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ON BEST APPROXIMATIONS WITH A
WEIGHT ON THE LINE

Let 0 < h(z) < 1, and let f(z) be continuous on the axis —oo < z < oo, and

lim h(z)f(x)=0. (1)

|z| =00

By E, (h, f) we denote the lower bound of the numbers

sup  h(x)|f(z) — P, (x)]

—oo<Tr<oo

in the class of all polynomials of degree not exceeding n.

In the case when the relation lim,, . F, (g, f) = 0 holds for every continuous
function f(z) satisfying condition (1), one says that the system of polynomials
is complete with weight h(z) on the line —co < x < co. The rate of convergence
to zero of the numbers E, (h, f) as n — oo in the case of completeness depends
on the properties of the weight function h(z) and of the function f(z) being
approximated.

The purpose of the present note is to estimate the rate of decrease to zero of
E, (h, f), i.e., to establish a theorem on the best weighted approximation for a
certain class of weight functions h(x).

With respect to h(z) we shall assume, first, that h(z) admits the representation

ol
h(J;):h(O)exp{—/O iwdt}, —00 <z < 00, (2)

in which 0 < w(t) < 0o, w(t) increases monotonically, and, secondly, that the
integral
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i lnh(f)
Zoo e ®

diverges.

The first requirement concerns the regularity of the decrease of h(x) at infinity;
the second requirement is natural and does not diminish the generality of the
considerations, since it is a necessary and sufficient condition for completeness
for functions h(x) satisfying the first requirement.

As the function to be approximated, in the present note we consider the Cauchy

kernel, i.e., a function of the form ——, where Ima # 0.
r—a

1
Introduce the notation: H(z) = m; p(x) = In H(x); q(x) is the function
x
inverse to the function p(x); @ is an arbitrary number in the range 0 < 6 < 1,
d oo Let 6 =1 19R(0)
and ¥ = ——. Let § = In )
1—62 eh(1)

Theorem. There exists an absolute constant C' > 0 such that the inequality

1 h2(1) 1—x ITma| [ 9" p(g)
En (h’x—a> < C%00) Timal eXp{w(1+|a2)/0 Ty

is valid for all n satisfying the conditions » < 1 and n > 4.

Proof. We may evidently assume that a = Ima > 0. Let M, ,(z) denote
sup |P(z)| over all polynomials of degree not exceeding n that satisfy on the real
axis the inequality

h(@)[P(z)] <1+ |2[. 3)
We shall now estimate M, ;,(z) from below, from which the theorem will easily

follow. First suppose that the function H(z) is an entire even function with
nonnegative coeflicients

(oo}
H(z)= Zakx%, ag =1, a; > 0.
k=0

Put

— H —1/2k .
pa = max[H (z)] 71/ *x
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From Cauchy’ s inequality it follows that

2k
H 1
a;, < min (x):< ) , k> 0.

0 -
x>0 2k Loy

N

Therefore, for the remainders of the Taylor series we shall have
0o =] z 2k
0< Ha) = Pral) = 3 aw? < Y (1)
k=n+1 k=nt1 \H2k

If A, = 0py,, 9, then, by virtue of the monotonicity of the numbers p,,,, every-
where on the interval |z| < A,

H(z) = Py(a) < 3 6% =y
k=n-+1

The polynomial P,,(z) has 2n zeros, symmetrically situated with respect to the
real axis, outside this axis.

Let Q,,(z) denote the polynomial of degree n whose zeros coincide with the zeros
of P,, (z) situated in the lower half-plane. By a suitable normalization of Q,,(z2)
one can achieve the identity

Q,(2)Q,(2) = Py, (2),

in which @,,(2) has coefficients complex conjugate to the coefficients of the
polynomial @,,(z). On the interval —\, < z < A, from the inequality

H(z) = Py, (x) < X
and taking into account that H(z) > 1, we obtain

Q7 (@) = 1Q,(2)Q, () > (1 = ) H(x).

Moreover, everywhere on the real axis

Q3 ()] = [Py ()] < 1.

