
Soviet-era science, translated into English

MATHEMATICS
N. M. KOROBOV

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.05414

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196001.05414


Abstract
Full Text
MATHEMATICS

N. M. KOROBOV

PROPERTIES AND COMPUTATION OF OP-
TIMAL COEFFICIENTS
(Presented by Academician I. M. Vinogradov, 5 II 1960)

We shall say that the function

𝑓(𝑥1, … , 𝑥𝑠) =
∞

∑
𝑚1,…,𝑚𝑠=−∞

𝐶(𝑚1, … , 𝑚𝑠)𝑒2𝜋𝑖(𝑚1𝑥1+…+𝑚𝑠𝑥𝑠) (1)

belongs to the class 𝐸𝛼
𝑠 , if 𝐶(𝑚1, … , 𝑚𝑠) = 𝑂((𝑚1 ⋯ 𝑚𝑠)−𝛼), where 𝛼 > 1 and

𝑚𝜈 = max(1, |𝑚𝜈|). Denote by −𝑅 the error of the quadrature formula

∫
1

0
⋯ ∫

1

0
𝑓(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠 = 1

𝑝
𝑝

∑
𝑘=1

𝑓 (𝑘𝑎1
𝑝 , … , 𝑘𝑎𝑠

𝑝 ) − 𝑅. (2)

According to (1,2 ), the integers 𝑎𝜈 = 𝑎𝜈(𝑝) (𝜈 = 1, 2, … , 𝑠) are called optimal
coefficients if, for functions 𝑓 ∈ 𝐸𝛼

𝑠 , the estimate 𝑅 = 𝑂(𝑝𝛽 ln𝛽 𝑝) holds, where
𝛽 and the constant in 𝑂 do not depend on 𝑝.

In paper (1) the existence was proved and a method was given for finding optimal
coefficients for which 𝛽 = 𝛼𝑠. In the present paper other methods for computing
optimal coefficients are indicated, and some of their properties are presented,
with applications both in approximate analysis and directly in number theory.

Let 𝑧 be an integer, 𝑝 > 𝑠 a prime, [𝐴] the integral part and {𝐴} the fractional
part of the number 𝐴. Define the function 𝐻(𝑧) by the equality

𝐻(𝑧) = 3𝑠

𝑝
𝑝

∑
𝑘=1

(1 − 2 {𝑘
𝑝 })

2
⋯ (1 − 2 {𝑘𝑧𝑠−1

𝑝 })
2

. (3)

Theorem 1. If the minimum of the function 𝐻(𝑧) on the interval 1 ≤ 𝑧 < 𝑝 is
attained at 𝑧 = 𝑎, then the integers 1, 𝑎, … , 𝑎𝑠−1 will be optimal coefficients for
those classes 𝐸𝛼

𝑠 for which 𝛼 ≥ 2.

Proof. Denote by 𝛿𝑝(𝑚) one or zero according as the congruence 𝑚 ≡ 0
(mod 𝑝) holds or not. We use the equalities
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𝛿𝑝(𝑚) = 1
𝑝

𝑝
∑
𝑘=1

𝑒 2𝜋𝑖𝑚𝑘
𝑝 , 3(1 − 2{𝑥})2 =

∞
∑

𝑚=−∞

𝑒2𝜋𝑖𝑚𝑥

𝜓(𝑚) , (4)

where, for 𝑚 ≠ 0, 𝜓(𝑚) = 𝜋2
6 𝑚2, and 𝜓(0) = 1. From (3), after transformations

analogous to those carried out in (1), since 𝜓(𝑚) ≥ 𝑚2, we obtain

𝐻(𝑧)−1 =
∞

∑
−∞

′ 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠𝑧𝑠−1)
𝜓(𝑚1) ⋯ 𝜓(𝑚𝑠) ≤

𝑝−1
∑

−(𝑝−1)

′ 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠𝑧𝑠−1)
(𝑚1 ⋯ 𝑚𝑠)2 +𝑂 ( 1

𝑝2 ) ,

where ∑′ means summation over systems (𝑚1, … , 𝑚𝑠) ≠ (0, … , 0), in which
respectively |𝑚𝜈| < ∞ or |𝑚𝜈| ≤ 𝑝 − 1 (𝜈 = 1, 2, … , 𝑠).
Let 𝑑 be the greatest common divisor of the numbers 𝑚1, … , 𝑚𝑠, and let
𝐴(𝑚1, … , 𝑚𝑠) be the number of solutions of the congruence 𝑚1+⋯+𝑚𝑠𝑧𝑠−1 ≡ 0
(mod 𝑝). Thus

since for 𝑑 ≢ 0 (mod 𝑝) the estimate 𝐴(𝑚1, … , 𝑚𝑠) ⩽ 𝑠 − 1 is valid, we have

min
1⩽𝑧<𝑝

𝑝−1
∑

−(𝑝−1)

