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Abstract
Full Text

MATHEMATICS
B. S. BRONSHTEIN

ON THE SINGULARITIES OF A CERTAIN
CLASS OF DIRICHLET SERIES

(Presented by Academician I. M. Vinogradov on 7 XII 1959)

We shall consider Dirichlet series of the form
f(s) = Zane’/\ns, 0< A <A <A< (s=o0+1iT);
n=0

lim(A, ., —A,) > h>0. (1)

We shall denote by D, the maximum density of the sequence {),} in the sense
of Polya. It is known that the series (1) preserves, in a weaker form, certain
properties inherent in the series

> bene, (2)
n=0

Thus, every segment of the axis of convergence of the series (1) of length greater
than 27D, contains at least one singular point of f(s) (Pélya’ s theorem).

If a segment of the axis of convergence of the series (1) of length greater than
27(D, +h~!) contains only simple poles of f(s), o, +iay, 0, + iy, ..., 0, +iqy,
then every isolated singular point o, 4 i of f(s) on the axis of convergence is
a simple pole of f(s), and

a = myay +myaq + -+ myay, where m; are integers (3)

(Agmon’ s theorem (3)).

We shall show that certain additional conditions can ensure a distribution of
the poles of f(s) on the axis of convergence close to periodic. We shall apply
the results obtained to the study of solutions of Riemann’ s functional equation
(Theorem 4).
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For simplicity we shall assume that the abscissa of convergence of the series (1)
is o, =0. Put 6,, = A\,,;1 — A,,; ((x)) will denote the distance from x to the
nearest integer.

We shall say that the sequence {)\,} contains a “regular part” of dimension
7, if one can find an increasing sequence of indices {m;} and positive numbers
hy,hg,..., h, such that

1) —h, (m—o00), v=12,..,r, 1=012... (4)

my+lr+v
We shall say that the sequence {\,} contains an “almost regular part” of di-
mension r, if there exists an increasing sequence of indices {n,} and positive
numbers gy, gs, .. , g, such that

((g;lanﬁm,,))ao asn, —oo, v=112..r, 1=0,1,2,.... (5)

Lemma. If 0 < h < §,, < H for all m > m and the sequence {),,} contains
an “almost regular part,” then it also contains a “regular part.”

Proof. Since §,, < H for m > my, for each v the integer nearest to the number
g;lénk +1r+p can take only a finite number of values. Therefore one can extract
from {n,} a sequence {m,} such that

5mk+lr+u — Puly

asmy, —oo,v=12..,r 1=0,1,2 .., where p, are integers. Since J,, > h >
0 for m > mg, we have p, > 0, v = 1,2, ...,r. Thus the lemma is proved, with
h, =p,9,-

Theorem 1. Let the sequence of exponents {), } of the series (1) contain an
“almost regular part” of dimension 1. Let the only singularities of f(s) on a
segment L of the imaginary axis of length |L| > 2wh~! be simple poles at the
points iq , iq, ... ,iy,. Let 4o be any simple pole of f(s) on the imaginary axis.
Then the equality

a=a, +2rdN,, (6)

holds, where N, is an integer, d is a positive number, and «, is one of the
numbers o, ay, ..., oy, specified in the hypothesis of the theorem. Moreover,

Res;(ia) = Resy(ia, ) - limexp [i(a— aq)mg] (my, = 00), (7)

where {m] } is some sequence, one and the same for all a.

Proof. From the assumption on the singularities of f(s) on L it follows that
the sequence of coefficients {a,,} is almost regular, i.e.

0<C; < , fax |, ] < Cy

9Ly
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for some N and all sufficiently large n, and also that
App1 — A, < H

for sufficiently large n (173).

In this case, as Agmon showed (13), the family of functions

fnk (S) = f(S) - Z Ay, exp(—)\ns) eXp()\nkS)

n<ng

(where {n;} is any sequence of indices) is uniformly bounded in every closed
bounded domain contained in the domain of regularity of f(s), and every func-
tion g(s) that is a limit function for some subsequence {f,, (s)} of the functions
of the family has the following properties: a) g(s) is holomorphic and single-
valued in the entire s-plane from which the singular points of f(s) on the imag-
inary axis have been removed; b) every simple pole of f(s) is a simple pole of
g(s), and

Res,(ia) = Res(ia) - limexp(iany) (nj — 00); (8)

c) for Res >0
g(s) = byexp(—p,s),  |bl<c,  O0<h<p,—p, <H (9
0

(an analogous expansion holds for Res < 0), and one can extract from {n,} a
subsequence {ny} such that
M, = Hm(Apr o = Apr) - (0 — 00), m=0,1,2,.... (10)

Let us now note that, since 0 < h < ¢,, < H for n > ng, the conditions of the
lemma are fulfilled, and therefore {)\,,} contains a regular part.

Choose as {n;} the sequence {m; } mentioned in the definition of a regular part.
Then (4) with » = 1 and (10) give p,, = hym, and, in view of (9), g(s) has
period 2rhyti (or smaller). Since h < hy, it follows that |L| > 27xhy!, and for
every pole i of g(s) there is an “equivalent” one on the segment L, for example
oy, ie.

o=, +27h'N,,

[e3%

where

N, is an integer. The residues of g(s) at the points i and i, coincide. But

then (8) gives

res (i) = res;(iay,) - lim exp{—i(a — o )my.} (my, — 00),

and the proof of the theorem is complete.
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Remark. If one assumes that |L| > 2m(D, +h™!), then, by Armon’ s theorem,
every isolated singularity of f(s) on the imaginary axis is a simple pole, and,
consequently, formula (6) is valid for every isolated singularity of f(s) on the
imaginary axis.

