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THE STIELTJES INTEGRAL IN K-SPACES

(Presented by Academician V. I. Smirnov on 31 III 1960)

In a previous paper (}) I established the general form of an additive bounded
operator in the space of continuous functions with values in a semi-ordered
normed space. In the present communication I establish an analogous theorem
for the case of functions whose values belong to a semi-ordered space in which
the existence of a real norm is not postulated. Whereas in the paper mentioned
continuity was understood with respect to the norm, below we shall consider
functions continuous with respect to order.

1. Stieltjes integrals. Let X be a K-space® and let T' = [a, b] be a segment
of the real axis. We shall consider functions defined on T" whose values belong
to X. If such a function is bounded, then we denote

v(6) = sup  [f(t;) — f(t2)].

[t,—to]|<b

The function f is uniformly continuous (see also (>%)) if

-li 4)=0.
(0)- lim u()
A function g, defined on T with values in a K-space Z, is of bounded variation
on T if the set of all elements of the form ) [g(Z;,1) — g(¢;)|, corresponding to
all partitions of the segment 7', is bounded. We denote by

var,ep g(t)

or by W, the least upper bound of this set.

Let Y also be a K-space and let (X,Y)’ be the space of regular and (o)-
continuous operators defined on X and with values in Y. In what follows we
suppose that Z = (X,Y)".

Now let f be a uniformly (o)-continuous function on T with values in X, and let
g be a function of bounded variation on T with values in Z. For any partition
A of the segment T,
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a=1ty <t <<ty <ty,=b,
we form the “Stieltjes-Riemann sum”
A1

s=) lo(ti1) —g(t)](f(6))), (1)

%

i
[=}

where the “intermediate points” 6; € [t;,t;,,] are arbitrary.

We denote by § the number equal to the greatest of the lengths of the partial
segments in the partition A.

Let {A,} be a sequence of partitions of the segment T such that 4, — 0. For
each v denote by s, the sum of the form (1) constructed for the partition A,,.
If for all v the partition A,_; is a refinement

* With some exceptions we shall use the notation of (?).

of the partition A, one may verify that

|s | <W,(v(6,) (v,p=1,2,..). 2)

v — S v+

Since W, € (X,Y);, and v(d,) — 0, it follows from (2) that there exists s =
(0)-lims,,.

Then, as in the case of real functions, one may verify that for any sequence of
partitions {A7,} such that ¢, — 0, and for any intermediate points used in the
sums s, there exists (0)-lim s, and it is equal to s. We call the element s the

integral of the function f with respect to the function g and denote it
by [ dg(o) 70
T

It is easy to verify the usual properties:

/ﬁg () + fo(1) ‘/@ (f1(8) / o) (h1), G

and also the relation

jfdg<t>pf@>ﬂ <7, (supl o) ). (5)
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2. Additive bounded operators. Denote by M (T, X) the set of all bounded
functions defined on the segment T, whose values belong to X. In this set
we define, as usual, addition of elements and multiplication by numbers, and
introduce the norm

|| = sup [f(?)]
teT

with values in X. It is not difficult to verify that M (T, X) is a By-space (?).
The subspace C(T', X) of all uniformly continuous functions is also a By-space.

If f1, fo € M(T,X), then we put f; < f, if fi(t) < fo(t) for all t € T. Then
M(T,X) and C(T,X) are K-linear (?), and the modulus of an element f €
C(T, X) coincides with the modulus of the same element computed in M (7', X).

It is clear that

L1l < [fol = Al < 1 fal-

If V is a space of type (Bg), normed by means of X, and U is an additive
operator mapping V into a K-space Y, then we say that U is a bounded
operator if there exists a positive operator V € (X,Y)" such that

UHI < VIS (6)

for all fe V.

In this case there exists a least operator V—the norm* of the operator U, denoted
by [U].

If V =C(T, X), then one may verify that** an additive operator U is bounded if
and only if U is regular, and |U]| is (0o)-continuous on X. In this case |U| = |U]|
on X.

* See (), Ch. XII, 1.34. From 0 < |U| < V and V € (X,Y)” it follows that
U] € (X,Y)s.

** We identify the set of constant functions in C'(T', X) with the set X.
For each f € C(T, X) denote

Hﬁ=é®@ﬁ@%

where g is some function of bounded variation on T with values in (X,Y)?.

From (3), (5) it follows that the operator I is additive and bounded, and
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1] < varg(t). (7)

Let us now consider an arbitrary additive and bounded operator U on C(T', X)
with values in Y. We have

NI < UIAD,

where |U| € (X,Y)]. The operator U can be extended to M (T, X) with preser-
vation of additivity and norm (see (%), Ch. IX, 1.11). We shall denote the
extended operator by the same letter.

For each t € T denote by g(¢) the operator from X into Y defined by the equality

9(t)(x) = U(y,),
where, for t # a, 7, is the characteristic function of the segment [a,t], and

Y, = 0; v, is the function (y,2)(7) = v,(7)(x). It is easy to see that for every
t € T the operator g(t) is regular and (0o)-continuous.

Since for all z > 0 (x € X) and for any partition A of the segment T'

{Z l9(ti1) - g<ti>|} (2) < |U|(a),

it follows that g, as a function on T with values in (X,Y)?, is of bounded
variation and

varg(t) < |UJ. (8)

Let now f € C(T,X), and let A be an arbitrary partition of the interval T'. In
the notation of Section 1 we have

sup  [f(t") = F(t")] < v(0).

vt et ]

Put

h(t) = fty), fora<t<ty,
O\ (), fort; <t <t (i>1).

Tt is clear that h € M (T, X) and
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|[f = hl < v(d),

whence it follows that

[U(f) = UR)| < [U](v(5)).

On the other hand,
and, consequently,

Hence we conclude that

U(f) = / dg(t) (J(1)). (9)

T

From (7) and (8) it also follows that

U] = varg(t). (10)

We have obtained the following result:

Theorem. The general form of an additive bounded operator transforming
C(T;X) into Y is given by formula (9), where g is a function of bounded
variation with values in (X,Y)r. In this case the function g can be chosen so
that the equality (10) is satisfied.

Remarks. 1°. If X is a regular K-space, and U is a regular operator on
C(T, X), then U is bounded. This assertion is obvious.

2°. Let Y = X, and let X be a K'-space with unit (?). For z € X and
feC(T,X), denote by x - f the function (x - f)(t) = x - f(t), if for every t € T
the Boolean product x - f(t) exists and sup,_ |z - f(t)| < oo.

Let U be an additive operator from C(T', X) into X such that, if x - f exists,
then

Ulw-f)=z-U(f) (zeX; fel(T, X))
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we also assume that U(f,) % 0if If.| 25 0. In this case U is bounded (see (1),
theorem 2), and we obtain Vulik’ s result (see (), theorem 3).

3°. In the case when X is the real axis, and Y is a K *-space of countable type,
we obtain Kantorovich’ s theorem (see (%), Ch. VIII, 4.11).
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