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Abstract
Full Text
MATHEMATICAL PHYSICS
B. M. STEPANOV

THE STRUCTURE OF NONRELATIVISTIC
COUNTERTERMS
(Presented by Academician N. N. Bogolyubov on 28 III 1960)

For a correct definition of the product of singular Green’s functions it is necessary
first to regularize them, i.e., to replace them by sufficiently regular functions
such that, first, they can be multiplied in the ordinary way and, second, in
such a product one can in some sense pass to the limit, declaring it to be the
product of the corresponding Green’s functions. A theory regularized in this way
cannot satisfy all physical requirements simultaneously before the regularization
is removed. This circumstance, while not affecting the final results, entails an
essential ambiguity in the choice of the regularization method. Leaving aside the
question of the general conditions that any regularization process must satisfy,
let us note that some particular choice of such conditions often proves expedient.
The decisive role here belongs to considerations connected with the concrete
specificity of the problem. As a well-known example one may cite quantum
electrodynamics, where preference, for one reason or another, is given to gradient
and relativistically invariant regularization methods. It is clear that the formal
value of a regularization device is determined, depending on the situation, by
those physical properties that the theory possesses before passage to the limit.

In (1) a regularization device was indicated which makes it possible, before pass-
ing to the limit, to achieve unitarity of the 𝑆-matrix at the cost of abandoning
relativistic covariance, and the fundamental possibility was shown of construct-
ing counterterms that ensure restoration of the correct covariance properties of
the theory after passage to the limit. In the present work a method is given for
the actual construction of the counterterms introduced in (1), for primitively
divergent graphs.

In order not to complicate the details, let us consider the simplest example of
the interaction of a spinor field with a pseudoscalar real meson field

ℒ(𝑥) = 𝑔 ∶ Ψ̄(𝑥)𝛾5Ψ(𝑥) ∶ 𝜑(𝑥).

In accordance with (1) we put

reg𝑆 𝑐(𝑝) = exp[−𝑟𝑝2]𝑆 𝑐(𝑝), reg 𝐷̃ 𝑐(𝑝) = exp[−𝑙𝑝2]𝐷𝑐(𝑝).
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It is easy to verify that the expressions for the coefficient functions of primitively
divergent graphs constructed with the aid of propagators regularized according
to (1) will, in the 𝛼-representation, contain integrals of the form

∫ 𝑃(𝑘1, … , 𝑘𝑛; 𝑝) exp{𝑖(𝑎𝑝2
0 − 𝑎′𝑝2) + 2𝑖(𝑝0𝐾0 − pK′)} 𝑑𝑝,

where 𝑃(𝑘1, … , 𝑘𝑛; 𝑝) is a polynomial in the external momenta 𝑘1, … , 𝑘 and in
the internal momentum 𝑝; the constants 𝑎 and 𝑎′ satisfy the conditions:

𝑎 > 0, 𝑎′ = 𝑎 − 𝑖𝛿, 𝛿 > 0,

and the vector with components 𝐾0, K′ is a linear combination of the external
momenta

𝐾0 = ∑ 𝑏𝑖𝑘0
𝑖 , K′ = ∑ 𝑏′

𝑖k𝑖, 𝑏′
𝑖 = 𝑏𝑖 − 𝑖𝛽𝑖

with real constants 𝑏𝑖 and 𝛽𝑖.

To compute this integral, consider the following auxiliary example: one-
dimensional nonrelativistic motion of a free particle of mass 𝑚. Denote
the wave function of this particle by 𝐹(𝑡, 𝑥). Its time evolution is uniquely
determined by the Schrödinger equation

𝑖 𝜕𝐹(𝑡, 𝑥)
𝜕𝑡 = − 1

2𝑚
𝜕2𝐹(𝑡, 𝑥)

𝜕𝑥2 .

Let at the time 𝑡 = 0 the state of the particle be described by some function
𝑓(𝑥), concerning which we assume that it grows no faster than a polynomial as
|𝑥| → ∞: 𝐹(0, 𝑥) = 𝑓(𝑥).
The wave function under consideration, 𝐹(𝑡, 𝑥), can be represented in the form

𝐹(𝑡, 𝑥) = exp [− 1
2𝑖𝑚 𝑡 𝑑2

𝑑𝑥2 ] 𝑓(𝑥).

On the other hand, there is an expansion into an integral

𝐹(𝑡, 𝑥) = 1
2𝜋 ∫

∞

−∞
exp [−𝑖 𝑝2

2𝑚𝑡 − 𝑖𝑝𝑥] {∫
∞

−∞
𝑓(𝑦) exp(𝑖𝑝𝑦) 𝑑𝑦} 𝑑𝑝.

By virtue of the uniqueness of the determination of the wave function from its
initial value, these two expressions coincide. Thus we have the identity*
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∫
∞

−∞
𝑓(𝑦) exp [𝑖𝑦2 + 𝑖𝑦𝑥] 𝑑𝑦 = 1 + 𝑖√

2
√𝜋 exp[−𝑖𝑥2] {exp [− 1

4𝑖
𝑑2

𝑑𝑧2 ] 𝑓(𝑧)}
𝑧=−𝑥

.

