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Abstract
Full Text
MATHEMATICS
B. S. BRONSHTEIN

ON THE SINGULARITIES OF A CERTAIN
CLASS OF DIRICHLET SERIES
(Presented by Academician I. M. Vinogradov on 7 XII 1959)

We shall consider Dirichlet series of the form

𝑓(𝑠) =
∞

∑
𝑛=0

𝑎𝑛𝑒−𝜆𝑛𝑠, 0 ≤ 𝜆0 < 𝜆1 < 𝜆2 < ⋯ (𝑠 = 𝜎 + 𝑖𝜏);

lim(𝜆𝑛+1 − 𝜆𝑛) ≥ ℎ > 0. (1)

We shall denote by 𝐷𝜆 the maximum density of the sequence {𝜆𝑛} in the sense
of Pólya. It is known that the series (1) preserves, in a weaker form, certain
properties inherent in the series

∞
∑
𝑛=0

𝑏𝑒−𝑛𝑠. (2)

Thus, every segment of the axis of convergence of the series (1) of length greater
than 2𝜋𝐷𝜆 contains at least one singular point of 𝑓(𝑠) (Pólya’s theorem).

If a segment of the axis of convergence of the series (1) of length greater than
2𝜋(𝐷𝜆 + ℎ−1) contains only simple poles of 𝑓(𝑠), 𝜎𝑐 + 𝑖𝛼1, 𝜎𝑐 + 𝑖𝛼2, … , 𝜎𝑐 + 𝑖𝛼𝑘,
then every isolated singular point 𝜎𝑐 + 𝑖𝛼 of 𝑓(𝑠) on the axis of convergence is
a simple pole of 𝑓(𝑠), and

𝛼 = 𝑚1𝛼1 + 𝑚2𝛼2 + ⋯ + 𝑚𝑘𝛼𝑘, where 𝑚𝑗 are integers (3)

(Agmon’s theorem (3)).

We shall show that certain additional conditions can ensure a distribution of
the poles of 𝑓(𝑠) on the axis of convergence close to periodic. We shall apply
the results obtained to the study of solutions of Riemann’s functional equation
(Theorem 4).
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For simplicity we shall assume that the abscissa of convergence of the series (1)
is 𝜎𝑐 = 0. Put 𝛿𝑚 = 𝜆𝑚+1 − 𝜆𝑚; ((𝑥)) will denote the distance from 𝑥 to the
nearest integer.

We shall say that the sequence {𝜆𝑛} contains a “regular part”of dimension
𝑟, if one can find an increasing sequence of indices {𝑚𝑘} and positive numbers
ℎ1, ℎ2, … , ℎ𝑟 such that

𝛿𝑚𝑘+𝑙𝑟+𝜈 → ℎ𝜈 (𝑚𝑘 → ∞), 𝜈 = 1, 2, … , 𝑟, 𝑙 = 0, 1, 2, … . (4)

We shall say that the sequence {𝜆𝑛} contains an “almost regular part”of di-
mension 𝑟, if there exists an increasing sequence of indices {𝑛𝑘} and positive
numbers 𝑔1, 𝑔2, … , 𝑔𝑟 such that

((𝑔−1
𝜈 𝛿𝑛𝑘+𝑙𝑟+𝜈)) → 0 as 𝑛𝑘 → ∞, 𝜈 = 1, 2, … , 𝑟, 𝑙 = 0, 1, 2, … . (5)

Lemma. If 0 < ℎ < 𝛿𝑚 < 𝐻 for all 𝑚 > 𝑚0 and the sequence {𝜆𝑛} contains
an “almost regular part,”then it also contains a “regular part.”

Proof. Since 𝛿𝑚 < 𝐻 for 𝑚 > 𝑚0, for each 𝜈 the integer nearest to the number
𝑔−1

𝜈 𝛿𝑛𝑘+𝑙𝑟+𝜈 can take only a finite number of values. Therefore one can extract
from {𝑛𝑘} a sequence {𝑚𝑘} such that

𝛿𝑚𝑘+𝑙𝑟+𝜈 → 𝑝𝜈𝑔𝜈

as 𝑚𝑘 → ∞, 𝜈 = 1, 2, … , 𝑟, 𝑙 = 0, 1, 2, …, where 𝑝𝜈 are integers. Since 𝛿𝑚 > ℎ >
0 for 𝑚 > 𝑚0, we have 𝑝𝜈 > 0, 𝜈 = 1, 2, … , 𝑟. Thus the lemma is proved, with
ℎ𝜈 = 𝑝𝜈𝑔𝜈.

