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Abstract
Full Text
MATHEMATICS

O. A. LADYZHENSKAYA and N. N. URALTSEVA

ON A VARIATIONAL PROBLEM AND
QUASILINEAR ELLIPTIC EQUATIONS
WITH MANY INDEPENDENT VARIABLES
(Presented by Academician V. I. Smirnov on 10 VI 1960)

We shall present results* obtained by us concerning solutions of the variational
problem of finding

inf 𝐼(𝑢) = inf∫
Ω

𝐹(𝑥, 𝑢, 𝑢𝑥𝑘
) 𝑑𝑥, 𝑥 = (𝑥1, … , 𝑥𝑛) (1)

under the condition

𝑢∣𝑆 = 𝜑(𝑠), (2)

solutions of the first boundary-value problem for quasilinear elliptic equations
of general form

𝐿1(𝑢) ≡ 𝑎𝑖𝑗(𝑥, 𝑢, 𝑢𝑥𝑘
)𝑢𝑥𝑖𝑥𝑗

+ 𝑎(𝑥, 𝑢, 𝑢𝑥𝑘
) = 0 (3)

and elliptic equations “self-adjoint in the principal part,”

𝑀1(𝑢) ≡ 𝜕
𝜕𝑥𝑖

(𝑎𝑖(𝑥, 𝑢, 𝑢𝑥𝑘
)) + 𝑎(𝑥, 𝑢, 𝑢𝑥𝑘

) = 0. (4)

The main theorems stated below are new also for 𝑛 = 2.
Notation. 𝐸𝑘 is 𝑘-dimensional Euclidean space; Ω is a bounded domain, and
Ω′ is its strictly interior subdomain; 𝑆 is the boundary of the domain Ω; 𝐶𝑙,𝛼(Ω),
𝑊 𝑙

𝑚(Ω) are the usually defined classes of functions (1,2), 𝑂𝑙(Ω) is the class of
functions 𝑢(𝑥), 𝑥 ∈ Ω, for which derivatives of order 𝑙 − 1 have first differentials,
while derivatives up to order 𝑙 inclusive are bounded on every compact part of Ω.
We shall say that the domain Ω satisfies condition (A) if there exist constants
𝑎 > 0 and 𝜃 in (0, 1) such that for any ball 𝐾(𝜌) with center on 𝑆 and radius
𝜌 ≤ 𝑎 the inequality mes[𝐾(𝜌) ∩ Ω] ≤ (1 − 𝜃)mes𝐾(𝜌) holds.
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§ 1. A priori estimates. As S. N. Bernstein showed (3), the following re-
strictions on the coefficients 𝑎𝑖𝑗, 𝑎 of the quasilinear elliptic equations (3) are
necessary in order that there may exist an a priori estimate of maxΩ |𝑢𝑥𝑖

| in
terms of maxΩ |𝑢| in an arbitrary domain Ω:

𝜈(|𝑢|)(𝑝2 + 1)𝑚/2 ≤ 𝑎𝑖𝑗(𝑥, 𝑢, 𝑝𝑘)𝑝𝑖𝑝𝑗 ≤ 𝜇(|𝑢|)(𝑝2 + 1)𝑚/2; (5)

|𝑎(𝑥, 𝑢, 𝑝𝑘)| ≤ 𝜇(|𝑢|)(𝑝2 + 1)𝑚/2, 𝑝 = (
𝑛

∑
𝑘=1

𝑝2
𝑘)

1/2

, (6)

* Part of these results was reported in the autumn of 1959 at V. I. Smirnov’
s seminar in Leningrad and in a survey lecture at a meeting of the Leningrad
Mathematical Society, and also in December 1959 at I. G. Petrovsky’s seminar
in Moscow.

where 𝜇(|𝑢|) here and below denotes a positive monotonically increasing func-
tion, 𝜈(|𝑢|) a positive monotonically decreasing function (|𝑢|), and 𝑚 is some
number greater than 1. It is assumed here that each differentiation of the func-
tions 𝑎𝑖𝑗(𝑥, 𝑢, 𝑝𝑘), 𝑎(𝑥, 𝑢, 𝑝𝑘), 𝑎𝑖(𝑥, 𝑢, 𝑝𝑘), 𝐹(𝑥, 𝑢, 𝑝𝑘) with respect to 𝑝𝑘 lowers
their order of growth with respect to 𝑝 by at least 1, while differentiations with
respect to 𝑥𝑘 and 𝑢 do not increase them. We shall call these conditions (B).
We shall say that the equation is uniformly elliptic if, for ∑ 𝜉2