′ 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠𝑧𝑠−1)
𝑚̄1 ⋯ 𝑚̄𝑠

⩽ 1
𝑝 − 1

𝑝−1
∑

−(𝑝−1)

′ 1
𝑚̄1 ⋯ 𝑚̄𝑠

𝑝−1
∑
𝑧=1

𝛿𝑝(𝑚1 + ⋯

⋯ + 𝑚𝑠𝑧𝑠−1) ⩽ 1
𝑝 − 1

𝑝−1
∑

−(𝑝−1)

′ 𝐴(𝑚1, … , 𝑚𝑠)
𝑚̄1 ⋯ 𝑚̄𝑠

= 𝑂( ln𝑠 𝑝
𝑝 )

and, consequently,

𝐻(𝑎) − 1 ⩽ ⎡⎢
⎣

min
1⩽𝑧<𝑝

𝑝−1
∑

−(𝑝−1)

′ 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠𝑧𝑠−1)
𝑚̄1 ⋯ 𝑚̄𝑠

⎤⎥
⎦

2

+ 𝑂( 1
𝑝2 ) = 𝑂( ln2𝑠 𝑝

𝑝2 ) .

(5)

For 𝛼 ⩾ 2, from (1) and (2), applying the first of the equalities (4), we obtain

𝑅 =
∞

∑
𝑚1,…,𝑚𝑠=−∞

′𝐶(𝑚1, … , 𝑚𝑠)𝛿𝑝(𝑎1𝑚1 + ⋯ + 𝑎𝑠𝑚𝑠), (6)

|𝑅| ⩽ 𝐶
∞

∑
−∞

′ 𝛿𝑝(𝑎1𝑚1 + ⋯ + 𝑎𝑠𝑚𝑠)
(𝑚̄1 ⋯ 𝑚̄𝑠)𝛼 ⩽ 𝐶 [

∞
∑
−∞

′ 𝛿𝑝(𝑎1𝑚1 + ⋯ + 𝑎𝑠𝑚𝑠)
(𝑚̄1 ⋯ 𝑚̄𝑠)2 ]

𝛼/2

,
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where 𝐶 = 𝐶(𝛼, 𝑠). Hence, since 𝑚̄2 ⩾ 6
𝜋2 𝜓(𝑚), for 𝑎𝜈 = 𝑎𝜈−1, by virtue of (5)

the assertion of the theorem follows:

∞
∑
−∞

′ 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠−1
𝑠𝑎 )

(𝑚̄1 ⋯ 𝑚̄𝑠)2 ⩽ (𝜋2

6 )
𝑠 ∞

∑
−∞

′ 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠−1
𝑠𝑎 )

𝜓(𝑚1) ⋯ 𝜓(𝑚𝑠) = (𝜋2

6 )
𝑠

[𝐻(𝑎)−1],

(7)

|𝑅| ⩽ 𝐶 (𝜋2

6 )
𝛼𝑠/2

[𝐻(𝑎) − 1]𝛼/2 = 𝑂( ln𝛼𝑠 𝑝
𝑝𝛼 ) .

Corollary. For 𝑠 ⩾ 2, the incomplete quotients of the expansions of the num-
bers

{𝑎2

𝑝 } , … , {𝑎𝑠−1

𝑝 }

into continued fractions are bounded by 𝐶 ln𝑠 𝑝, where the constant 𝐶 depends
only on 𝑠.