Theorem 1. Let the sequence of exponents {𝜆𝑛} of the series (1) contain an
“almost regular part”of dimension 1. Let the only singularities of 𝑓(𝑠) on a
segment 𝐿 of the imaginary axis of length |𝐿| > 2𝜋ℎ−1 be simple poles at the
points 𝑖𝛼1, 𝑖𝛼2, … , 𝑖𝛼𝑘. Let 𝑖𝛼 be any simple pole of 𝑓(𝑠) on the imaginary axis.
Then the equality

𝛼 = 𝛼𝑞 + 2𝜋𝑑𝑁𝛼, (6)

holds, where 𝑁𝛼 is an integer, 𝑑 is a positive number, and 𝛼𝑞 is one of the
numbers 𝛼1, 𝛼2, … , 𝛼𝑘 specified in the hypothesis of the theorem. Moreover,

Res𝑓(𝑖𝛼) = Res𝑓(𝑖𝛼𝑞) ⋅ lim exp [𝑖(𝛼 − 𝛼𝑞)𝑚″
𝑘] (𝑚″

𝑘 → ∞), (7)

where {𝑚″
𝑘} is some sequence, one and the same for all 𝛼.

Proof. From the assumption on the singularities of 𝑓(𝑠) on 𝐿 it follows that
the sequence of coefficients {𝑎𝑛} is almost regular, i.e.

0 < 𝐶1 < max
𝜈=1,2,…,𝑁

|𝑎𝑛+𝜈| < 𝐶2
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for some 𝑁 and all sufficiently large 𝑛, and also that

𝜆𝑛+1 − 𝜆𝑛 < 𝐻

for sufficiently large 𝑛 (1−3).
In this case, as Agmon showed (1,3), the family of functions

𝑓𝑛𝑘
(𝑠) = [𝑓(𝑠) − ∑

𝑛<𝑛𝑘

𝑎𝑛 exp(−𝜆𝑛𝑠)] exp(𝜆𝑛𝑘
𝑠)

(where {𝑛𝑘} is any sequence of indices) is uniformly bounded in every closed
bounded domain contained in the domain of regularity of 𝑓(𝑠), and every func-
tion 𝑔(𝑠) that is a limit function for some subsequence {𝑓𝑛′

𝑘
(𝑠)} of the functions

of the family has the following properties: a) 𝑔(𝑠) is holomorphic and single-
valued in the entire 𝑠-plane from which the singular points of 𝑓(𝑠) on the imag-
inary axis have been removed; b) every simple pole of 𝑓(𝑠) is a simple pole of
𝑔(𝑠), and

Res𝑔(𝑖𝛼) = Res𝑓(𝑖𝛼) ⋅ lim exp(𝑖𝛼𝑛′
𝑘) (𝑛′

𝑘 → ∞); (8)

c) for Re 𝑠 > 0

𝑔(𝑠) =
∞

∑
0

𝑏𝑛 exp(−𝜇𝑛𝑠), |𝑏𝑛| < 𝑐, 0 < ℎ ≤ 𝜇𝑛+1 − 𝜇𝑛 ≤ 𝐻 (9)

(an analogous expansion holds for Re 𝑠 < 0), and one can extract from {𝑛′
𝑘} a

subsequence {𝑛″
𝑘} such that

𝜇𝑚 = lim(𝜆𝑛″
𝑘+𝑚 − 𝜆𝑛″

𝑘
) (𝑛″

𝑘 → ∞), 𝑚 = 0, 1, 2, … . (10)

Let us now note that, since 0 < ℎ < 𝛿𝑛 < 𝐻 for 𝑛 > 𝑛0, the conditions of the
lemma are fulfilled, and therefore {𝜆𝑛} contains a regular part.

Choose as {𝑛𝑘} the sequence {𝑚𝑘} mentioned in the definition of a regular part.
Then (4) with 𝑟 = 1 and (10) give 𝜇𝑚 = ℎ1𝑚, and, in view of (9), 𝑔(𝑠) has
period 2𝜋ℎ−1

1 𝑖 (or smaller). Since ℎ ≤ ℎ1, it follows that |𝐿| > 2𝜋ℎ−1
1 , and for

every pole 𝑖𝛼 of 𝑔(𝑠) there is an“equivalent”one on the segment 𝐿, for example
𝑖𝛼𝑞, i.e.

𝛼 = 𝛼𝑞 + 2𝜋ℎ−1
1 𝑁𝛼,

where

𝑁𝛼 is an integer. The residues of 𝑔(𝑠) at the points 𝑖𝛼 and 𝑖𝛼𝑞 coincide. But
then (8) gives

res𝑓(𝑖𝛼) = res𝑓(𝑖𝛼𝑞) ⋅ lim exp{−𝑖(𝛼 − 𝛼𝑞)𝑚𝑘} (𝑚𝑘 → ∞),

and the proof of the theorem is complete.
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Remark. If one assumes that |𝐿| > 2𝜋(𝐷𝜆 + ℎ−1), then, by Armon’s theorem,
every isolated singularity of 𝑓(𝑠) on the imaginary axis is a simple pole, and,
consequently, formula (6) is valid for every isolated singularity of 𝑓(𝑠) on the
imaginary axis.