𝑖 = 1,

𝜈(|𝑢|)(𝑝2 + 1)𝑚/2−1 ≤ 𝑎𝑖𝑗(𝑥, 𝑢, 𝑝𝑘)𝜉𝑖𝜉𝑗 ≤ 𝜇(|𝑢|)(𝑝2 + 1)𝑚/2−1. (7)

Theorem 1. Let 𝑢(𝑥) be a solution of equation (3), belonging to the class
𝑂3(Ω) ∩ 𝐶1(Ω) and satisfying condition (2), and let 𝑎𝑖𝑗(𝑥, 𝑢, 𝑝𝑘), 𝑎(𝑥, 𝑢, 𝑝𝑘) ∈
𝑂1(Ω × 𝐸1 × 𝐸𝑛), and suppose that conditions (B) and (7) are fulfilled for
them. Then maxΩ |𝑢𝑥𝑖

| is estimated in terms of maxΩ |𝑢| and |𝜑|𝐶2,0(𝑆), if the
oscillation of 𝑢(𝑥) in Ω is small∗ and the boundary 𝑆 belongs to 𝐶2,0.

Theorem 2. Suppose the conditions of Theorem 1 are fulfilled, except for the
assumptions on 𝑆 and 𝜑. Then for any Ω′ ⊂ Ω, maxΩ′ |𝑢𝑥𝑖

| is estimated in
terms of maxΩ |𝑢|.
Theorem 3. Suppose the conditions of Theorem 1 are fulfilled, except for the
assumption on the smallness of the oscillation of 𝑢(𝑥) in Ω, and suppose that
there exists a sufficiently large 𝑅 > 0 such that, for 𝑝 ≥ 𝑅, |𝑢| ≤ 𝑀 , the
quantities

1
𝑝𝑚−2 ∣𝜕𝑎𝑖𝑗(𝑥, 𝑢, 𝑝𝑘)

𝜕𝑢 ∣ , 1
𝑝𝑚

𝜕𝑎(𝑥, 𝑢, 𝑝𝑘)
𝜕𝑢 (8)
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do not exceed a certain number 𝜀 > 0, determined by the data of the problem.
Then, for the solution 𝑢 of problem (3), (2), maxΩ |𝑢𝑥𝑖

| can be estimated in
terms of maxΩ |𝑢| and |𝜑|𝐶2,0(𝑆).

Suppose that for equations (4) conditions (B) and (7) are fulfilled, where 𝑚 − 1
is the order of growth of 𝑎𝑖(𝑥, 𝑢, 𝑝𝑘) with respect to 𝑝. We single out from them
an important class of quasilinear equations for which, for large 𝑝, one must have

𝑎𝑖(𝑥, 𝑢, 𝑝𝑘)𝑝𝑖 ≥ 𝜈(|𝑢|)𝑝𝑚, 𝑝 ≫ 1. (9)

Let us note that, for linear equations and for equations (3) not containing 𝑢𝑥𝑖
in 𝑎𝑖𝑗, condition (9) is a consequence of the ellipticity condition. For the Eu-
ler equation it is a consequence of the natural assumptions, indicated below,
concerning 𝐹 .

Theorem 4. If for (4) only the conditions just enumerated are fulfilled and
𝑎𝑖(𝑥, 𝑢, 𝑝𝑘) ∈ 𝑂2(Ω × 𝐸1 × 𝐸𝑛), 𝑎(𝑥, 𝑢, 𝑝𝑘) ∈ 𝑂1(Ω × 𝐸1 × 𝐸𝑛), then for any
solution 𝑢 of equation (4) from 𝑂3(Ω) the norm |𝑢|𝐶1,𝛼(Ω′), with some 𝛼 > 0,
can be estimated in terms of maxΩ |𝑢|. If, moreover, 𝜑 ∈ 𝐶2,0, 𝑆 ∈ 𝑂2, then the
norm |𝑢|𝐶1,𝛼(Ω) is estimated in terms of maxΩ |𝑢| and |𝜑|𝐶2,0

.