Indeed, since for |𝑚1| ⩽ 𝑝/2, from the congruence −𝑚1 ≡ 𝑎𝜈𝑚𝜈+1 (mod 𝑝)
there follows the equality

|𝑚1| = 𝑝 (𝑎𝜈𝑚𝜈+1
𝑝 ) ,

where (𝐴) is the distance from 𝐴 to the nearest integer, by virtue of (7) and (5)
we obtain

1
𝑝2 ∑

|𝑚𝜈+1|≠0 (mod 𝑝)
((𝑎𝜈𝑚𝜈+1

𝑝 ) 𝑚𝜈+1)
−2

= ∑
1⩽|𝑚1|<𝑝/2

∞
∑

|𝑚𝜈+1|=1

𝛿𝑝(𝑚1 + 𝑎𝜈𝑚𝜈+1)
(|𝑚1| |𝑚𝜈+1|)2 ⩽

⩽
∞

∑
−∞

′ 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠−1
𝑠𝑎 )

(𝑚̄1 ⋯ 𝑚̄𝑠)2 = 𝑂( ln2𝑠 𝑝
𝑝2 ) .

Hence, for any integer 𝑚𝜈+1 not divisible by 𝑝, for some 𝐶 = 𝐶(𝑠) we obtain
the inequalities

(𝑎𝜈

𝑝 𝑚𝜈+1) ⩾ 1
𝐶|𝑚𝜈+1| ln𝑠 𝑝 (𝜈 = 1, 2, … , 𝑠 − 1), (8)

which are equivalent to the assertion of the corollary.
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The following theorem somewhat strengthens this result.

Theorem 2. For 𝑠 ⩾ 2, for each sufficiently large prime 𝑝 one can indicate no
fewer than 2−𝑠+1𝑝 integers 𝑎 = 𝑎(𝑝) such that the in-

the incomplete quotients 𝑎
𝑝 , {𝑎2

𝑝 } , … , {𝑎𝑠−1

𝑝 } are bounded respectively by the

quantities 2(5 ln 𝑝), 2(5 ln 𝑝)2, … , 2(5 ln 𝑝)𝑠−1.

Proof. For 𝜈 = 1, 2, … , 𝑠 − 1 introduce the notation

𝑝𝜈 = [ 𝑝
2𝜈 ] , 𝑞𝜈 = [ 𝑝

2 ⋅ 5𝜈 ln𝜈 𝑝]+1, 𝑆𝜈(𝑧) =
′

∑
𝑚1…𝑚𝜈+1<𝑞𝜈

𝛿𝑝(𝑚1+⋯+𝑚𝜈+1𝑧𝜈).

Let 𝑧1, … , 𝑧𝑝−1 be such a permutation of the numbers 1, 2, … , 𝑝 − 1 for which

𝑆1(𝑧1) ≥ 𝑆1(𝑧2) ≥ ⋯ ≥ 𝑆1(𝑧𝑝−1).

Then, for sufficiently large 𝑝,

𝑆1(𝑧𝑝1
) ≤ 1

𝑝1

𝑝1

∑
𝑗=1

𝑆1(𝑧𝑗) ≤ 1
𝑝1

′
∑

𝑚1𝑚2<𝑞1

1 < 1,

and, by the definition of 𝑆𝜈(𝑧), we obtain

𝑆1(𝑧𝑝1
) = ⋯ = 𝑆1(𝑧𝑝−1) = 0.

It follows that for 𝑎 = 𝑧𝑗, where 𝑝1 ≤ 𝑗 < 𝑝, for nontrivial solutions of the
congruence

𝑚1 + 𝑎𝑚2 ≡ 0 (mod 𝑝)
the inequality 𝑚1𝑚2 ≥ 𝑞1 is satisfied. But then, since

|𝑚1| = (𝑎𝑚2
𝑝 ) 𝑝,

for 𝑚2 ≢ 0 (mod 𝑝) we obtain

(𝑎𝑚2
𝑝 ) ≥ 𝑞1

𝑝|𝑚2| > 1
10|𝑚2| ln 𝑝 .

From this inequality, since 𝑝 − 𝑝1 ≥ 𝑝1, we obtain the assertion of the theorem
for the case 𝑠 = 2.

We apply induction. Suppose the theorem is true for some 𝑠 = 𝑘 (𝑘 ≥ 2).
Then on the interval [1, 𝑝 − 1] there exist 𝑝𝑘−1 values of 𝑎 for which, for 𝜈 =
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1, 2, … , 𝑘 − 1, the incomplete quotients {𝑎𝜈

𝑝 } are bounded respectively by the

quantities 2 ⋅ 5𝜈 ln𝜈 𝑝. Arranging these values 𝑎 so that the inequalities

𝑆𝑘(𝑧′
1) ≥ ⋯ ≥ 𝑆𝑘(𝑧′

𝑝𝑘−1
)

hold, as above, we obtain

𝑆𝑘(𝑧′
𝑝𝑘

) = ⋯ = 𝑆𝑘(𝑧′
𝑝𝑘−1

) = 0.