Since all zeros of @,,(z) are situated in the region Im z < 0, the Poisson formula
for representing harmonic functions in the upper half-plane is applicable to the
function In |Q2(2)|. From this formula, for z = a, it follows that
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“ In|Q?
Qi@ =2 [ 2B e

Taking into account the two inequalities for Q2 (z) given above, as well as the
easily proved inequality

(N 1
L+aP 1+ = (E—7)2+a?

we find

- dé+1In(1—2x).

a [ n(l— ) H(E) a A In H(€)
tn[Qn(a)] = an E—vrta ® 2y a|2>/o [+

From the definition of ,,, it follows that, for any « > 0,

Han 2 .’,E/ 27\/L H(l’)

Choosing z from the condition In H(x) = 2n, we obtain, in particular,

Hop 2 671Q(2n)a

whence

A, > 0etq(2n + 2).

The polynomial Q2 (z) of degree 2n satisfies condition (3), and therefore

M, 5 (a) 2 |Q3(a)l-

But, obviously,

M2n+1,h<a‘) > MZn,h(G‘)’

hence, irrespective of the parity of the number n > 0, we have

a fe Lq(n+1) n
M, p(a) > (1 —x)exp {71_(/0 () d§} . (4)

1+[af?) 1+¢2
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We now pass to the derivation of an analogous inequality without the assump-
tion that H(x) is an entire, even function with nonnegative coefficients, while
retaining, however, the requirement that h(z) be representable in the form (2).

It was established by V. S. Videnskii (1) that, for any function h(z) of the form
(2), there exists a function F'(z)

(oo}
F(z) =Y ba?*, by>0, b, >0, (5)
k=0
satisfying, for sufficiently large |z|, the inequalities
v 2F (g) < H(z) < F(z).
Subsequently Videnskii improved this result, proving under the same assump-

tions the existence of a function F(x) of the form (5), with the condition
F(0) > 1, for which the inequalities

TQF(QC) < H(z) < 2?F(z) for |z| > 1 (6)

hold. We shall use the existence of this function F'(x); for it, on the whole axis,
the relations

119H§(1)§F(:E) < H(z) < 2*F(z) + H(1) (7)

plainly hold.
It follows from the left inequality that any polynomial R(z) satisfying

|R(z)] < F(z)(1+ |2[)

satisfies the inequality

R(x)| < H(z)(1+ |z|), —oo<z < o0,

H(0)
‘191{(1)

and therefore
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But for the function 1/F(z) the same conditions hold under which inequality
(4) was derived. We may therefore, in estimating M,, 1/ (a), use inequality (4),
with the obvious replacement in the right-hand side of the function In H(x)

by In F(z) and ¢(z) by ¢(z), where ¢(x) is the function inverse to In F'(x). Thus,
we have a lower estimate for M, ,,(a) in terms of the function F(x):

h(1)

a fe tp(n+l) lnF(E)
M, j(a) > 19h(0)(1 —x) eXp{W(l-i-aP)/o 1+ df}- (8)

n7

It remains, with the help of inequalities (6) and (7), to pass to an estimate in
terms of h(x). From the left-hand side of (7) we find the estimate

19h(0
eh(1)

~

o(x+1) > q(x—9), whered=1In

Writing inequality (8) briefly in the form

“nF
M, pla) > Aexp {B J=— ds} ,
0

we have

L L
M, n(a) > Aexp {B/ hllféi) df} - exp {B/ lnF(§1)+2121H(§) dﬁ} )
0 0

where B < 1/7 and

*InF(§) —In H(&)
€Xp {BZ 1 +§2 df >

Loa * In
> exp {—BlnH(l)/O 1 +€£2 — 2B/1 1 +€£2 df} > 0,[h(1)]%;

here 6, > 0, 6, > 0 are absolute constants, 6, < 1. Taking these relations into
account, we finally obtain

a fe tq(n—05) P(é.)
() “”exp{w(mam/o i A
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where C,, > 0 is an absolute constant.

Passing to best approximations, let us note that if P(z) is an arbitrary polyno-
mial of degree n + 1 satisfying condition (3), then for the polynomial

_ P(z) — P(a)
$u(2) = W= 2)Pla)
we shall have
sup h(z) |S, (z) — L < G 1

t—al  a |[P(a)]’

where C; > 0 is an absolute constant.

The right-hand side can be made arbitrarily close to

G__ 1
a MnJrl,h(a’) ’

while the left-hand side is then always not less than E,, (h, ﬁ) The theorem
is proved.

From this theorem one can obtain estimates of the best weighted approximation
for various classes of approximated functions f(x), which can be characterized by
one or another differential property. For this it is necessary first to approximate
the function f(z) by linear combinations of the functions e m_lam and to

choose in an optimal way the number of poles m and their locations.
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discussions and remarks that proved very substantial in carrying out the present
work.
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