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Abstract
Full Text
MATHEMATICS

V. B. LIDSKII

ON THE SUMMABILITY OF SERIES IN
PRINCIPAL VECTORS OF NON-SELF-ADJOINT
OPERATORS
(Presented by Academician I. G. Petrovskii, 16 I 1960)

Let 𝐶 be a linear completely continuous operator acting in a Hilbert space ℌ.
Let 𝜆1, 𝜆2, … , 𝜆𝑠, … be the characteristic numbers* of the operator 𝐶, arranged
in order of increasing modulus, and let

e1, e2, … , e𝑠, … (1)

be the system of corresponding eigenvectors and associated vectors (hereinafter
principal vectors) of the operator 𝐶.

It can be shown that the system (1) always admits a biorthogonal system

g1, g2, … , g𝑠, … , (2)

composed of principal vectors of the adjoint operator 𝐶∗. In view of this, if for
some 𝑓 ∈ ℌ the equality

f =
∞

∑
𝑠=1

𝑐𝑠e𝑠, (3)

holds, where the series on the right converges in the metric of the Hilbert space,
then the coefficients 𝑐𝑠 are determined in a natural way (cf. (1)). Namely, as can
be shown, if e𝑠 is an eigenvector of 𝐶 having no associated vectors (hereinafter
a simple eigenvector), then

𝑐𝑠 = (f, g𝑠)
(e𝑠, g𝑠) , (4)

where g𝑠 is an eigenvector of 𝐶∗ corresponding to the characteristic number 𝜆𝑠.
If, however, the vectors e𝑝, e𝑝+1, … , e𝑝+𝑘 form a Jordan chain corresponding to
the characteristic number 𝜆𝑝, then
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𝑐𝑝+𝑖 = (f, g𝑝+𝑘−𝑖)
(e𝑝+𝑖, g𝑝+𝑘−𝑖)

(0 ≤ 𝑖 ≤ 𝑘). (5)

Here g𝑝, g𝑝+1, … , g𝑝+𝑘 is a Jordan chain of vectors of the operator 𝐶∗, corre-
sponding to the characteristic number 𝜆𝑝. In view of this observation, to every
𝑓 ∈ ℌ one can associate the formal Fourier series in the principal vectors of the
operator 𝐶

f ∼
∞

∑
𝑠=1

𝑐𝑠e𝑠, (6)

where the coefficients 𝑐𝑠 are determined by formulas (4) and (5).

* 𝜆𝑠 = 1/𝜇𝑠, where 𝜇𝑠 are the nonzero eigenvalues of the operator 𝐶.

At the present time, broad conditions have been found under which the system
of principal vectors (1) is complete (1–5). However, the Fourier series (6) in
this case, generally speaking, diverge. In the present paper it is proved that
the Fourier series in the principal vectors of an operator are summable to the
corresponding element f by Abel’s method. Thus, among other things, a method
is given that makes it possible to find the coefficients of linear combinations
of elements of the system (1) approximating f with a prescribed accuracy in
advance. It is also established, in passing, that the solution of the Cauchy
problem for the equation 𝜕𝑢/𝜕𝑡+𝐵𝑢 = 0 is expanded, under certain assumptions
concerning the operator 𝐵, into a convergent Fourier series in the principal
vectors of the operator.

For a precise formulation of the results we shall need some definitions.

Having fixed some 𝛼 > 0, we introduce for consideration the following polyno-
mials in 𝑡:

𝑃 𝛼
𝑚(𝜁−1, 𝑡) = 𝑒𝜁−𝛼𝑡

𝑚!
𝑑𝑚

𝑑𝜁𝑚 𝑒−𝜁−𝛼𝑡, (𝑚 = 0, 1, …), (7)

after which we associate with the series (6) the series

∞
∑
𝑠=1

𝑐𝑠(𝑡)e𝑠. (8)

The coefficients 𝑐𝑠(𝑡) of this series are formed from the coefficients 𝑐𝑠 of the
series (6) and the characteristic numbers 𝜆𝑠 in the following way. If e𝑠 is a
simple eigenvector, then

𝑐𝑠(𝑡) = 𝑒−𝜆𝛼
𝑠 𝑡𝑐𝑠. (9)
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If the vectors e𝑝, e𝑝+1, … , e𝑝+𝑘 form a Jordan chain, then

𝑐𝑝+𝑖(𝑡) = 𝑒−𝜆𝛼
𝑝 𝑡

𝑘−𝑖
∑
𝑚=0

𝑃 𝛼
𝑚(𝜆𝑝, 𝑡)𝑐𝑝+𝑖+𝑚. (10)

We note that, as 𝑡 → 0, in all cases 𝑐𝑠(𝑡) → 𝑐𝑠.