Choose 𝑎 = 𝑧′
𝑗, where 𝑝𝑘 ≤ 𝑗 ≤ 𝑝𝑘−1. Then for nontrivial solutions of the

congruence
𝑚1 + ⋯ + 𝑚𝑘+1𝑎𝑘 ≡ 0 (mod 𝑝)

the inequality 𝑚1 ⋯ 𝑚𝑘+1 ≥ 𝑞𝑘 will be satisfied. In particular, for solutions in
which

𝑚2 + ⋯ + 𝑚𝑘+1𝑎𝑘−1 ≢ 0 (mod 𝑝),
for 𝑝 > 𝑝0 we obtain

(𝑎
𝑝 𝑚2 + ⋯ + 𝑎𝑘

𝑝 𝑚𝑘+1) ≥ 𝑞𝑘
𝑝𝑚2 ⋯ 𝑚𝑘+1

> 1
2 ⋅ 5𝑘 𝑚2 ⋯ 𝑚𝑘+1 ln𝑘 𝑝

. (9)

Hence, putting 𝑚2 = ⋯ = 𝑚𝑘 = 0, it follows that the incomplete quotients

{𝑎𝑘

𝑝 }

are bounded by the quantity 2 ⋅5𝑘 ln𝑘 𝑝, and, since 𝑝𝑘−1 −𝑝𝑘 +1 > 𝑝𝑘, we obtain
the assertion of the theorem.

Inequalities (8) and (9) may be regarded as consequences of a more general
assertion connecting the concept of optimal coefficients with questions of linear
Diophantine approximations.

Theorem 3. Let (𝑎𝜈, 𝑝) = 1 and 𝑎𝜈𝑏𝜈 ≡ 1 (mod 𝑝) (𝜈 = 1, 2, … , 𝑠). A necessary
and sufficient condition for the quantities 𝑎1, … , 𝑎𝑠 to be optimal coefficients is
the fulfillment of the inequalities

∣ 𝑏𝜈−1𝑎𝜈
𝑝 𝑚𝜈 + ⋯ + 𝑏𝜈−1𝑎𝑠

𝑝 𝑚𝑠 − 𝑛∣ > 𝐵
𝑚𝜈 ⋯ 𝑚𝑠

1 ln𝛾 𝑝
(𝜈 = 2, 3, … , 𝑠) (10)

for any integers 𝑛, 𝑚𝜈, … , 𝑚𝑠 satisfying the condition

𝑎𝜈𝑚𝜈 + ⋯ + 𝑎𝑠𝑚𝑠 ≢ 0 (mod 𝑝),

where 𝐵 = 𝐵(𝑠) > 0 and 𝛾 = 𝛾(𝑠) ≥ 0.
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The proof is based on the use of the relation

𝑅 =
∞

∑
−∞

𝛿𝑝(𝑎1𝑚1 + ⋯ + 𝑎𝑠𝑚𝑠)
(𝑚1 ⋯ 𝑚𝑠)𝛼 ,

which is obtained from (6) with

𝐶(𝑚1, … , 𝑚𝑠) = (𝑚1 ⋯ 𝑚𝑠)−𝛼;
in proving the sufficiency of conditions (10), Theorem 2 of the paper (3) is also
used.

Corollary. Let (𝑎, 𝑝) = 1, 𝑠 ⩾ 2, 𝐵 = 𝐵(𝑠) > 0, 𝛾 = 𝛾(𝑠) ⩾ 0, and let
𝑚2, … , 𝑚𝑠 be arbitrary integers for which 𝑚2 + ⋯ + 𝑎𝑠−2𝑚𝑠 ≢ 0 (mod 𝑝). The
integers 1, 𝑎, … , 𝑎𝑠−1 will then and only then be optimal coefficients when the
condition

(𝑎
𝑝 𝑚2 + ⋯ + 𝑎𝑠−1

𝑝 𝑚𝑠) > − 𝐵
𝑚2 … 𝑚𝑠 ln𝛾 𝑝 (11)

is satisfied.

Remark 1. Using Theorem 3, it is easy to show that the optimality property
of the coefficients indicated in Theorem 1 for 𝛼 ⩾ 2 extends to all classes 𝐸𝛼

𝑠
with 𝛼 > 1.

