 𝜆(𝑡) at one and the same set of points. Continuous functionals
on this “space of basic functions”will be called “generalized functions on the
space 𝑀(𝜆0, 𝜈).”The continual integral constructed above is such a generalized
function.

Below we shall indicate a class of functionals, not determined by the values of
𝜆(𝑡) at a finite set of points, for which 𝐼(Φ) exists.
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4. Lemma 2. Let conditions (7) and (10) be satisfied. Then, for 𝑥 ∈ 𝐷𝐴𝑚 ,
the estimate

∥𝐴𝑚 [𝑒−(𝐴−𝐶)𝑡 − 𝑒−𝐴𝑡𝑒𝐶𝑡] 𝑥∥ = 𝑜(𝑡) (𝑡 → 0)

holds.

Consider a partition 𝑞 of the interval [0, 𝑡] by the points 0 = 𝜏0 < 𝜏1 < ⋯ <
𝜏𝑛 = 𝑡, and set 𝑈1(𝑡) = 𝑒−𝐴𝑡𝑒𝐶𝑡 and 𝑈 (𝑞)(𝑡) = 𝑈1(𝜏𝑛 −𝜏𝑛−1) ⋯ 𝑈1(𝜏2 −𝜏1)𝑈1(𝜏1).
Using Lemma 2, one can obtain the following representation for the operator
𝑈(𝑡) = 𝑒−(𝐴−𝐶)𝑡.

Theorem 1. If 𝜉 ∈ 𝑁 , then

̃𝑈(𝑡) = lim
{𝑞}

̃𝑈 (𝑞)(𝑡)𝜉, (14)

where the limit is understood in the sense of strong convergence of basic ele-
ments.

Suppose that in the differential equation (9) the operator 𝐶 has the form

𝐶 = 𝑉 (𝐵) = ∫
∞

−∞
𝑉 (𝜆) 𝑑𝐸𝜆,

where 𝐵 is an operator satisfying condition (3), and 𝑉 (𝜆) is some function.

Theorem 2. The fundamental solution 𝑥𝑎(𝑡) = 𝑒−(𝐴−𝐶)𝑡𝜉𝑎 of the differential
equation

𝑑𝑥
𝑑𝑡 = −𝐴𝑥 + 𝑉 (𝐵)𝑥, (9’)

whose coefficients satisfy conditions (3), (7), and (10), is representable in the
form of the continual integral

𝑥𝑎(𝑡) = ∫
∞

−∞
[∫

𝑀(𝑎,𝜈)
exp[∫

𝑡

0
𝑉 (𝜆(𝜏)) 𝑑𝜏] 𝑑𝜇𝐴,𝐵] 𝜉𝜈 𝑑𝜎(𝜈).

5. Under the previous assumptions concerning the operators, consider the dif-
ferential equation

𝑑𝑥
𝑑𝑡 = [𝑖𝐴 + 𝑉 (𝐵)]𝑥. (15)
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We shall use the device indicated by Feynman (4) (see also (5)) and introduce
the equation

𝑑𝑥
𝑑𝑡 = (𝑖 − 𝜀)𝐴𝑥 + 𝐶𝑥. (16)

For it one can carry out all the arguments set forth above. Since the fundamental
solutions of this equation tend, in the sense of strong convergence in 𝑁 , to the
corresponding fundamental solutions 𝑥𝑎(𝑡) of equation (15), the representation
is valid

𝑥𝑎(𝑡) = lim
𝜀→0

∫
∞

−∞
[∫

𝑀(𝑎,𝜈)
exp[∫

𝑡

0
𝑉 (𝜆(𝜏)) 𝑑𝜏] 𝑑𝜇𝐴𝜀,𝐵] 𝜉𝜈 𝑑𝜎(𝜈), 𝐴𝜀 = (𝑖−𝜀)𝐴,

converging in the same sense.

6. Using the results of T. Kato and M. A. Krasnosel’skii, S. G. Krein, and
P. E. Sobolevskii (6−8), one can transfer the results obtained to equations with
coefficients depending on 𝑡.
Because of lack of space, we do not set out here applications of the results
considered to differential equations and systems of parabolic type.

I take this opportunity to express my gratitude to S. G. Krein for posing the
question, and also to G. I. Kats for a detailed discussion of his results, which
are substantially used in this work.

Kyiv Polytechnic Institute

Received
14 XII. 1960
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