If 𝑓(𝑥) is taken to be a polynomial of degree 𝑛, then this relation can also be
obtained by induction on 𝑛.
In application to the integrals that interest us, the identity derived gives

∫ 𝑃(𝑘1, … , 𝑘𝑛; 𝑝) exp [𝑖(𝑎𝑝2
0 − 𝑎′p2) + 2𝑖(𝑝0𝐾0 − pK′)] 𝑑𝑝 =

= 𝜋2

𝑖

exp[−𝑖 (𝐾2
0

𝑎 − K′2

𝑎′ )]

√𝑎𝑎′3 ×

× {exp [− 1
4𝑖 (𝑎 𝜕2

𝜕𝑙20
− 𝑎′ 𝜕2

𝜕l2 )] 𝑃 (𝑘1, … , 𝑘𝑛; 𝑙0
𝑎 , l

𝑎′ )}
𝑙0=−𝐾0, l=−K′

.

* This is a special case of the following simple identity. Suppose that ℋ𝑓𝑛(𝑥) =
𝐸𝑛𝑓𝑛(𝑥) and 𝑓𝑛(𝑥) form a complete orthonormal system of functions; then

𝑒𝛼𝐻𝐹(𝑥) = ∫ Φ𝛼(𝑥, 𝑦)𝐹(𝑦) 𝑑𝑦, where Φ𝛼(𝑥, 𝑦) = ∑
(𝑛)

𝑒𝛼𝐸𝑛𝑓𝑛(𝑥)𝑓∗
𝑛(𝑦).

Let us now consider the counterterm for the second-order mass operator Σ̃2(𝑝).
With the aid of the last formula we find:

per Σ̃2(𝑝) = −𝑖 ( 𝑔
4𝜋 )

2
∫

∞

0
∫

∞

0

exp[−𝑖(𝛼1𝑀2 + 𝛼2𝑚2) − 𝜀(𝛼1 + 𝛼2) + 𝑖 ( 𝛼1𝛼2
𝛼1+𝛼2

𝑝2
0 − 𝛼′

1𝛼′
2

𝛼′
1+𝛼′

2
p2)]

√(𝛼1 + 𝛼2)(𝛼′
1 + 𝛼′

2)3 ×

× (𝑀 + 𝛼2
𝛼1 + 𝛼2

𝑝0𝛾0 − 𝛼′
2

𝛼′
1 + 𝛼′

2
p ⋅ 𝛾) 𝑑𝛼1𝑑𝛼2.

It is immediately seen that the operator

Σ̃2(𝑝) = lim
𝑟,𝑙→0

{per Σ̃2(𝑝) − 𝑅̃Σ2
(𝑝)}
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can be made finite and Lorentz invariant by choosing in a suitable way the
polynomial 𝑅̃Σ2

(𝑝) of the first degree, in accordance with the index of the graph
under consideration. If one imposes the additional conditions

Σ̃2(0) = 0, 𝜕Σ̃2(𝑝)
𝜕𝑝𝜈 ∣

𝑝=0
= 0,

then 𝑅̃Σ2
(𝑝) may be taken in the form

𝑅̃Σ2
(𝑝) = per Σ̃0(0) + ∑

(𝜈)

𝜕 per Σ̃2(𝑝)
𝜕𝑝𝜈 ∣

𝑝=0
𝑝𝜈,

whence, in the limit for small 𝑟 and 𝑙,

𝑅̃Σ2
(𝑝) = −𝑖 ( 𝑔

4𝜋 )
2

{(𝑀 + 1
2𝑝𝛾) [ln 1

𝑀2(𝑟 + 𝑙) + 𝜇2

1 − 𝜇2 ln𝜇2 + 1 − 𝜓(3
2) + 2𝜓(1)]

+1
2𝑝𝛾 [ 𝜇2

(1 − 𝜇2)2 ln𝜇2 − 1
2

1 + 𝜇2

1 − 𝜇2 ] + 1
3

𝑟 − 𝑙
𝑟 + 𝑙 p ⋅ 𝛾} ,

where terms vanishing for 𝑟 = 𝑙 = 0 have been omitted. Thus, the counterterm
contains a finite Lorentz-noninvariant addition, which is responsible for restoring
the correct relativistic properties of the operator Σ̃2(𝑝) in passing to the limit
𝑟, 𝑙 → 0.
In an analogous way all the remaining primitively divergent graphs may be
considered. We give the final expressions for the corresponding counterterms:

𝑅̃Π2
(𝑘) = −𝑖 ( 𝑔

2𝜋 )
2

{1
𝑟 + (𝑀2 − 1

2𝑘2) [ln 2𝑀2𝑟 + 𝜓(3
2) − 2𝜓(1)] − 2

3k2} ,

𝑅̃Γ3
= −𝑖 𝑔3

4𝜋2 𝛾5 {ln 1
𝑀2(2𝑟 + 𝑙) + 𝜇2

1 − 𝜇2 ln𝜇2 − 𝜓(3
2) − 𝜓(1) − 𝜓(2)} ,

𝑅̃□4
= 𝑖𝜋2𝑔4 {2 ln 1

4𝑀2𝑟 − 2 [𝜓(3
2) − 2𝜓(1)] − 4

3} .

Of interest is a general formulation of the 𝑅-operation based on the use of the
nonrelativistic regularization method (1). Here a number of questions arise
which it is proposed to consider in subsequent works.
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In conclusion, I take the pleasant opportunity to thank Acad. N. N. Bogolyubov
for his attention to the work.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
7 III 1960

CITED LITERATURE
1. B. M. Stepanov, DAN, 108, 1045 (1956).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196001.07251 Machine Translation

https://sovietrxiv.org/items/ru-196001.07251

	Abstract
	Full Text
	MATHEMATICAL PHYSICS
	B. M. STEPANOV

	THE STRUCTURE OF NONRELATIVISTIC COUNTERTERMS
	CITED LITERATURE