Suppose now that all singularities of 𝑓(𝑠) on the imaginary axis are simple poles.
Then from the proof of Theorem 1 it is clear that the sets of poles of 𝑔(𝑠) and
𝑓(𝑠) on the imaginary axis coincide, and therefore the poles of 𝑓(𝑠) are also
periodically distributed. In this case, together with each pole at the point 𝑖𝛼𝑞,
𝑓(𝑠) and 𝑔(𝑠) have a pole at the point 𝑖𝛼𝑞 + 𝑖2𝜋ℎ−1

1 ; and therefore, by virtue of
(7), the limit must exist

lim
𝑚′

𝑘→∞
exp{−(𝑖𝛼𝑞 + 2𝜋𝑖ℎ−1

1 − 𝑖𝛼𝑞)𝑚′
𝑘} =

= lim
𝑚′

𝑘→∞
exp(−2𝜋𝑖ℎ−1

1 𝑚′
𝑘) = exp(−2𝜋𝑖𝜉),

where one may assume that 0 ≤ 𝜉 < 1, and (7) gives, for 𝛼 = 𝛼𝑞 + 2𝜋ℎ−1
1 𝑁𝛼,

res𝑓(𝑖𝛼) = res𝑓(𝑖𝛼𝑞) exp(−2𝜋𝑖𝑁𝛼𝜉). (11)

The function 𝜑(𝑠) = exp(ℎ1𝜉𝑠)𝑓(𝑠) then has periodically distributed poles on
the imaginary axis, and the residue in each series of poles (i.e., of poles at the
points 𝑖𝛼𝑞 + 𝑖2𝜋ℎ−1

1 𝑁 , where 𝛼𝑞 is fixed and 𝑁 runs through all integer values)
is one and the same. Thus the following has been proved:

Theorem 2. If, in addition to the hypotheses of Theorem 1, one assumes that
𝑓(𝑠) has as singularities on the imaginary axis only simple poles, then these
poles are distributed periodically with period 2𝜋𝑖ℎ−1

1 (or a smaller one), and
the residues for each series of poles form a geometric progression with ratio
exp(−2𝜋𝑖𝜉), the same for all series. The function 𝜑(𝑠) = exp(ℎ1𝜉𝑠)𝑓(𝑠) has
periodically distributed poles on the imaginary axis with residues equal within
each series.

Theorem 3. Let the sequence of exponents of the series (1) contain an“almost
regular part”of dimension 𝑟, and let all singularities of the sum of the series 𝑓(𝑠)
on the imaginary axis (the axis of convergence) be simple poles. Then the set 𝑇
of all poles of 𝑓(𝑠) on the imaginary axis can be represented as the sum of sets
𝑇𝜈, 𝜈 = 1, 2, … , 𝑟, where in each set the poles are distributed periodically. One
may specify a common period, independent of 𝜈. The residues of each series of
poles of each 𝑇𝜈 form a geometric progression with ratio exp(2𝜋𝑖𝜉𝜈), 0 ≤ 𝜉𝜈 < 1,
where 𝜉𝜈 depends on the set 𝑇𝜈, but does not depend on the choice of the series
within the set. Here it is assumed that if some poles of several different sets 𝑇𝜈
coincide, then their residues are added (so that at some points the poles may
even cancel).
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Proof is carried out essentially in the same way as in Theorems 1 and 2. Denote
ℎ1 + ℎ2 + ⋯ + ℎ𝜈 = 𝑐𝜈, 𝜈 = 1, 2, … , 𝑟 − 1, ℎ1 + ℎ2 + ⋯ + ℎ𝑟 = 𝑐. The limiting
function 𝑔(𝑠) (corresponding to the “regular part”{𝜆𝑛}) can be represented, if
one sums over progressions, in the form

𝑔(𝑠) =
∞

∑
𝑛=0

𝑎𝑛𝑟 exp(−𝑐𝑛𝑠) + exp(−𝑐1𝑠)
∞

∑
𝑛=0

𝑎𝑛𝑟+1 exp(−𝑐𝑛𝑠) + ⋯

⋯ + exp(−𝑐𝑟−1𝑠)
∞

∑
𝑛=0

𝑎𝑛𝑟+𝑟−1 exp(−𝑐𝑛𝑠)

or

𝑔(𝑠) = 𝑔0(𝑠) + exp(−𝑐1𝑠)𝑔1(𝑠) + ⋯ + exp(−𝑐𝑟−1𝑠)𝑔𝑟−1(𝑠). (12)