Theorem 5. Suppose all the assumptions of Theorem 4 are fulfilled, except for
inequality (9). Then, if the functions 𝜕2𝑎𝑖(𝑥, 𝑢, 𝑝𝑘)/𝜕𝑝𝑗𝜕𝑢, 𝜕2𝑎𝑖(𝑥, 𝑢, 𝑝𝑘)/𝜕𝑢2,
𝜕𝑎(𝑥, 𝑢, 𝑝𝑘)/𝜕𝑢 have, with respect to 𝑝, orders of growth 𝑚−2−𝜀, 𝑚−1−𝜀, 𝑚−𝜀
(𝜀 > 0), respectively, then the norm |𝑢|𝐶1,𝛼(Ω′) is estimated in terms of maxΩ |𝑢|.
If 𝜑 ∈ 𝐶2,0, 𝑆 ∈ 𝑂2, then the norm |𝑢|𝐶1,𝛼(Ω) is estimated in terms of maxΩ |𝑢|
and |𝜑|𝐶2,0

.

∗ That is, if osc{𝑢; Ω} is less than a certain number (which we do not give here),
determined by the constants entering into the conditions of the problem.

§ 2. Existence theorems. Consider

𝑀𝜏(𝑢) ≡ 𝜏𝑀1[𝑢] + (1 − 𝜏)𝑀0(𝑢) = 0, 𝑢|𝑆 = 𝜏𝜑(𝑠), (10)

where

𝑀0(𝑢) = 𝜕
𝜕𝑥𝑖

𝐹 0
𝑢𝑥𝑖

− 𝐹 0
𝑢 , 𝐹 0(𝑥, 𝑢, 𝑢𝑥𝑘

) = (∑
𝑖

𝑢2
𝑥𝑖

+ 1)
𝑚/2

+ 𝑢2.

Theorem 6. Suppose that: 1) for 𝑀1(𝑢) the conditions of Theorem 4 or 5 are
satisfied; 2) 𝑎𝑖(𝑥, 𝑢, 𝑝𝑘), 𝑎(𝑥, 𝑢, 𝑝𝑘), as functions of all their arguments, belong to
𝐶2,𝛼, 𝐶1,𝛼, respectively; 3) 𝑆 ∈ 𝐶2,𝛼, 𝜑 ∈ 𝐶2,𝛼. Then problem (10) has at least
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one solution 𝑢(𝑥, 𝜏) for all 𝜏 ∈ [0, 1], if for all possible solutions max |𝑢(𝑥, 𝜏)| is
uniformly bounded. All solutions lie in the space

𝐶Ω
2,𝛼(Ω) ∩ 𝐶3,𝛼(Ω).

For 𝑛 = 2 the following theorem is also valid:

Theorem 7. Let for equation (3), with 𝑛 = 2, the conditions (�) and (7) be
satisfied, and without loss of generality let us assume 𝑚 = 2. Suppose that
instead of (6) the stronger restriction

|𝑎(𝑥, 𝑢, 𝑝𝑘)| ≤ 𝜇(|𝑢|)(𝑝2 + 1)1−𝜀, 𝜀 > 0

is satisfied. Then the problem

𝐿𝜏(𝑢) ≡ 𝜏𝐿1(𝑢) + (1 − 𝜏)(Δ𝑢 − 𝑢) = 0, 𝑢|𝑆 = 𝜏𝜑(𝑠)

has at least one solution 𝑢(𝑥, 𝜏) in 𝐶2,𝛼(Ω) ∩ 𝐶3,𝛼(Ω) for all 𝜏 ∈ [0, 1], pro-
vided only that, for all possible such solutions 𝑢(𝑥, 𝜏), the moduli are uniformly
bounded. The functions 𝑎𝑖𝑗, 𝑎 must belong to 𝐶1,𝛼, 𝜑 ∈ 𝐶2,𝛼, 𝑆 ∈ 𝐶2,𝛼, and Ω
is homeomorphic to a disk.