Remark 2. The process of finding integers 𝑎 = 𝑎(𝑝) leading to inequality (9)
can be used in computing optimal coefficients. To simplify the computations,
we modify this process as follows. Let

𝜎𝜈(𝑧) = ∑
𝑚1…𝑚𝑠=𝜈

𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠𝑧𝑠−1),

where 𝑝 > 𝑠 is prime. Those of the integers 𝑧 ∈ [1, 𝑝 − 1] for which 𝜎1(𝑧) = 0
we denote by 𝑧1. Next, those among the 𝑧1 for which 𝜎2(𝑧1) = 0 we denote
by 𝑧2. In general, those among the 𝑧𝜈−1 for which 𝜎𝜈(𝑧𝜈−1) = 0 we denote
by 𝑧𝜈. Obviously, 𝜎1(𝑧𝜈) = ⋯ = 𝜎𝜈(𝑧𝜈) = 0. The process terminates after
obtaining quantities 𝑧𝑛, for each of which 𝜎𝑛+1(𝑧𝑛) > 0. It is easy to verify that
if 𝑎 is equal to any of the quantities 𝑧𝑛, then, by virtue of (11), the integers
1, 𝑎, … , 𝑎𝑠−1 will be optimal coefficients.

The number of operations necessary for computing optimal coefficients can be
significantly reduced by passing to quantities 𝑝 = 𝑝′𝑝″, where 𝑝′ and 𝑝″ are
prime and 𝑝″ has order

√𝑝′. Let, for example,

𝐻(𝑧) = 3𝑠

𝑝′𝑝″

𝑝′𝑝″

∑
𝑘=1

(1 − 2 {𝑝′ + 𝑝″

𝑝′𝑝″ 𝑘})
2

⋯ (1 − 2 {𝑝′𝑧𝑠−1 + 𝑝″𝑎𝑠−1

𝑝′𝑝″ 𝑘})
2

,
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where 𝑎 is defined as in Theorem 1 for 𝑝 = 𝑝′. Let, further, 𝐻(𝑏) =
min1⩽𝑧<𝑝″ 𝐻(𝑧). It can be shown that for 𝑝 = 𝑝′𝑝″ the integers
𝑝′ + 𝑝″, … , 𝑝′𝑏𝑠−1 + 𝑝″𝑎𝑠−1 will be optimal coefficients; to compute them
it is enough to carry out 𝑂(𝑝1+1/3) elementary operations (the number
of operations in Theorem 1 and in Remark 2 is respectively 𝑂(𝑝2) and
𝑂(𝑝2 ln𝑠−1 𝑝)).
In conclusion we note one property of cubature formulas constructed with the
aid of optimal coefficients. Let us call the degree of the finite trigonometric
polynomial

𝑃(𝑥1, … , 𝑥𝑠) = ∑
𝑚1,…,𝑚𝑠

𝐶(𝑚1, … , 𝑚𝑠)𝑒2𝜋𝑖(𝑚1𝑥1+⋯+𝑚𝑠𝑥𝑠)

the maximum of the product 𝑚1 ⋯ 𝑚𝑠. By virtue of (11), from (9), for 𝑘 = 𝑠−1
it follows that the integers 1, 𝑎, … , 𝑎𝑠−1 obtained in Theorem 2 will be optimal
coefficients. We shall assume that max 𝑚1 ⋯ 𝑚𝑠 ⩽ 1

2 𝑝(5 ln 𝑝)−𝑠+1. Using the
equality 𝛿𝑝(𝑚1 + ⋯ + 𝑚𝑠𝑎𝑠−1) = 0, valid for systems (𝑚1, … , 𝑚𝑠) ≠ (0, … , 0)
satisfying the condition 𝑚1 ⋯ 𝑚𝑠 ⩽ 1

2 𝑝(5 ln 𝑝)−𝑠+1, for 𝑓 = 𝑃 by virtue of (6)
we obtain 𝑅 = 0. Thus, cubature formulas constructed with the aid of these
optimal coefficients, for sufficiently large prime 𝑝, will be exact for trigonometric
polynomials whose degree does not exceed 1

2 𝑝(5 ln 𝑝)−𝑠+1. By virtue of Theorem
3, an analogous assertion with 1

2 𝑝(5 ln 𝑝)−𝑠+1 replaced by 𝐵𝑝 ln−𝛾 𝑝 is also valid
for an arbitrary choice of optimal coefficients.
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Note: Figure translations are in progress. See original paper for figures.
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