Definition. Suppose the series (8) has a subsequence of partial sums {𝑆𝑁𝜈
(𝑡)}

which converges for all 𝑡 > 0, and let u(𝑡) be the corresponding limiting function

u(𝑡) =
∞

∑
𝜈=1

⎛⎜
⎝

𝑁𝜈+1

∑
𝑠=𝑁𝜈+1

𝑐𝑠(𝑡)e𝑠⎞⎟
⎠

. (11)

Suppose, moreover, that

lim
𝑡→+0

u(𝑡) = f. (12)

Then we shall say that the Fourier series (6) corresponding to the element f is
summable to f by the method (𝐴, 𝜆, 𝛼).
Theorem 1. Let 𝐶 be a linear completely continuous operator in ℌ. Suppose
that, for some 𝜌 > 0, the series converges

∞
∑
𝑠=1

𝑟𝜌
𝑠 , (13)

where 𝛾𝑠 are the eigenvalues of the operator (𝐶∗𝐶)1/2, and suppose that the
values of the quadratic form (𝐶ℎ, ℎ) lie in the sector*

− 𝜋
2𝜌′ ≤ arg 𝑧 ≤ 𝜋

2𝜌′ , 𝜌′ > max(𝜌, 1
2) . (14)

Then the Fourier series of any element 𝑓 belonging to the range of the operator
𝐶, i.e. representable in the form 𝑓 = 𝐶ℎ, is summable to 𝑓 by the method
(𝐴, 𝜆, 𝛼) for all 𝛼 satisfying the condition 𝜌′ > 𝛼 > 𝜌, and in the case of integral
𝜌 the condition 𝜌′ > 𝛼 ≥ 𝜌.
For the proof we consider the integral

u(𝑡) = 1
2𝜋𝑖 ∫

𝛾
𝑒−𝜆𝛼𝑡(𝐸 − 𝜆𝐶)−1𝐶𝑓 𝑑𝜆. (15)

This integral is taken over the boundary of the domain 𝐺, which is the sector
−𝜋/2𝜌′ − 𝜀 < arg 𝑧 < 𝜋/2𝜌′ + 𝜀 (𝜀 > 0 and sufficiently small), from which a
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neighborhood of the origin has been removed, so small that in it the function
𝑅𝜆𝑓 = (𝐸 − 𝜆𝐶)−1𝑓 is regular. It can be shown that on the contour 𝛾 the
resolvent 𝑅𝜆 is bounded; therefore, for 𝑡 > 0 the integral (15) exists. The further
proof is based on computing the integral (15) by means of residue theory. One
considers a system of contours Γ𝜈 receding to infinity, whose ends slide along
the lower and upper rays of the contour 𝛾. In the part of the domain 𝐺 cut off
by the contour Γ𝜈 there are 𝑁𝜈 poles of the resolvent 𝑅𝜆. What is essential is
that the contours Γ𝜈 can be chosen so that on them the inequality

‖𝑅𝜆𝑓‖ ≤ 𝑒𝑜(|𝜆|𝛼)‖𝑓‖ (16)

is satisfied. Since, by virtue of this estimate, for fixed 𝑡 > 0

∫
Γ𝜈

𝑒−𝜆𝛼𝑡𝑅𝜆𝑓 𝑑𝜆 → 0,

formula (11) already follows from this. The existence of contours Γ𝜈 on which
the inequality (16) is valid is established by representing the resolvent in the
form 𝑅𝜆𝑓 = 𝐷𝐶(𝜆)/Δ(𝜆), where 𝐷𝐶(𝜆) and Δ(𝜆) are respectively the first
minor and the Fredholm determinant of the operator 𝐶. As was first proved in
full generality by M. V. Keldysh (6), under condition (13) 𝐷𝐶(𝜆) and Δ(𝜆) are
entire functions of order not exceeding 𝜌. This assertion can be supplemented
in the sense that, in the case of integral 𝜌, both functions 𝐷𝐶(𝜆) and Δ(𝜆) are
of minimal type. Relying on these facts and using known lower estimates for
the modulus of an entire function (see (7), p. 33), we obtain the inequality (16).
The fact that u(𝑡) → 𝑓 as 𝑡 → +0 is proved without difficulty.