§ 3. The variational problem. Let 𝐹(𝑥, 𝑢, 𝑝𝑘) have growth order 𝑚 > 1 with
respect to 𝑝, and let each differentiation with respect to 𝑝𝑘 lower the growth
order in 𝑝 by at least 1, while differentiations with respect to 𝑥𝑘 and 𝑢 do not
increase it. Suppose, further,*

𝐹(𝑥, 𝑢, 𝑝𝑘) ≥ 𝜈1(|𝑢|)𝑝𝑚;

𝐹𝑝𝑖𝑝𝑗
(𝑥, 𝑢, 𝑝𝑘)𝜉𝑖𝜉𝑗 ≥ 𝜈2(|𝑢|)(𝑝2 + 1)(𝑚−2)/2 ∑

𝑖
𝜉2

𝑖 ; (11)

𝐹𝑝𝑖
(𝑥, 𝑢, 𝑝𝑘)𝑝𝑖 ≥ 𝜈3(|𝑢|)𝑝𝑚, 𝑝 ≫ 1.

Then, as is not difficult to see, for the Euler equation for 𝐼(𝑢) Theorem 4 is valid
if 𝐹 ∈ 𝐶3, and Theorem 6 if 𝐹 ∈ 𝐶3,𝛼. One of the fundamental questions is that
of the conditions on 𝐹 under which every generalized solution of the variational
problem possesses certain differential properties.

We have proved the following theorems:

Theorem 8. Let 𝑢 be a generalized solution from 𝑊 1
𝑚(Ω) of the “conditional”

variational problem (1), (2), i.e. the problem to which the condition is added
that all comparison functions do not exceed some constant 𝑀 ≥ max𝑆 |𝑢|. It
will belong to 𝐶0,𝛼(Ω), if 𝐹 ∈ 𝐶1 and the conditions
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𝜇(|𝑢|)𝑝𝑚 ≥ 𝐹𝑝𝑖
(𝑥, 𝑢, 𝑝𝑘)𝑝𝑖 ≥ 𝜈(|𝑢|)𝑝𝑚, 𝑝 ≫ 1,

|𝐹𝑢(𝑥, 𝑢, 𝑝𝑘)| ≤ 𝜇(|𝑢|)𝑝𝑚. (12)

are satisfied.

* If 𝐹 is representable in the form 𝐹(𝑥, 𝑢, 𝑝𝑘) = 𝐹 ′(𝑥, 𝑢, 𝑝𝑘) + 𝐹 ″(𝑥, 𝑢, 𝑝𝑘),

where 𝐹 ′ is a positive homogeneous function of 𝑝𝑘 of order 𝑚, and 1
𝑝𝑚 𝐹 ″ → 0

as 𝑝 → ∞, then (11) are consequences of the positivity and convexity of 𝐹 and
𝐹 ′.)

Under the same conditions on 𝐹 , every bounded function 𝑢 from 𝑊 1
𝑚(Ω) for

which 𝛿𝐼(𝑢) = 0 belongs to 𝐶0,𝛼(Ω). If, moreover, Ω satisfies condition (A) and
𝜑 ∈ 𝐶1, then 𝑢 ∈ 𝐶0,𝛼(Ω).
Theorem 9. Under the conditions on 𝐹 formulated at the beginning of the
paragraph, every bounded generalized solution 𝑢(𝑥) of the variational problem
(1), (2) from the class 𝑊 1

𝑚(Ω) belongs to 𝐶𝑘,𝛼(Ω), if 𝐹 ∈ 𝐶𝑘,𝛼, 𝑘 ⩾ 3, and if

Δ𝐼(𝑢) = 𝐼(𝑢 + 𝜂) − 𝐼(𝑢) > 0

for every sufficiently small local variation 𝜂(𝑥). If, moreover, 𝑆 ∈ 𝐶𝑙,𝛼, 𝜑 ∈ 𝐶𝑙,𝛼,
2 ⩽ 𝑙 ⩽ 𝑘, then

𝑢 ∈ 𝐶𝑙,𝛼(Ω) ∩ 𝐶𝑘,𝛼(Ω).