Suppose now that all singularities of f(s) on the imaginary axis are simple poles.
Then from the proof of Theorem 1 it is clear that the sets of poles of g(s) and
f(s) on the imaginary axis coincide, and therefore the poles of f(s) are also
periodically distributed. In this case, together with each pole at the point ic,,
f(s) and g(s) have a pole at the point icr, + i27hy!; and therefore, by virtue of
(7), the limit must exist

lim exp{— (i, + 2mihy " — i )m;} =
mj,—oco

= lim exp(—2mih'm}) = exp(—2mi&),
mj,—oo

where one may assume that 0 < ¢ <1, and (7) gives, for a = o, + 2rhiiN,,

res;(ia) = res (i, ) exp(—2miN,&). (11)

The function (s) = exp(h,&s)f(s) then has periodically distributed poles on
the imaginary axis, and the residue in each series of poles (i.e., of poles at the
points i, + i2hy1 N, where , is fixed and N runs through all integer values)
is one and the same. Thus the following has been proved:

Theorem 2. If, in addition to the hypotheses of Theorem 1, one assumes that
f(s) has as singularities on the imaginary axis only simple poles, then these
poles are distributed periodically with period 2wih;! (or a smaller one), and
the residues for each series of poles form a geometric progression with ratio
exp(—2mig), the same for all series. The function ¢(s) = exp(h€s)f(s) has
periodically distributed poles on the imaginary axis with residues equal within
each series.

Theorem 3. Let the sequence of exponents of the series (1) contain an “almost
regular part” of dimension r, and let all singularities of the sum of the series f(s)
on the imaginary axis (the axis of convergence) be simple poles. Then the set T'
of all poles of f(s) on the imaginary axis can be represented as the sum of sets
T, v=1,2,..,r, where in each set the poles are distributed periodically. One
may specify a common period, independent of v. The residues of each series of
poles of each T, form a geometric progression with ratio exp(2mi,), 0 < ¢, < 1,
where £, depends on the set T,,, but does not depend on the choice of the series
within the set. Here it is assumed that if some poles of several different sets 7T,
coincide, then their residues are added (so that at some points the poles may
even cancel).
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Proof is carried out essentially in the same way as in Theorems 1 and 2. Denote
hi+hy+-+h,=c,,v=12,..,r—1, h; +hy+ -+ h, =c. The limiting
function g(s) (corresponding to the “regular part” {\,}) can be represented, if
one sums over progressions, in the form

oo}

o0
Z a,,. exp(—cns) + exp(—c; s) Z Qi1 €Xp(—cns) + -

n=0 n=0

oo

-+ eXp(_Cr—l‘S) Z Appgr—1 exp(—cns)

n=0

or

9(s) = go(s) + exp(—c18)gy(s) + - + exp(—¢,_15)g,_1 (). (12)

Putting in (12) s = s, s+2mic !, s+4mic ™, ..., s+2(r—1)mic™!, we obtain a sys-
tem of equations with respect to g, (s) and exp(—c,s)g, (s) with a Vandermonde
determinant different from zero. Consequently, g,(s) and exp(—c,s)g,(s) are
expressed linearly in terms of g(s+2mike™), k =0,1,...,7—1, and can have on
the imaginary axis only simple poles, and the same is true for g, (s). But gy(s)
and g,(s) (v = 1,2,...,r — 1) are periodic functions of s with period 27c~ti
Therefore the poles of g,(s), g,(s) are distributed periodically on the imaginary
axis, and the same is true for exp(—c,s)g, (s). The residues for each series of
poles of any of the functions gy(s), g,(s), v = 1,2,...,r — 1, form a geometric
progression with ratio, respectively, 1 or exp(—2mic,c ). Finally, formula (8)
and arguments analogous to those used in the proof of formula (11) complete
the proof of Theorem 3.

Remark. Agmon’ s theorems, as well as Theorems 1, 2, and 3 of the present
paper, can be generalized to the case of multiple poles and somewhat more
general singularities. One can also study series of the type

an eXp /\n8)7

where p,,(s) are polynomials whose degrees are bounded.

Theorem 4. Let
-2 and g¢(s
; - Z %

be Dirichlet series forming solutions (in the sense of Chandrasekharan*) of the
equation
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f(s)r (g) 752 = g(1—s)T (1 ; S) = (1=9)/2, (13)

Suppose the sequence {)\,} satisfies the condition lim(\,,,; —A,) = h > 0 and
contains an “almost regular part” of some dimension r. Then f(s) has the form

f(S) =a’ Z A(L,§ C(Sa a, 5)
i

Here v > 0; a runs through a finite set of values; £ runs through not more than
r values; A, ¢ are constants; finally, for Res > 1,

o=~ exp(—2mién)
C(s,a,é)—;w, 0<a<l1, 0<¢<l.

For the proof it is necessary to apply Theorem 3 to the integrated relation (A)
from 4.

Remark 1. It is known that certain linear combinations of (s, a, &) do indeed
satisfy equation (13).

Remark 2. Results analogous to Theorem 4 can be obtained for solutions of
the equation

FEPOI (5) 77 = g1 = QT (= ) w012,

where P(s) and Q(s) are polynomials.

I take this opportunity to express my deep gratitude to Prof. A. O. Gelfond and
Prof. I. K. Andronov.
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Note: Figure translations are in progress. See original paper for figures.
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