Let us make a few further remarks.

In the case 𝛼 > 𝜌 the sequence of contours Γ𝜈 can be chosen very dense. In for-
mula (11), only those elements of the system (1) are combined which correspond
either to one and the same eigenvalue, or to different but “exponentially close”
eigenvalues. It should be noted that, as examples show, complete separation
cannot be achieved even in the case of a simple spectrum.

We note that for 𝛼 = 1 the function u(𝑡) in (15), under the condition 𝐶 = 𝐵−1,
is a solution of the Cauchy problem for the equation 𝜕𝑢/𝜕𝑡 + 𝐵𝑢 = 0.
From our arguments there therefore follows the following fact, which we formu-
late for the case of differential operators:

Theorem 2. Let 𝐿 be a strongly elliptic operator of order 2𝑚, acting in a
Hilbert space of functions defined

* We note that the values of a quadratic form always fill a convex set; therefore,
in the case 𝜌′ < 1, condition (14) means that the values (𝐶ℎ, ℎ) do not go
outside a certain half-plane contained in the indicated sector.
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in a certain finite domain 𝐷 of an 𝑛-dimensional space with smooth boundary
𝑆. Let 2𝑚 > 𝑛.
Then the solution 𝑢(𝑡) of the mixed problem

𝜕𝑢
𝜕𝑡 + 𝐿𝑢 = 0,

𝑢∣𝑡=0 = 𝑓, 𝑢∣𝑆 = 𝜕𝑢
𝜕𝜈 ∣

𝑆
= … = 𝜕𝑚𝑢

𝜕𝜈𝑚 ∣
𝑆

= 0

is expanded, for all 𝑡 > 0, into a convergent Fourier series with respect to the
principal vectors of the operator 𝐿:

𝑢(𝑡) =
∞

∑
𝜈=1

𝑁𝜈+1

∑
𝑠=𝑁𝜈+1

𝜔𝑠(𝑡)𝑒𝑠.

Let us explain that the series (13) corresponding to the resolvent of a strongly
elliptic operator converges for all 𝜌 > 𝑛/2𝑚. Since, moreover, the values of the
quadratic form ((𝐿 + 𝜇2𝐸)−1ℎ, ℎ) lie in a certain sector of the right half-plane,
we have 𝜌′ > 1, and under the condition 𝑛/2𝑚 < 1 one may set 𝛼 = 1.
We point out, in conclusion, that Theorem 2 does not cover the case of an
equation of the second order

𝜕𝑢
𝜕𝑡 =

2
∑

𝑝,𝑞=1
𝑎𝑝𝑞(𝑥1, 𝑥2) 𝜕2𝑢

𝜕𝑥𝑝𝜕𝑥𝑞
+

2
∑
𝑠=1

𝑏𝑠(𝑥1, 𝑥2) 𝜕𝑢
𝜕𝑥𝑠

+ 𝑐(𝑥1, 𝑥2)𝑢, (17)

where the right-hand side is an elliptic operator (here 2𝑚 = 𝑛, 𝜌 > 1, and
therefore one cannot set 𝛼 = 1). Nevertheless, we have succeeded in showing
that also in this case the solution 𝑢(𝑡) is expanded, for all 𝑡 > 0, into a convergent
Fourier series with respect to the principal vectors. In the proof we used the
relative smallness of the non-self-adjoint part of the elliptic operator (17) and, for
estimating the resolvent in the integral (15), invoked the results of T. Carleman
(8) and M. S. Livshits (9).

The author expresses his gratitude to Academician M. V. Keldysh for discus-
sions of questions concerning the convergence of Fourier series with respect to
principal vectors, and also to M. I. Vishik and M. A. Evgrafov for their attention
to the present work.

Moscow
Institute of Physics and Technology

Received
14 I 1960
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