For 𝑚 = 2 the condition Δ𝐼(𝑢) > 0 may be omitted.

Finally, we give two lemmas which generalize De Giorgi’s lemma 4.

Let 𝑢 ∈ 𝑊 1
𝑚(Ω), 𝑚 > 1. Denote by 𝐴𝑘,𝜌 the set of points of the ball 𝐾(𝜌) of

radius 𝜌, lying entirely in Ω, for which 𝑢(𝑥) > 𝑘, and by 𝐵𝑘,𝜌 the set of points
of 𝐾(𝜌) for which 𝑢 < 𝑘. We shall say that the function 𝑢 belongs to the class
𝔅𝑚(Ω; 𝑀; 𝛾, 𝛿) if 𝑢 ∈ 𝑊 1

𝑚(Ω), |𝑢| ⩽ 𝑀 , and for every 𝐾(𝜌) ⊂ Ω the estimate

∫
𝐾(𝜌/2)

| grad𝑢|𝑚 𝑑𝑥 ⩽ 𝛾𝜌 𝑛−𝑚 (13)

holds.

In addition, for those 𝑘1 for which

max
𝐴𝑘1,𝜌

|𝑢(𝑥) − 𝑘1| ⩽ 𝛿,
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for any 𝜎 from (0, 1) the inequality

∫
𝐴𝑘1,𝜌−𝜎𝜌

| grad𝑢|𝑚 𝑑𝑥 ⩽ 𝛾 mes𝐴𝑘1,𝜌 { 1
(𝜎𝜌)𝑚 max

𝐴𝑘1,𝜌
|𝑢(𝑥) − 𝑘1|𝑚 + 1} , (14)

holds; and for 𝑘2 for which

max
𝐵𝑘2,𝜌

|𝑘2 − 𝑢(𝑥)| ⩽ 𝛿,

the inequality

∫
𝐵𝑘2,𝜌−𝜎𝜌

| grad𝑢|𝑚 𝑑𝑥 ⩽ 𝛾 mes𝐵𝑘2,𝜌 { 1
(𝜎𝜌)𝑚 max

𝐵𝑘2,𝜌
|𝑘2 − 𝑢(𝑥)|𝑚 + 1} . (15)

holds.

Here 𝑀, 𝛾, 𝛿, and 𝑚 are fixed positive numbers, with 1 < 𝑚 ⩽ 𝑛.
Lemma 1. Let 𝑢 ∈ 𝔅𝑚(Ω; 𝑀; 𝛾, 𝛿); let 𝑥0 be an arbitrary interior point of Ω;
and let 𝜌0 be the distance from 𝑥0 to the boundary 𝑆. Then for every ball 𝐾(𝜌)
with center at 𝑥0 and radius 𝜌 ⩽ 𝜌0 the estimate

osc(𝑢, 𝐾(𝜌)) ⩽ 𝐶𝜌−𝛼
0 𝜌𝛼

holds, where 𝐶 > 0 and some 𝛼 ∈ (0, 1) are constants for the given class.

Denote by 𝔅0
𝑚(Ω; 𝑀; 𝛾, 𝛿) the class of functions 𝑢 from 𝔅𝑚(Ω; 𝑀; 𝛾, 𝛿) satisfy-

ing the following requirements: a) 𝑢 ∈ 𝑊 1
𝑚(Ω) and 𝑢 ≡ 0 outside Ω; b) if the

ball 𝐾(𝜌) intersects the boundary 𝑆, then inequality (13) is preserved, while
inequalities (14) and (15) hold not for all the indicated values 𝑘1 and 𝑘2, but
for 𝑘1 ⩾ 0 and 𝑘2 ⩽ 0, respectively.
Lemma 2. Let 𝑢 ∈ 𝔅0

𝑚(Ω; 𝑀; 𝛾, 𝛿), and let Ω have property (A). Then for
every 𝐾(𝜌)

osc{𝑢; 𝐾(𝜌)} ⩽ 𝐶𝜌𝛼

with constants 𝐶 and 𝛼 > 0 determined for the given class.

Leningrad State University
named after A. A. Zhdanov

Received
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