Putting in (12) 𝑠 = 𝑠, 𝑠+2𝜋𝑖𝑐−1, 𝑠+4𝜋𝑖𝑐−1, … , 𝑠+2(𝑟−1)𝜋𝑖𝑐−1, we obtain a sys-
tem of equations with respect to 𝑔0(𝑠) and exp(−𝑐𝜈𝑠)𝑔𝜈(𝑠) with a Vandermonde
determinant different from zero. Consequently, 𝑔0(𝑠) and exp(−𝑐𝜈𝑠)𝑔𝜈(𝑠) are
expressed linearly in terms of 𝑔(𝑠+2𝜋𝑖𝑘𝑐−1), 𝑘 = 0, 1, … , 𝑟 −1, and can have on
the imaginary axis only simple poles, and the same is true for 𝑔𝜈(𝑠). But 𝑔0(𝑠)
and 𝑔𝜈(𝑠) (𝜈 = 1, 2, … , 𝑟 − 1) are periodic functions of 𝑠 with period 2𝜋𝑐−1𝑖.
Therefore the poles of 𝑔0(𝑠), 𝑔𝜈(𝑠) are distributed periodically on the imaginary
axis, and the same is true for exp(−𝑐𝜈𝑠)𝑔𝜈(𝑠). The residues for each series of
poles of any of the functions 𝑔0(𝑠), 𝑔𝜈(𝑠), 𝜈 = 1, 2, … , 𝑟 − 1, form a geometric
progression with ratio, respectively, 1 or exp(−2𝜋𝑖𝑐𝜈𝑐−1). Finally, formula (8)
and arguments analogous to those used in the proof of formula (11) complete
the proof of Theorem 3.

Remark. Agmon’s theorems, as well as Theorems 1, 2, and 3 of the present
paper, can be generalized to the case of multiple poles and somewhat more
general singularities. One can also study series of the type

𝑓(𝑠) =
∞

∑
𝑛=0

𝑝𝑛(𝑠) exp(−𝜆𝑛𝑠),

where 𝑝𝑛(𝑠) are polynomials whose degrees are bounded.

Theorem 4. Let

𝑓(𝑠) =
∞

∑
𝑛=1

𝑎𝑛
𝜇𝑠𝑛

and 𝑔(𝑠) =
∞

∑
𝑛=1

𝑏𝑛
𝜆𝑠𝑛

be Dirichlet series forming solutions (in the sense of Chandrasekharan4) of the
equation
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𝑓(𝑠)Γ (𝑠
2) 𝜋−𝑠/2 = 𝑔(1 − 𝑠)Γ (1 − 𝑠

2 ) 𝜋−(1−𝑠)/2. (13)

Suppose the sequence {𝜆𝑛} satisfies the condition lim(𝜆𝑛+1 − 𝜆𝑛) = ℎ > 0 and
contains an“almost regular part”of some dimension 𝑟. Then 𝑓(𝑠) has the form

𝑓(𝑠) = 𝛼𝑠 ∑
0<𝑎≤1
0≤𝜉<1

𝐴𝑎,𝜉 𝜁(𝑠, 𝑎, 𝜉).

Here 𝛼 > 0; 𝑎 runs through a finite set of values; 𝜉 runs through not more than
𝑟 values; 𝐴𝑎,𝜉 are constants; finally, for Re 𝑠 > 1,

𝜁(𝑠, 𝑎, 𝜉) =
∞

∑
𝑛=0

exp(−2𝜋𝑖𝜉𝑛)
(𝑛 + 𝑎)𝑠 , 0 < 𝑎 ≤ 1, 0 ≤ 𝜉 < 1.

For the proof it is necessary to apply Theorem 3 to the integrated relation (A)
from 4.

Remark 1. It is known that certain linear combinations of 𝜁(𝑠, 𝑎, 𝜉) do indeed
satisfy equation (13).

Remark 2. Results analogous to Theorem 4 can be obtained for solutions of
the equation

𝑓(𝑠)𝑃 (𝑠)Γ (𝑠
2) 𝜋−𝑠/2 = 𝑔(1 − 𝑠)𝑄(𝑠)Γ (1 − 𝑠

2 ) 𝜋−(1−𝑠)/2,

where 𝑃(𝑠) and 𝑄(𝑠) are polynomials.

I take this opportunity to express my deep gratitude to Prof. A. O. Gelfond and
Prof. I. K. Andronov.
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