Soviet-era science, translated into English

Mathematics

G. N. Polozhii

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.11494

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.11494

Abstract
Full Text

Mathematics

G. N. Polozhii

ON A NUMERICAL METHOD FOR SOLVING
BOUNDARY-VALUE PROBLEMS FOR PAR-
TIAL DIFFERENTIAL EQUATIONS

(Presented by Academician A. A. Dorodnitsyn on 23 IV 1960)

In the approximate solution of boundary-value problems for elliptic differential
equations by reducing them to the corresponding finite-difference problems, one
has, as a rule, to deal with a very large number of linear algebraic equations
(:=*). In the present work special formulas are established for certain operators
in partial finite differences, which make it possible to write the solutions of
the corresponding systems of algebraic equations in a rather simple form, or to
reduce them to systems with a small number of unknowns.

We shall use a rectangular uniform grid z; = x, + th, y, = yo + khy (i,k =
0,41,42,...), where h is the grid step in =, and h, is the grid step in y. Putting
h/h; = «, the harmonic A, and biharmonic AA, u finite-difference operators
can be written, respectively, in the form of stencils (see, for example, (1))
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a
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Let D be the rectangle determined by the set of points (x,,y;) (i =0,1,...,m+

1, k=0,1,...,n+1).

Introduce the notation u,(x) = u(z,y;), fu(x) = f(z,y), Ay, = coskB, a, =

14+a?2—a?)\, B = po (k =1,2,...,n); the n-dimensional vectors u(z) =
n

{ug(2)}, f(z) = {fi.(x)}, and the matrix of order n

2

S =
n+1

(((—1)"*sin zkﬂ))? )
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Theorem 1. For the general solution of the finite-difference equation
Apu—2 u = f(z,y) (A2 = const > 0) (1)
in the rectangle D, the equality holds

i1
u(z;) = SA(z;) + SB(xz;) + Z ST (i —p)S [W*f(z,) — a?d(x,)]

(t=0,1,...,m+1), (2)

where the last sum for ¢ = 0,1 is equal to zero; &(z), A(x), B(z) are n-
dimensional vectors;

€l

() = {uo(2),0,.., 0, w4 (2) },

A(z) = {Appr(z)},  B(z) = {Byp(z)};
A, B, (k= 1,2,...,n) are arbitrary real constants; ¢, (x), ¥, (x), and the

diagonal matrix of order n, T'(i) = ((T}(¢)))7, depending on the quantity
n, = a;, + A\h?, are determined by Table 1, where

e =+ mp — 1, vp = —\/mp — 1, 0}, = arccos )y

Table 1

or(z;) Yp(z;) T (1)
ng > 1 1, Vi () ()™
.| =1 M, i}, iyt
Il <1 cos i, sin i, sin 6, (sin6,,) !

Theorem 2. For the general solution of the finite-difference biharmonic equa-
tion

in the rectangle D, the equality holds

u(z;) = SA(z;) + SB(z;) + SC(z;) + SD(z;)+
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i—2
+3 8T(i—p)S [h2f(z,) — @y(z,) — ad ()] (1=0,1,..,m+1), (4)

p=2

-

where the last sum for ¢ = 0, 1,2, 3 is regarded as equal to zero; Wy(z), w_; (),
A(z), B(x), C(x), D(z) are n-dimensional vectors:

(DO(‘T> = {QUO(I —2h), a4u0(x), 0,...,0, a4un+1(x)a Qun-&-l(z —2h)},
"_‘371(‘@) = {u71 (:L‘) + X[ufl(x)]’ 0,...,0, un+2(x) + X*[un+2(x>]}>
A(zy) ={Aepi},  Blz) ={Bwj},  Clz) = {Cyiny},

D(z;) = {Dyiv };

e = ag +y/az — 1, v, = a, —/az —1;

Ay, By, Cy, Dy, (k=1,2,...,n) are arbitrary real constants;

Quy(z — 2h) = 20%u,(z + h) — 4(1 + o?)a?uy(z) + 202uy(z — h),

x and x* are given functions of their arguments; T'(i) = {7},(i)}} is a diagonal
matrix of order n,

Ti() = [0 = (" =) = G+ D" = i) G —v) >

To obtain in explicit form the solution of the boundary-value problem for the
rectangle D

Apu—2 = f(z,y)  ul, = B(s), ()

where 3(s) is a given function on the boundary L of the rectangle D, it suffices
(under the assumption that A" = 2X is not an eigenvalue) to substitute

substitute the known quantities into formula (2)
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Ay = Aik {%c(l“mﬂ)ﬁk(%) - wk(%) lﬂk($m+l) B ZTk(m +1 _p)(ﬁsz(xp) - azak(xp))} } 7
(27)

By, = Aik {—@k(ﬂcmﬂ)ﬁk(%) + ¢r(p) lﬁk(xm+1) - ZTk(m +1 —P)(ilsz(x) - azak(%))l } ,

where {i(2)} = Su(2), {fi(2)} = Sf(x), {&(2)} = S&(z), A, =
@k(IO)d)k(Im—o—l) - @k($m+1)¢k(=’fo) (k = 17 27 ,’ﬂ).

The eigenvalues \" = 2 of the boundary-value problem (5) for the rectangle D
are determined by the equalities

1 9 s 1 km
N =4 —=sin? —T 4 — cos? —
<h2 M mr ) T2 2(n+1))

(i=1,2,....,m; k=1,2,...,n). (6)

To solve the boundary-value problem (5) for a domain made up of the rectangle
D and some other rectangle Dy, defined, for example, by the set of points (z;, yy,)
(i=mm+1,...m+m' +1; k=ngng+1,....,n0+n +1<n; nyg >0),
it is sufficient to write formula (2) for each of these rectangles and to equate
the right-hand sides of the expressions obtained at the common points of D
and D;. To solve the boundary-value problem (5) for an arbitrary domain
G bounded by a curvilinear contour I', one may inscribe in I' a rectangle or
some domain G’ composed of several rectangles and, using formula (2), take
as unknowns to be determined by numerical methods the values of u at the
points of G that do not belong to G’. In exactly the same way, one obtains
a sharp reduction in the number of algebraic equations subject to numerical
solution in the case of boundary-value problems for equation (1) under various
boundary conditions. Results analogous to those indicated here by the “method
of summation relations” are obtained for the case of the Poisson equation with
3 independent variables, and also for the heat-conduction equation and for the
wave equation.

In the case of the basic biharmonic problem, the values of u on the contour are
prescribed, as well as linear relations between the pre-contour and contour values
of u. Under such boundary conditions, formula (4) in the case of the rectangle
D,, defined by the set of points (z;,y,) (i = 1,2,...,m; k = 0,1,...,n+ 1),
directly reduces the solution of the biharmonic problem to the solution of 4n +
2m — 4 linear algebraic equations, which, by means of simple transformations,
reduce to 2m — 4 equations. As in the case of the Poisson equation, formula
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(4) makes it possible to obtain a sharp reduction in the number of algebraic
equations subject to numerical solution when solving various boundary-value
problems for the biharmonic equation in domains composed of a finite number
of rectangles or bounded by curvilinear contours.
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