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Abstract
Full Text

Sh. I. Strelitz

THE WI-MAN-VALIRON THEOREM FOR ENTIRE
FUNCTIONS OF SEVERAL VARIABLES

(Presented by Academician V. I. Smirnov on 30 IV 1960)

In this note we generalize the well-known Wiman—Valiron theorem ((1), p. 211)
to the case of entire functions of several complex variables
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One generalization was found in (2). The results of the present note, in our
opinion, give a natural analogue of the Wiman—Valiron theorem, which was not
achieved in (2). We note that the results obtained in (2) overlap with our work
only incompletely.

Let us define the maximum modulus of the entire transcendental function (1) on
the hypersurface S, (R) : |2|™ + |25|™ + - + [2,|™ = R™, m > 0 an arbitrary
number:

M(R,F)=M(R) = S{na;{() [F'(21, 29y ce s 2)]- (2)
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We reduce the series (1) to diagonal form

)
F(Zlv 29y ey Zn) = ZA]C(217 Ry eee s Zn)7
k=0

where Ay (z1, 29, ..., 2,) are homogeneous functions of degree k in the variables
21, By ey 2y LEL
Bk = max |Ak<zla Ry ey Zn)|
Sm(1)

Construct the function

M) =3 B, ()
n=0
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which is, obviously, entire, and define its central index v(R). Finally, de-
note by ¢y, (s, .-, ¢, the point at which the maximum in (2) is attained; (; =

rj(R)ewﬂ'<R), j=1,2,...,n. The following holds.

Theorem 1. For any entire nonnegative i,

Girtiz+tiy,

g 1251{1—F5 7§ a"'agn ; 1 i
. 162 8zilaz;2~-~8zf{b (SRS )_ (L)mzl (L)mZQ (QI)W"
R—o0 l/il+i2+'"+i” (R)F(glv 527 agn) R R R
(4)
where F(zq,2,,...,2,) is an entire transcendental function, r; = rj(R), and

where, in passing to the limit, it may be necessary to exclude a set of noninter-
secting intervals of the R-axis of finite logarithmic measure.

Definition. A real function y = y(x), x; < & < x5, is called an algebraic arc
if y(z) is analytic inside the interval [z, z,], and at the endpoints may have
only algebraic singularities.

Theorem 2. The functions M(R), r;(R) and ¢;(R), j = 1,2,...,n, are piece-
wise algebraic, i.e. on every finite interval R; < R < R, these functions consist
of a finite number of algebraic arcs.

Theorem 3.

lim LR

A SRM(R) & )

where, in passing to the limit, one should possibly omit a set of nonintersecting
intervals of the R-axis of finite logarithmic measure.

These theorems may be applied to the study of the growth of solutions of the
form

MoAs A,
211252 20" F(2q, 29y v 20, (6)
(where A, Ay, ..., A, are constant complex numbers, and F(zq, 25, ..., 2,,) is an

entire transcendental function) of differential equations in partial derivatives.
For illustration we shall restrict ourselves to the case of linear equations and
equations of the first order.

Let the differential equation be

H('ZlaZQa"'7Zn7uazlp1322p27"'aznpn> :07 (7)
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where p; = 0u/0z;, and H(zq, 29, ..., 2, Uy 11, Mgy -+ 7),) 18 @ polynomial with
respect to all variables and of degree ¢ with respect to ny,n,, ..., 7, and has a
solution of the form (6). Suppose further that the coefficients of all terms of
degree g with respect to 7y, 7y, ..., 7, are constant numbers. Rewrite (7) in the
following form:

Z aj i g (21011 (29p2)72 -+ (2,,m) '+
Jitiettin=q

+H (21, 295 v s 2y Uy 21D15 22Dy v 5 Zppt) = 0. (8)

We identify the order of a solution of the form (6) with the order of growth of
the function M (R, F).

Theorem 4. If the homogeneous form

J1, o dn
Z j1gy..g, T2 Tin
J1tiattin=q

does not vanish for nonnegative n;,7,, ..., n,, on the hypersurface S,, (1), then
any solution of the form (6) of equation (8) has finite order, not exceeding a
certain constant number p, common to all solutions (of the indicated form) of
the equation under consideration.

The situation is analogous for solutions of linear equations of the form

o , 9y,
D N e T e e 9)
) ) ) J1J2+-In azjl azjg .”azjn
J1tgattin=q 1 Y~2 n
q—1 al
J1 ,J2 e JIn L. X p—
+ E E 21t 2y 2 PJuszn(Zl’Z?’“'7Zn)a TPV 0,
1=0 ji+jottin=l %1 Oz 0zn
where P; ; ;- (21, 29, .- , 2, ) are polynomials and aj j,..j, are constant numbers.

Theorem 5. Equation (9) has an infinite set of solutions of the form (6),
provided that the homogeneous form

jl j2 ee ]n
o Z o Yagpeg, TR T
J1tIe++in=a

does not vanish for nonnegative 7,,n,, ..., n, on the hypersurface S;(1).

This theorem generalizes the well-known theorem of Fuchs on regular singulari-
ties of solutions of ordinary differential equations ((®), pp. 214-221).
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Theorem 6. If the homogeneous form

jl .j2 e jn
E A jyegn, T T2 T
Jitiettinta

for nonnegative 1y, 15, ...,n,, does not vanish on the hypersurface S,,(1), then
every solution of the form (6) of equation (9) has finite order not exceeding a
certain constant number p, common to all solutions (of the indicated form) of
the equation under consideration.

In all three of the last theorems, the condition that the homogeneous form
not vanish is essential, since if this condition is not satisfied, one can construct
equations of the types studied that possess solutions of infinite order of the form
(6), or that have no solutions at all of the types studied.

Let us note that the number m in the definition of the hypersurface S,,(R)
may be chosen arbitrarily. One may, for example, take m = 1 (a hypercone)
or m = 2 (a hypersphere). Finally, we also point out the circumstance that
the Wiman-Valiron theorem can be generalized also to the case where, instead
of the hypersurfaces S,,(R), one takes hypersurfaces of a more general form;
however, in doing so nothing essentially new is obtained.
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